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Foreword
As in previous symposia on turbulence held at the U n iversity  of M issouri-Rolla (1969, 1971, 1973), papers 
in the Fourth Biennial Symposium on Turbulence in Liquids show the continued importance of hot-wire and hot-film  
anemometers in the measurement of turbulence. Twelve of the thirty-two papers presented were based on data from 
hot-surface probe measurements.
Flow v isu a liza t io n  accounts fo r an increasingly large fractio n  of both basic and applied turbulence stud ies. 
Ten papers in th is  symposium re lied  heavily on v isu a liza tio n  techniques. Laser-doppler anemometry, another 
method using an a lysis  of lig h t propagation and scattering was involved in another s ix  of the papers.
Electrochemical d iffusion techniques remain in the hands of those who have mastered the rather specialized 
techniques involved, but contribute greatly where app licab le . Near wall turbulence measurements using that 
technique were reported in two of the papers. Introductory remarks on electrochemical methods by Hanratty sug­
gest further extensions of th is technique to include cy lin d r ica l elements which might have advantages over con­
ventional hot-film  anemometry. Other near wall data has been obtained extensively by measuring pressure f lu c tu ­
ations with very small sensors. Five papers reported re su lts  based on pressure measurement techniques.
The above gives a survey of the measurement techniques used in the investigations reported at the symposium. 
Obviously some used more than one. Another way of organizing the contributions is  by the motivation of the study.
The maturity of the f ie ld  of liqu id  turbulence measurements is  illu s tra te d  by the large number of papers 
based on applied research p ro jects. There were one or more papers in each of the following applied f ie ld s : 
mercury flow (F la h e rty , E y le r , and Sesonske), ra in fa ll induced turbulence (Shahabian, et a l . ) ,  two-phase flow 
(Delhaye and Galoup; Stock et a l . ) ,  blood flow (B lic k , Sabbah, and S te in ) , agitated vessels (van der Molen), 
mass transfer (Deslou is, et a l . ;  Py and Tourn ier), separated flows (Smyth; Matsui, Hiramatsu, and Hanaki; Seeley, 
Hummel, and Sm ith), capsule transport (Latto and La i) and f lu id  structure interaction (B lake; King; Jameson;
Weaver and Adubi; Brown; Ash et a l . ) .  This la t te r  area of applied mechanics is  the focus of a large current 
research e ffo rt  in marine and other environments. New areas of p a rticu la r in te rest are discussed by Hansen in 
his introductory remarks.
Closely related to the applied stud ies, which require improved techniques for use under d if f ic u lt  conditions, 
are studies aimed toward development of improved measurement techniques. The areas represented in the symposium 
were as fo llow s: interactions between hot wires in turbulent flow (McConachie and Bu llo ck ), new methods (Humphrey), 
la se r Doppler anemometry (Edwards; Lading; Davidson and Houlihan), and stereo-photography (P ra tu r i, Hershey and 
Brodkey). I t  is  continued e ffo rt  in these areas that allows improvement in the resu lts  of applied and general 
turbulence measurements at each of these symposia.
The rest of the papers were concerned with general turbulence behavior. Some concerned turbulence in a ir  
and some concerned turbulence in liq u id s , but a l l  were aimed at improvement of the general understanding of tu r­
bulent phenomena. There were papers on spectra and scales in je t  flow (Goldschmidt and Young), ve loc ity  corre­
la tio ns (C intra and Jones), turbulence energy balances (Schildknecht, M ille r  and Meier), and large scale behavior 
(Tiederman, Smith and Oldaker; Adrian; Browand and Laufer; and W illm arth).
The value of these contributions to the science of f lu id  mechanics and to design based on knowledge of tu r­
bulent behavior is  determined by how well the information gained is  communicated to those in need of i t .  I t  is  
to that purpose that th is  volume is  dedicated, and i t  is  the hope of the editors that they have done th e ir best 
to promote th is  communication.
vi
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THE PHYSICAL BACKGROUND FOR HOT-FILM ANEMOMETRY
G. COMTE-BELLOT 
Ecole Centrale de Lyon 
69130 ECULLY France
ABSTRACT
Thin film  probes have been used fo r more than 
a decade to investigate turbulence, mostly in liq u id s . 
Many improvements have been achieved in the technique. 
Some problems s t i l l  remain, however, so that the use 
o f hot-film  anemometers is  not as straightforward as 
would be expected at a time when numerous ready-to-use 
probes and associated electronic equipment are commer­
c ia l ly  ava ilab le . The following points should be 
discussed: aerodynamic perturbation caused by the 
probes,direct experimental check of the frequency 
response of constant temperature anemometers in the 
case of small fluctuations,dynamic non-linear behavior 
of constant temperature anemometers and heat transfer 
from hot films to th e ir glass substrate.
INTRODUCTION
From recent surveys on hot-wire anemometry 
(Corrsin (1963), Comte-Bellot (1976)) and on hot-film  
anemometry (Ling (1960), Fingerson (1972)), i t  appears 
that many ch aracte ristics  of the sensor, the probe 
supporting the sensor, the associated e lectro n ics , 
and even the flow , have to be known in order to s ta rt  
an investigation of the turbulence. In the case of 
hot-films the most important ones are:
1. The Reynolds Number of the Sensor
The Reynolds number (Re = Ud/v) defines the flow 
pattern around the sensor. The occurrence of vortex 
shedding and i t s  consequences on the fluctuating 
signals and on the ca lib ra tion  curves can be predicted. 
The time for a shear disturbance to d iffuse ra d ia lly  
towards the film  can also be estimated. F in a lly , the 
importance of free convection e ffects can be explored 
by taking into account the Grashof number of the 
sensor. Free convection is  neglig ible when Re > G r^ n 
with n — 3, an inequality usually met fo r hot-film 
sensors due to th e ir  small overheat ra tio s .
2. The Peclet Number of the Sensor
The Peclet number (Pe s Ud^) defines the thermal 
fie ld  around the sensor. The time for a thermal d is ­
turbance to d iffuse ra d ia lly  towards the film  can be 
estimated. In the case of liq u id  m etals, the Peclet 
numbers are very small (Pe 0 .0 1 ), so that the d i f ­
fusive thermal zone is  th icker than the probe diameter, 
the d iffusion  time is  larger than and the f re ­
quency response of the sensor may be notably reduced 
(S le icher and Lim, 1973).
3. The Aspect Ratio 21/d of the Sensor
The aspect ra tio  governs the directional sensi­
t iv i t y  of the probe. For 21 /d -* the cooling of the 
sensor by the incident flow is  due so le ly  to the 
ve loc ity  component normal to the sensor (Corrsin , (1963)). 
Cy lindrical hot-film  probes have small aspect ra tio s 
(21/d 15 to 20) compared to those of hot-wire probes 
(21/d ^ 100 to 300). However, the cooling by the 
normal ve lo c ity  component is  better than for hot wires 
(see fo r example Friehe and Schwarz (1968), Fingerson
(1972)). In the case of liqu id  m etals, the aspect 
ra tio  based on the thermal f ie ld  is  even sm aller. The 
thermal zone may be quite rounded and therefore almost 
insen sitive  to the flow d irection (H ill and S le icher 
1971). Solutions of high polymers have to be excluded 
from consideration because th e ir  v isco sity  co e ffic ien t 
in the v ic in it y  of the sensor depends on the way the 
mean ve lo c ity  gradients act on the macromolecules 
(Lumley, 1973).
4. Aerodynamic perturbations due to the Probe
Aerodynamic perturbations are of special impor­
tance when comparing hot-film  anemometry and laser 
Doppler anemometry, since no probe is  inserted within 
the flow in the la tte r  case. Modifications of the 
mean and fluctuating ve lo c ity  components have to be 
considered, as well as changes in the se n s it iv ity  
coe ffic ien ts o f the sensor. Single and X-wire probes 
have been extensively studied (Hoole and Calvert
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(1967), Comte-Bellot, Strohl and Alcaraz (1971), Strohl 
and Comte-Bellot (1973)), but an equivalent investiga­
tion  is  lacking for hot-film  probes. However, pre­
lim inary resu lts on that point w ill be reported in 
the sequel.
5. Spatial Resolution of the Sensor
As fo r hot w ires , estimates of spatia l resolution 
can be obtained when the turbulence f ie ld  is  assumed 
iso tro p ic  (Uberoi and Kovasznay, 1953). Of course, 
the length of the sensor and the wave-number compo­
nent used in spectral measurements have to be made 
dimensionless with the Kolmogorov length scale of 
the turbulent flow.
6. Heat Transfer from the Film to i t s  Glass Support
Mean and transient heat transfer take place
mainly along the normal to the film  but also along 
the longitudinal d irec tio n , eventually towards the 
supports of the film . This is  a many faced question 
which is  probably at the heart of the controversy 
between "s ta t ic "  and "dynamic" ca lib ra tio n . "Static" 
ca lib ra tio n  means that the se n s it iv ity  coeffic ients 
are obtained by shaking the probe in the flow at a 
known fluctuating ve lo c ity .
Unsteady heat transfers have been investigated in 
p a rticu la r cases. For example, Bell house and Schultz 
(1967) have considered the one-dimensional case in 
which a hot film  is  located on a plane surface and 
held at constant temperature. This analysis provided 
an explanation for low turbulence in ten sity  levels 
measured in a ir  by Bankoff and Rosier (1962) when 
using hot films deposited on glass wedges and c a l i ­
brated in a s ta t ic  manner. Additional work along 
those lin es  w ill be given below. The p o ss ib ility  
of a f in ite  heat capacity for hot-wire supports has 
been also recently advanced by Smits and Perry (1975). 
Again, a decrease in the sensor s e n s it iv ity  co e ffi­
c ien t would take place at low frequency, compared to 
the value deduced from a s ta t ic  ca lib ra tio n . In this 
case the wire aspect ra t io  would be a relevant para­
meter. Errors of 30% would e x is t  for 21/d - 100 so 
that the errors might be larger for hot-films because 
of the ir lower aspect ra t io s .
7. Additional Cooling of the Sensor by a Solid Boundary
Cooling effects occur presumably fo r hot-films as 
i t  does fo r hot-wires. In that la tte r case , i t  is  
governed by the Reynolds number of the sensor and by 
the distance from the w all made dimensionless with 
the sensor diameter (W ills , 1962). Very small values 
of th is  parameter are l ik e ly  to occur for cy lind rica l 
film  sensors (e .g . s p lit - f i lm  sensors) so that
attention should be paid to the problem. Additional 
complications can also arise  from non-linear e ffects 
(Alcaraz and Mathieu, 1975) and aerodynamic perturba­
tions.
8. Frequency Response of the Anemometer
Frequency response is  usually a question of concern 
fo r the high frequency range. Many parameters are 
again involved in the response of the sensor (heat 
capacity of the sensor, e t c .)  and in the response of 
the associated electronics (compensating c ir c u it  of 
constant current anemometer, feedback of constant 
temperature anemometer, e t c . ) .  Square wave tests 
are fortunately possible a fte r an analysis of the 
complete c irc u it ry . From a physical point of view, 
d irect checks are useful (Kidron 1966) and an example 
w i l l  be presented la te r in the paper.
9. Non-linear Dynamic Behavior of the Anemometer
The case of large fluctuations is  of special
in te re s t , again in the context of comparisons with 
la se r Doppler anemometry which has, in p rin c ip le , a 
lin ea r response. The s ta t ic  and dynamic non­
lin e a r it ie s  are well established for constant current 
anemometers (Corrsin (1963), Comte-Bellot and Schon 
(1969)). The s ta t ic  non-linearity is  also well known 
fo r constant temperature anemometers (Parthasarathy 
and Tritton (1963), Rose (1962)). However, the non­
lin ea r dynamic behavior of the constant temperature 
anemometer has not been investigated as much when 
compared to the lin ea r approximation (see for example 
the recent a r t ic le  of Perry and Morrison, 1971). The 
only work which deals with the dynamic non-linearity 
seems to be that of Freymuth (1969) and we shall see 
below the consequences that the higher harmonics 
which are generated may have on skewness factor 
measurements. Non-linear behavior is  also important 
when tracking large time variations of the ve locity  
vector by d ig ita l techniques.
The l i s t  is  rather long, but i t  should be a 
useful guide for newcomers to hot-film  anemometry.
As noted above, some of these points can ra ise  questions 
(mainly points 4 , 6 , 8  and 9) so that some tentative 
contributions w il l  now be presented.
AERODYNAMIC PERTURBATION OF HOT-FILM PROBES
Investigation of the aerodynamic perturbation 
e ffe c t was made according to both the global rotation 
te s t , as suggested by Hoole and Calvert (1967), and 
the use of a reference probe, as suggested by Comte- 
B e llo t , Strohl and Alcaraz (1971). The probe tested
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was a DISA ROI c y lin d rica l fib e r-film  probe (sen si­
tive  film  length: 1.25 mm; diameter of the quartz 
f ib e r : 70 urn; thickness o f the Ni coating: 0.5 ym; 
prongs spacing: 3 mm; prongs length: 8 mm; stem 
diameter: 1.9 mm; stem length: 30 mm). The probe 
was connected to a DISA 55 D01 constant temperature 
anemometer. Experiments were made in a i r  and in 
water. In the case of a i r ,  the probe was located 
in the potential core of a c ircu la r je t  (diameter:
8 cm; e x it  ve lo c ity : 10 m/s). The overheat ra tio  
of the sensor was 0.80. In the case of water, an 
open channel flow was used (flow section : 30 cm x 
14 cm; ve lo c ity : 0.20 m/s). The overheat ra tio  
was then held at 0.08. In these experiments, large 
overheat ratios have been chosen compared to those 
generally used because a high se n s it iv ity  of the 
sensor is  needed. In the rotation te s ts , the probes 
were calibrated with th e ir  stems aligned along the 
mean flow d irection . They were then rotated around 
the sensor ax is . When use was made of an au x ilia ry  
reference probe (a hot wire which was 1 mm long,
5 ym in diameter, and soldered on two prongs 8 mm 
apart and 38 mm long) the probe to be tested was 
moved towards the reference probe from d iffe ren t 
angular d irections.
The resu lts are given in Figure 1 fo r the 
global rotation tests and in Figure 2 fo r the 
investigation using a reference probe. The second 
figure il lu s tra te s  both the blocking e ffe c t due 
to the probe when it s  ax is  is  aligned with the 
flow d irection and the ve lo c ity  increase occurring 
between the prongs when the probe axis is  normal 
to the flow d irection . In some cases these errors 
would not be apparent, from a rough measuring point 
of view, fo r example when the orientation of a 
single sensor probe is  kept unchanged with 
reference to the flow d irection during the c a l i ­
bration and the measurements. However, the flow 
perturbation s t i l l  pe rs ists  and may preclude 
d if f ic u lt  investigations such as those o f tra n s i­
t io n , of vortex shedding by cylinders or a i r fo i ls  
(Kovasznay (1949)), and of aerodynamic noise
created by je ts  (M. Sunyach, private communication) 
In comparing the performances of various probes 
(e .g . Rodriguez, Patterson, and Zakin , 1970) such 
effects should probably be taken into account.
EXPERIMENTAL CHECK OF THE FREQUENCY RESPONSE OF HOT- 
FILM SENSORS
The experimental set-up is  given in Figure 3.
A rad iative heating of the sensor was chosen in 
order that high frequencies (up to 100 kHz) could 
be eas ily  reached with su ff ic ie n t ly  high levels 
of perturbation. Acoustical excitation has been 
also suggested (Rodriguez, Patterson, and Zakin
(1971); Jo js tru p , Rasmussen and Larsen (1975)) 
but the frequencies reached are low. Mechanical 
devices used to pulse flows or to vibrate probes 
cannot generate frequencies higher than about 100 
Hz. In our case, low frequency could be obtained 
(down to 0.5 Hz). The laser beam of an Argon 
lase r (Coherent CR 8) used with part of i t s  power, 
about 1 W, was focused on the sensor. The dia­
meter of the spot was about 200 ym. A Bragg 
c e ll (S0R0 Electro-optique M 30 M) provided a 
sinusoidal modulation for the amplitude of the 
beam. The lig h t diffused by the sensor and 
collected on a photomultiplier (XP 1002), defined 
the phase of the heating. A Lissajous figure was 
then made on an oscilloscope (TEKTR0NICS 7623 
with plug-in unit 7 A 22) between th is signal 
and the output of the constant temperature ane­
mometer into which the sensor was incorporated 
(DISA 55 M01. with standard bridge M10). For 
s im p lic ity  most of the experiments were made in 
a i r  (TJ j i 10 m/s). The case of water was attempted 
fo r F  = 0. D ifferent overheat ra tio s were used.
In every case, the constant temperature anemometer 
was adjusted according to the usual square-wave 
te s t (gain and b u ilt- in  inductance were set so 
that the pulse was the shortest in time without 
marked overshoot). These experiments were carried 
out at the In s t itu t  Franco-Allemand de Recherches 
a St. Louis in connection with our laboratory.
The resu lts  for cy lin d rica l fib e r-f ilm  probe 
sensor (DISA ROI) are given in Figure 4. For
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comparison, F ig . 5 deals with a 5 yrr\ tungsten wire 
(DISA 55 F 11). In addition, the frequency responses 
of e ither one of the sensors themselves (disconnected 
from the constant temperature anemometer and then fed 
simply by a constant current) have been measured with 
the same technique. For the hot-wire sensor, the fre ­
quency responses obtained agree with the usual expres­
sions of the time constant (c f Corrsin , 1963), e.g.
M _ _ 1__  m e  R -  Ro.
Ra I2 R olX  R .
In p a rticu la r, the frequency response decreases when 
the wire overheat ratio  ( R - R _ ) / R t  increases 
(curves A, B, C ). The benefit brought by a constant 
temperature set-up is  shown by the family of curves 
1, 2, 3. The feedback effic iency decreases, however, 
when the wire overheat ra tio  decreases, as expected 
from simple lin ea r theories (e .g . Hubbard (1957) in 
which the am plifier response is  so lely defined by a 
gain).
These preliminary tests could be extended to other 
type of probes. In p articu la r, hot-films deposited on 
wedges could be considered since the heat transfer 
between the film  and the substrate seems important 
in that case. The sensor supports could also be heated 
in order to investigate Smits and Perry's (1975) sugges­
tion . In the present experiment, the la se r spot 
was moved along the sensor, but no appreciable 
change was detected. In addition, the case of large 
heating amplitudes could be investigated in order to 
gain information on the non-linear dynamic behavior of 
constant temperature anemometers. Of course, these 
perturbations in the heating of the sensor are not 
equivalent to perturbations in the flow ve lo c ity , but 
they can provide helpful comparisons.
NON-LINEAR DYNAMIC BEHAVIOR OF CONSTANT TEMPERATURE 
ANEMOMETERS
z  = z s i n ( j x  with z  = A + B  l/G" ^
A+ B  i/u^ >
where U is  the actual instantaneous ve lo c ity , U0 
a given ve lo c ity , A  and B  numerical constants, G) 
the dimensionless pulsation and x  the dimensionless 
time . The solution y which is  related to the bridge 
output E  by :
where E 0 is  the value of E for U = U Q , is  
then of the form :
y = A, sin (G)x+'p1)+ A2 sin (2 U x  +9a)
with
A j = z  ( l +(*)*)
2 A 9 9 '
sin  ip, =  Cs) ((*)*- 3) ( 1 + G)2)" 3^  
cosvp ,- (1-3G)*)(1 + U z ) ' 3/,z
sin*p^— * G) ( 1+ * ^ 4. 4G>*
3 V 9 9 ;
c o « ^ . j ( u i - i ) ( i +
3 ' 2 n  ^  9 J
sin ip' s  2G)(3-4G)i ) ( l- f  4G)z )“3/^
cos<p' (1 — 12G)z ) (1 + 4G)z y 3/*-
The non-linear third-order d iffe ren tia l equation 
obtained by Freymuth (1969) for the anemometer feed­
back system in the case of large fluctuations, is  de­
duced from the three d iffe ren tia l equations describing 
the behavior of the hot wire , of the bridge and of 
the feed-back am p lifier. A dimensionless form is  deri­
ved for that equation in terms of the main characte­
r is t ic s  of the w ire , the flow and the electronic c i r ­
cu itry . Solution of th is equation is  obtained by an 
ite ra t iv e  procedure, and restric ted  to a second order 
approximation. In p a rticu la r , Freymuth investigated 
the case of a sinusoidal perturbation :
Now, the fluctuating signal at the bridge output 
is  :
. . E 0 j ( l  + y ) * _ ( l 4 y ) * ] .
where the bar denotes a time average. The second 







A * A 2 sin(<p + vp')
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so that the measured skewness factor can be expressed 
in terms of GO and Z as:
« »  , _ 9  \ [ 2 i
i f 1 ) * '  ?
x [(1.12U‘ ) + (3_<u ‘ ) ( u * - | - ) ]
A
For 21 =0.1 (which roughly corresponds to a velocity
fluctuation of + 15%) and 6) = 0.2 (which is  within the 
useful range of the anemometer) the measured skewness 
factor would then_be around + 0.08 instead of zero.
For the error on the non-linearity of
A + B VtTversus U has to be taken into account. In 
particu lar Z ?/(Z Z) Q  = 0 corresponds to U 
However, th is additional error can probably be sup­
pressed by the lin ea rize rs usually associated with 
constant temperature anemometers.
HEAT TRANSFER TO THE GLASS SUBSTRATE
The thermal properties of the external flu id  
compared to those of the g lass , and the geometry of 
the sensor, are relevant parameters for the heat 
transfer between the film  and it s  substrate. The c i r ­
cular fiber film  sensor has been studied by Lowell 
and Patton (1955) and Fingerson (1972) in the case of 
no end e ffects . The one-dimensional problem with a 
sem i-infin ite substrate has been considered by Morris
(1971) and Fabula (1968) fo r external temperature 
fluctuations. A comparison between a ir  and water for 
the external flu id  has been attempted by Bell house 
and Schultz (1967) for a one-dimensional substrate 
of f in ite  thickness. Some developments of this la tte r 
work seem possible so that, as a preliminary step, we 
shall recall the main resu lts already obtained.
to the film , %  + is  then obtained (here
the hats denote averages over the film  width) and 
compared with the value of th is flu x  when the fre ­
quency tends towards zero. The resu lt (including a 
factor 1 + e z<* which seems to have been
omitted in equation 9 of Bell house and Schultz (1967))
is  :
/V A
■ m ( M - )  [Lim<* ( U  KUo)
-1
2 o ( ( l  +  i)
ct { A + \) - d. (><+i)
_e _ e  J
\
where
and / 2 L p q Q
l &
V 2
with : f frequency
h film  thickness 
L film  width 
K flu id  conductivity 
glass conductivity 
j j )  flu id  d iffu s iv ity  
U© unperturbed velocity.
The factor (  $aQ ) A!z  comes from the expression 
giving the mean convective heat flu x  q c . For a i r ,  
Bell house and Schultz (1967) used the low Prandtl 
number approximation :
i z
The expression taken for water is  not c learly  defined. 
In order to develop further computations, we have 
taken a c lassica l form :
A sketch of the one-dimensional problem with a 
glass substrate of f in ite  thickness is given in Fig. 6. 
The hot film  is  assumed to be held at constant tempera­
ture and velocity fluctuations in the external flu id  
are considered. The convective heat fluxes to the 
flu id  (from the top and bottom walls through laminar 
boundary layers) and the d iffu s ive  fluxes in the glass 
(mainly expressed at the top and bottom w alls) are 
then introduced and divided into their mean and flu c­
tuating parts. The total fluctuating heat flux given
k  ( § - « ( , )  « * „  (< r )
with tabulated values of the function cA0 of the 
Prandtl number 0" (Curie (1962), p. 66). The film 
is  assumed to extend from the leading edge of the 




(pao) ^ = J L _ 0--V* <*0 ( < r )
l / F
and makes possible the numerical re su lts  given by 
Bellhouse and Schultz (1967) in  th e ir  F ig . 4 ( c f .  top 
part of our table 1 ).
Now, le t  us consider the case where temperature 
fluctuations occur in the external stream. A computa­
tion  quite s im ila r to that done fo r ve loc ity  flu ctua­
tions is  possible and the re su lt  is  :
/\ s*
<^1 + ^16
L im  +




« f a  • \  P ol (-4 -%-») _c* (^ + i)l
1+ M 1 * ' )  Le - e  J
l i i
(><■ 
2c* (>4 + i)
-1
1 _ e Zot (>, + l)
The difference l ie s  in a facto r 1 + 8 1 1%  
which is  now missing in  two p laces. Numerical resu lts 
have been attempted on the basis given above. They are 
reported in  Table 1. The main conclusion is  that fo r 
temperature fluctuations
does not tend towards un ity , when the frequency in ­
creases, even in  the case of water. The use of wedges 
in flows in  which ve lo c ity  and temperature fluctuations 
are present, seems therefore questionable.
Other developments could also be done. The case 
of a constant current film  would be worth analyzing 
because i t  would correspond to the physical response 
of the sensor i t s e l f .  This work is  presently under 
investigation . In addition, two film s under d iffe ren t 
conditions could approach the behavior of sp lit- f ilm  
sensors.
CONCLUSION
The above developments are hoped to provide an 
incentive to pursue studies on the physical behavior 
of hot-film  sensors. Hot-wire (or hot-film ) anemometry 
has already provided a large amount of data. Its  cost 
is  re la t iv e ly  low and i t  is  believed to be a companion 
fo r the la se r Doppler anemometry.
I am indebted to MM. G. Charnay and 
E. Alcaraz from the Laboratoire de Mecanique des 
Fluides de l'E c o le  Centrale de Lyon fo r th e ir  help in 
some computations and experiments, to MM. X. Bouis 
and J .  Haertig from the In s t itu t  Franco-Allemand de 
Recherches a St Louis for th e ir  la se r te s ts , and to 
M. C. Dopazo of the State University of New York and 
P. Freymuth of the U niversity of Colorado fo r th e ir  
comments on a d ra ft of th is  paper. Part of th is  work 
was supported by the Direction des Recherches et Moyens 































f lu id  thermal d iffu s iv ity  
voltage output of the bridge 
value of E fo r  U = U o  
frequency
acceleration o f gravity
Grashof number G r = [d Jg P ' ( ® - ^ 2
thickness of the substrate
current in tensity  through the sensor




time constant of the sensor 
heat capacity o f the sensor 
Peclet number
time-average resistance of the sensor 
when heated
time-average resistance of the sensor 
a t the ambiant temperature
overheat ra tio  of the sensor
Reynolds number
mean heat flux  to the flu id
fluctuating heat flux to the flu id  at 
the film  location
fluctuating heat flux to the substrate 
a t the film  location
longitudinal component of the instanta­
neous velocity
time average o f U 
given value o f U




y ( e * /  e J )  -  -i
X, harmonic form of y (pulsation ( j  )
y2 harmonic form of y (pulsation 2 (J )
z |(A + B l/U )/(A +B  ^ ) j
Az amplitude of z
c* dimensionless frequency
cA0 tabulated function of (T (Curie , 1962) 
(3/ co e ffic ien t of volume expansion
|3a^ function of CT
*  ( h K / L K G ) / (2 L (3 ao/ S ) ) ^
® temperature of the sensor
®a temperature of the ambiant flu id
v> f lu id  kinematic v isco sity
O’ Prandtl number
*P pnase sh ifts




/ x  average over the film  width L
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Table 1. Amplitude and phase of ( + qAa) /  L  im ( + cf,G )
temperature fluctuations. Numerical values used are :
1K. = 1.36 x 10"2W  cm" l 0 C
K air = 2 5  
^ v a fe r = 6
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Fig. 1. Rotation test for a f ib e r-f ilm  probe type DISAR01 ( U 0 , U : mean ve locity given by a
probe when the angle between the stem axis and the mean ve locity  i s ,  respective ly , 0 and 0 )
F ig . 2. Response of reference probe in presence of a f ib e r film , probe type DISA R01 ( U pQ , UR 





F ig . 3. Experimental set-up fo r a modulated heating of the sensor
Flow Const. Current An. Const. Temp. An. Adjustm. Overheat
a i r ,  10 m/s Curve C 1 HF 3, Gain 6 0.50
id . " B 2 id. 0.17
i d . " A - - = 0
w ater, 0 m/s " D 3 HF 2, Gain 7 0.034
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F ig .5. Frequency response of a 
Flow Const. Current An.
5 tungsten wire : 
Const. Temp. An. Adjustm. Overheat
a i r ,  10 m/s Curve C 1 HF2 Gain 6 0.85
id . " B 2 id . 0.60
id . " A 3 id . 0.37
F ig . 6. One-dimensional model of a th in film  probe.
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DISCUSSION
R. J .  M offatt, Stanford U n ive rs ity : Why is  there "no 
in te rest" in the case of a film  of constant tempera­
ture on a sem i-in fin ite  substrate? I feel that the 
edge conduction simulates e sse n tia lly  a substrate 
at every th ickness , being responsible fo r the gradual 
r o l l- o f f  with frequency of a f ilm 's  response to 
flu ctuatio ns.
Comte-Bellot: The case of a constant temperature 
film  on a sem i-in fin ite  substrate is  o f no in terest 
when only one-dimensional heat tran sfe r is  considered. 
I t  would be the same for two constant temperature 
film s deposited on a f in ite  thickness substrate. 
However, the two-dimensional paths you suggest for 
the heat loss from the edges of the film  certa in ly  
e x is t  and are worth looking at.
H. M. Nagib, I l l in o is  In s titu te  of Tech: I am pleased 
to see your re su lts  on the frequency response of 
c y lin d rica l hot-film  f ib e rs , which indicate maximum 
response of the order of 0.3 -+ 1.0 kHz, since they 
are in agreement with recent findings of Marcichow 
and Way of I l l in o is  In s titu te  of Technology. Do you 
have an explanation for the d ifference between the 
frequency response of hot films as obtained by your 
la se r heating technique when compared to that ob­
tained from a square wave te s t , (the la t te r  ind i­
cates that the hot film  goes to much higher f re ­
quencies) since the two approaches agree in the 
case of hot w ires?
Comte-Bellot: I think we have to be carefu l when 
trying  to exchange perturbations in the flow ve loc ity  
and in the heating current of hot w ires. In the 
case of f ib e r- f ilm  probes the thermal f ie ld  in the 
substrate enters the problem. J .  M. Delhaye computed 
a few years ago the transfe r function related to 
those two s itua tio ns and obtained a notable d ifference 
between them. However, I do not remember how the 
difference occurs.
V ictor Goldschmidt, Purdue U n ivers ity : Your re su lts  
for the probe interferences were a ll for free flow. 
Have you extended th is to confined flows lik e  inside 
of a pipe. Should we expect larger errors in measure­
ments due to probe perturbations in confined flows?
Comte-Bellot: We did not consider the case of confined 
flows since many investigations have s t i l l  to be made 
in a uniform incident flow (perturbations from s in g le ­
film  probes, from two-film probes, e tc .)  The presence 
of mean ve lo c ity  gradients as well as turbulence in 
the incident flow , w ill make the problem more complex, 
so that I sh a ll not dare to predict how the errors 
w ill change. However, I think that they w ill have 
the same order of magnitude.
W. W. W illm arth, Univ. of Michigan: One can ca lib ra te  
a complete hot wire system including the wire or hot 
film  by exposing the sensor to known ve loc ity  per­
turbations in an actual flow. For example, Perry and 
Morrison calib rated  a hot wire by placing i t  in the 
vortex stree t or wakes of various-sized cylinders to 
get equal amplitude flow fluctuations at various f r e ­
quencies.
A lso , Tom Bogar and I have calibrated a small 
constant temperature hot wire by exposing i t  to an 
acoustic plane wave of known amplitude (measured 
by a microphone) in an actual very low Reynolds 
number flow s itu a tio n . The ca lib ra tio n  did not 
agree w ithin a factor of two with the computed f re ­
quency response in which a simple King's law behavior 
of the heat loss from the wire is  assumed.
Comte-Bellot: I am quite aware of the differences 
which are observed, in some cases, between s ta t ic  and 
(various) dynamic ca lib ra tio n s . I t  is  therefore 
urgent to find out exactly what is  going on in each 
of those ca lib ra t io n s , otherwise no reasonable choice 
could ever be made.
T. J .  Hanratty, Univ. of I l l in o is :  Have you given 
any consideration to the influence of the thermal 
boundary laye r on frequency response, and in par­
t ic u la r , as a cause of the d ifference in frequency 
response between the dynamic ca lib ra tio n  of the 
probe and the square wave ca lib ra tio n .
Comte-Bellot: In the present investigation no special 
consideration has been paid to the thermal boundary 
layer of the sensor. However, I think the boundary 
layer e ffe c t is  somewhat taken into account when 
measuring the frequency response of a sensor heated 
by a pulsed la se r . In fa c t , i t  has been shown
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that the time constant of a hot wire with in f in ite  
aspect ra tio  is  the same fo r small perturbations in 
e ither the external ve loc ity  or the heating current 
of the wire (Betchov . . . ) .  For large perturbations 
and not negligible end e ffe c ts , the problem has a 
complex analytical form even for hot-wire sensors 
(C o rrsin , 1963).
A. K. M. F. Hussain, University of Houston: In one 
of your slides comparing the effect of probe orienta­
tion in a ir  and water, the water data showed very 
large scatte r. To what factor do you attribute 
th is  scatter?
Near wall measurements are very c r it ic a l  in 
turbulent boundary layers . I t  appears that the aero­
dynamic disturbances introduced by a cylinder in the 
proximity of a wall w il l  strongly a ffect the hot­
wire reading. The W ills  correction is  merely guessed 
as h a lf of the laminar correction and is  not based 
on any ju s t if ia b le  derivation . What is  your suggestion 
for wall correction in turbulent flow? In a ir  
channel measurement I have found that the W ills 
correction is  a reasonably good estimate. Even though 
Willmarth has used miniature probes, the small probe 
s ize  should not a ffe ct the wall proximity e ffect 
even though i t  w ill reduce the physical extent of 
the flow disturbance caused by the hot w ire/film  
near a w a ll.
Comte-Bellot; The data for probe perturbations show 
a larger scatter in water than in a i r  because of the 
present experimental set up. The probe i s  not posi­
tioned in  a very accurate way and there i s  no d ir t  
f i l t e r  in  the channel.
Now,’ for the W ills correction, data fo r turbulent 
flows are available in Alcaraz and Mathieu (1975) 
and also in e a r lie r  publications of these authors 
dealing with d irect measurements of wall shear 
stresses. As fa r as I  remember, h a lf the laminar 
correction is  not large enough. In regard to the 
probe s iz e , I think the probe has to be kept as small 
as possible since the parameter y/d is  relevant for 
the wall cooling e ffe c t whereas the parameter yuT/v 
has to be considered fo r the flow in the wall region.
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SIMULTANEOUS MEASUREMENT OF LONGITUDINAL 
VELOCITY AND TEMPERATURE FLUCTUATIONS WITH 
A SINGLE WIRE IN NON-ISOTHERMAL FLOW
P.J. McConachie and K.J. Bullock 
Dept. Mechanical Engineering 
University of Queensland 
Australia
ABSTRACT
A method for measuring longitudinal velocity and 
temperature fluctuations with a single wire probe is 
presented and the principles of operation verified by 
an analog computer solution of the finite hot wire, 
anemometer control and signal processor equations. 
Examination of the basic equations reveals that such 
a probe is best suited to the study of turbulent water 
flows, thus allowing high Reynolds numbers to be 
attained without limitations on frequency response. 
Inherent sources of error are investigated and the 
method shown to be reliant mainly on the initial 
accuracy of wire calibration.
INTRODUCTION
A hot wire placed in a non-isothermal incompress­
ible flow field is sensitive to fluctuations of vel­
ocity and temperature, the relative sensitivities at 
any velocity being determined by the wire operating
temperature. Operation of the wire at several^ overheat
. 2 —ratios allows the time-averaged correlations C , C6
2and 6 to be determined by regression as described by 
Ayra and Plate (1969) .
Experiments requiring the time varying velocity 
and temperature field have used two sensors - one 
velocity and temperature sensitive, the other temper­
ature sensitive only - and simultaneously processed 
the sensor outputs to yield the instantaneous velocity 
and temperature. Such techniques, e.g. Bremhorst and 
Bullock (1970), introduce extra probe disturbance into 
the flow and are limited by the spatial resolution of 
the wires in the array.
effects associated with the two wire techniques. 
Furthermore this technique offers possible extension 
to other probe geometries e.g. X-arrays or split—film 
probes, with only minor increases in signal processing 
complexity.
1. Method of Measuring C and 6 with a Single Wire
The operating resistance of the probe is cycled 
in a deterministic fashion between two fixed overheat 
ratios. The operating currents corresponding to these 
resistance ratios are sampled and stored each cycle by 
zero-order hold circuits synchronized with the vari­
ations in overheat ratio. As each zero-order hold 
output will correspond to different functions of the 
same velocity and temperature field, reconstruction of 
the time variation in temperature and velocity is 
possible provided the sampling rate is high and 
appropriately chosen with respect to the maximum dis­
turbance frequency in the flow. Figure 1 shows a 
schematic of the measurement system where the velocity 
and temperature field are reconstructed with analog 
computer techniques.
The bridge system shown provides a simple control 
of the wire operating resistance as well as being 
insensitive to probe lead resistance and associated 
variations. The bridge error voltage is expressible 
as
Z Z - Z (G Z ) 1 w 2 V
and when zero corresponds to the balance condition
Zw GZ Z /Z **2 3 ( I . > 0)
Switching the wire between overheat ratios at 
rates in excess of the maximum flow frequency will 
allow the temporal variations of both the velocity and 
temperature field to be determined with a single wire 
and in addition remove the extra flow disturbance
In the frequency range of interest (<50kHz) several 
techniques are available for varying the amplifier gain 
G, e.g. a multiplier, however, discussion on these 
components will be emitted. Such a bridge operates in 
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FIGURE 1 SCHEMATIC OF MEASUREMENT SYSTEM
with one arm of the bridge composed of a time varying 
resistor.
Between the bridge error output and the current 
driver suitable electronics must be used to control 
the system whose frequency response is independent of 
velocity and wire temperature. However as the circuit 
details are $t present subject to Patent they have not 
been presented here. Finally the bridge is driven by 
a high gain current driver with suitable limits on the 
maximum and minimum wire currents. The minimum current 
is determined by the requirements of successful bridge 
operation while the maximum current is dependent on 
the dynamic range of the amplifier.
The signal analysis system will be discussed in 
section 3.
2. Simulation of the System
The overall aim of the project was to verify the 
principle of operation by a simulation of the partial 
differential equation governing the behaviour of the 
wire, the control equations of such a system, the 
signal processing and in addition to determine optimum 
parameters for operation. The following represent the 
major factors in the simulation.
2.1 Choice of Fluid and Probe Type. Frequency 
response considerations (section 4) require that the 
probe operate in a fluid with high k/y. Of available 
fluids with satisfactory k/y, water is by far the most 
convenient and was chosen for the simulation. Although 
uncoated wires may introduce calibration stability 
problems, they were used in the calculations since 
these wires have the fastest transient response.
Formation of bubbles on the wire can occur due to 
boiling, electrolysis or by dissolved air coming out of 
solution. Boiling will not occur if the wire tempera­
ture does not exceed the saturation temperature of the 
water while Rasmussen (1967) indicates that the problem 
of dissolved air cam usually be eliminated by leaving 
the water stationary for a period and or by reducing 
the overheat ratio as is suggested by this new tech­
nique. Electrolysis due to the potential difference 
developed across the wire and prongs is of negligible 
effect below a characteristic voltage dependent on the 
probe materials and ions in the water (Glasstone 
(1942)). Experiments h^ve shown that tungsten wires 
with a length to diameter ratio (*/<j) <400, are un­
affected by electrolytic effects in Brisbane water.
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The effect of electrolysis is also decreased by 
operating the probe from an AC anemometer supplying 
a high-frequency AC heating current to the probe e.g. 
Grant et al (1962). Adaption of the method proposed 
to an AC anemometer would eliminate any electrolysis 
which may occur.
2.2 Method of Simulation. The finite hot wire, 
the control system of the anemometer and the track and 
store units required for the sampling of the outputs 
of the anemometer were simulated on a 100 amplifier 
EAI 681 parallel processor. The signal analysis was 
performed on an adjacent EAI 231 R analog computer. A 
tungsten wire of 5 y diameter (100<f/<j<400) was 
modelled with 8 appropriately chosen segments. The 
ends of the wire were assumed to be at the mean ambient 
air temperature TA set to be 20°C. All temperatures 6 
were measured relative to TA with maximum wire value 
6max = 80°C and ambient fluctuating value 0A = 10°C.
Nusselt number, Nu, dependence (Bradshaw (1967)) 
of the form
Nu = 0.42 Pr°'21 + 0.57 Pr0,33 Re°'5
[o.Ol < Re < 1000 ; 0.72 < Pr < lOOo]
was assumed. Evaluation of this correlation at the 
mean film temperature enables the heat transfer 
coefficient to be expressed as
FIGURE 2 SIMULATED SYSTEM
2.3 Transient Response and Static Calibration 
Results. Various types of resistance ratio switching 
were investigated and Figures 3 and 4 show the 
transient operation for two extreme flow conditions 
with stepwise and continuous resistance ratio 
switching.
h = A + B ycd
with the film temperature 6f referred to reference 
at 20°C and
A = 0.6778 - 2.133 x lO_3.0f + 1.932 x lO~6.0f2 
B = 1180 + 8.874.0f - 2.73 x lo'^.e/
“ 6 2 “ 1The simulation assumed that Cd < 2.5 x 10 m sec , 
the upper limit corresponding to a wire Reynolds 
number of 2.90.
Figure 2 gives the block diagram of the 
simulation.
As can be seen from Figure 3 the maximum possible 
switching rate is determined predominately by the rate 
at which the wire can cool from the high to the low 
resistance ratio, i.e. it is determined by the wire 
time constant. Stepwise resistance ratio switching 
yields the highest switching rate but results in the 
bridge current driver being clamped for a significant 
period of the cycle. The wire temperature variation 
of Figure 4 has removed the occurrence of the maximum 
current clamp condition while representing a compromise 
on the minimum current clamp condition.
Figure 5 shows the static calibration of wire 
current with varying ambient temperatures and a wire of 
£/d =  200 at the two operating limits. Identical 
calibration results could be obtained for the two 
switching waveforms of Figures 3 and 4 and for the non- 
switched conditions of resistance ratio by increasing 
the closed loop gain. End conduction is negligible for 
> 200 and hence the condition that the wire
16
FIGURE 3 TRANSIENT RESPONSE TO STEPWISE RESISTANCE RATIO SWITCHING
TABLE 1
Wire Calibration Coefficients = 200)
c -1m sec a°2xlO \xlO %xlO
.02 2.388 -1.306 -3.387 0 = 68 C
.08 3.330 -1.270 -3.561 a. _21.466 x 10
.18 4.209 -1.255 -3.456
3
a 6.541 x 10-2
.32 5.108 -1.242 -3.433
U









.08 0.626 -7.655 -22.33 a. _ 3.124 x 10"3
COrH 0.875 -7.582 -22.71
3
a, S 13.558 x 10"3
.32 1.057 -7.564 -23.82
u
a5 = -0.703 x 10-3
.50 1.236 -7.568 -21.87
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supports must be fixed at 6=0°C can be relaxed. Thus 
steady temperature fields may be used for wire cali­
bration.
The results of Figure 5 can be summarized by the 
correlations
I = a_(C) 1 + V »  + *2eA
and a (C) = a , +  a + a C o 3 4 5
with values as tabulated in Table 1. These results 
were used to design the signal recovery circuits of 
section 3.2
80 r  68 Cj— DO
12 C I






FIGURE 4 TRANSIENT RESPONSE TO CONTINUOUS RESISTANCE RATIO SWITCHING
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FIGURE 5 STATIC CALIBRATION CURVES FOR LOW AND HIGH RESISTANCE RATIOS
3. Reconstruction of the Velocity and Temperature 
Fields
3.1 Theoretical Aspects. The calibrations of 
the previous section cam be re-expressed (under quasi­
steady conditions of velocity and temperature) as
I2 = h H(C).fH (0A)
i 2c - h c <c>.fc <eA)
and so simultaneous solution of these equations will 
yield the velocity and temperature field.
When the velocity and temperature field are time 
varying, consideration must be given to the frequency 
response characteristics of the filters following the 
zero-order hold circuits, as well as the time delay in 
sampling wire currents at the two conditions of 
resistance ratio. As shown in Figures 3 and 4 there
is very little error <0.4°C in the wire temperature 
when G(t) is the ramp function with two different 
slopes, a high slope for increasing and a low slope for 
decreasing the resistance ratio. The small constant 
portions of G(t) being used for sampling, i.e. sampling 
occurs first as the low resistance ratio then on the 
high resistance ratio t later and again on the low 
resistance ratio T-t secs later. In all the tests 
shown in Figures 3 and 4 the ratio t /t was 0.21, this 
corresponding to a delay of 40 us and a sampling of 
each signal each 190 us. For higher velocities
i _ lc 1 > 0.02 m sec the sampling rate can be considerably 
improved as a comparison of Figures 3 and 4 shows.
The outputs of the hold circuits thus need to be 
filtered to produce continuous signals for processing 
in the linearization circuit for C(t) and 0A (t).
Digital sampling theory (Lindorff (1965)) requires
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that the sampling rate fs = 1/T be at least twice the 
maximum disturbance frequency in the flow and allows 
the hold circuits and smoothing filters to be replaced 
by a composite transfer function.
C(f) = H(f) .Sin (fT) .e"jlTfT/fT
Matched smoothing filters H(f) must be designed 
so that the magnitude response of C(f) is unity at all 
frequencies up to that of the maximum disturbance in 
the f]ow and zero at higher frequencies. Filter 
synthesis is described by such texts as Zverev (1967) 
and provided fs/fmax is relatively high the synthesis 
problem is simple.
For the system simulated fs/fmax = 4.18. C(f) was 
unity up to the maximum frequency of flow disturbance 
with acceptable attenuation at higher frequencies.
Analysis of the effect of non synchronous 
sampling is complex due to the overall non-linearity 
of the signal recovery process. By way of comparison
with a two wire array, with sensor separation of 125 y
in a similar water flow (y+ = 6) of friction velocity 
-10.02 m sec the time delays are
-5t single wire = 3.83 x 10 secs 
-3t two wire array = 10 secs
Thus relative to the maximum frequency of flow dis­
turbance, the time delay due to non-synchronous samp­
ling with a single wire would appear of negligible 
effect. This is confirmed by dynamic tests of the 
following section.
3.2 Simulation of the Signal Processing Scheme. 
The overall system - anemometer and signal processor 
were tested by using the signal processor of Figure 6 
with potentiometers set from Table 1. Because of the 
variation in coefficients a1 and a^ with velocity,
these values were set to correspond to a mean velocity 
of 0.18 m sec 1.
Processor operation is determined by the high
C(t) TRUE VELOCITY (FILTERED)







FIGURE 6 DETAILS OF SIGNAL PROCESSOR FOR RECONSTRUCTING THE VELOCITY AND TEMPERATURE SIGNALS
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gain integrator which adjusts the estimate of ambient 
temperature so that the velocities corresponding to 
the two overheats - CH (t) and Cc (t) - are equal. As 
the simulation operated at one six hundredth of real 
time, no stability problems were observed but it is 
expected that real time operation will require careful 
design of this control loop.
Figure 7 represents the case where
a) the ambient temperature is varied sinusoidally 
up to the maximum frequency of flow disturb­
ance while the velocity is held constant, and
b) corresponds to a similar variation in velocity 
with constant ambient temperature.
These charts reveal that there is virtually no 
effect on the errors due to perturbation frequencies 
in the range <0.5fmax. Since most of the energy 
associated with the velocity and temperature fields 
will generally be restricted to frequencies O.lfmax 
the sampling rate of the proposed anemometer system is 
more than adequate.
An estimate of the amplitude of the normalized 
errors is given in Table 2. This shows that for all 
conditions tested the normalized velocity errors 
never exceed 2.3% and are thus acceptable. This 
corresponds to a negligible velocity error. Consider­
able errors exist in the temperature estimate with 
these errors being proportional to 0A which probably 
reflects the method of normalization. Since these 
errors are relatively independent of frequency the 
gain of the integrator comparing (^(t) and Cc (t) to 
produce 0A (t) is probably adequate although no doubt 
the use of a more sophisticated compensation would
produce an optimum linearizer.
An examination of Figure 5 shows that for
0A = 12°C there is an appreciable slope with 0A for all
of the velocities and thus it is imperative to have the
wire resistance ratio set accurately. Figures 3 and 4
- 1 -1show that at C = 0.02 m sec and 0.5 m sec respect­
ively the error in the wire temperature between 
sampling hot and cold is 0.25°C and 0.6°C respectively. 
This could be due to the effect of the assumed infinite 
mass at the end of the wire or the lack of adequate 
compensation in the bridge circuit and anemometer 
system. This requires further development but it 
would appear possible to reduce the error from this 
source to negligible proportions. One of the most 
obvious sources of error is in the determination of 
the calibration constants of Table 1 which of course 
is not confined to the single wire method of measuring 
turbulence in non-isothermal fields. There is also 
the possibility of an ill-conditioning in the lineariz­
ation circuits which has reduced the effectiveness of 
previously reported sequential type measurements in 
non-isothermal flows, i.e. with several resistance 
ratios.
More sensitive calibration techniques need to be 
developed for all anemometer measurements in non­
isothermal flows and this difficulty is no reflection 
on this new method of measuring velocity and tempera­
ture signals with a signal wire. Such calibrations 
are an area for further development. However, it is 
clear that the concept of a switched resistance ratio 
anemometer has been verified.
TABLE 2
Amplitude of the Normalized Errors 
in Velocity and Temperature Estimates
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dd
f = 0-25 fMAX a f = 0 05 fMAX
C = 0 50 m s'1 
C = 0 18 m s'1 
C = 0 02 m s'1
FIGURE 7 SYSTEM ERRORS DUE TO VELOCITY AND AMBIENT TEMPERATURE FLUCTUATIONS
4. Frequency Response Considerations and the ratio
In h i g h  Reynolds n u m b e r  isotropic turbulence the 
smallest edd y  size is d e s c r i b e d  by the K o l mogoroff 
length scale.
r 3 -1 ^S = [y /ej
where the d i s sipation o f  turbulence pe r  u n i t  mass is a 
m aximum at y + = 10 (Laufer (1954)) and is
.y e / U T = 0 . 2 6
This y i e l d s  a finest e d d y  scale in pipe f l o w  with 
perio d i c i t y  (y+ = 10)
2
fmax = 2.79 U T/y
E x p ressing the pipe c e n t r e  line v e l o c i t y  in terms 
of the friction v e l o c i t y  (U^ =  BUT ) the m a x i m u m  fr e ­
quency of flow distu r b a n c e  becomes
fmax/y = 2 . 7 9  (Rep/ B D ) 2
Hie m a x i m u m  sampling rate w as shown in S e c t i o n  2.3 to 
be d e t e r m i n e d  predom i n a t e l y  b y  the wire natural fre­
quency i.e. the rate at w h i c h  cooling o c c u r s  on switch­
ing to the low over- h e a t  condition. A s s u m i n g  the 
m aximum w i r e  Reynolds number is m a i n t a i n e d  constant
(Rem a x )
6U x d/y = Re
For am  infinite w i r e  the natural frequency is express­
ible as
fnat 2k N u,2"d CpP
so that the value of the sampling parauneter fnat/fmax 
will b e  roughly p r o p o r t i o n a l  to k/y. C h o i c e  of a 
certain p i p e  size, pipe R eynolds number a n d  maximum 
wire R e y n o l d s  number w i l l  determine the usable w i r e  
diameter so that the o n l y  parameters that c am be varied 
are k, Nu, p, and Cp. F o r  a fixed w i r e  Reynolds number 
range the v a r i a t i o n  in N u  w i l l  be d e t e r m i n e d  by Prandtl 
number effects, h o w e v e r  the dominant e f f e c t  will b e  
found in varying th e  co n d u c t i v i t y  of the fluid.
F o r  th e  5 p tung s t e n  w i r e  simulated, a friction 
velocity o f  0.02 m  sec 1 (corresponding t o  B ■ 25.0) 
was a s s u m e d  so that the m a x i m u m  frequency of  flow 
disturbance was
fmax = 1.29 kHz
fs/fmax = 4.18
CONCLUSIONS
The m e t h o d  of using a single w i r e  cycled betw e e n  
tw o  resistance ratios has b e e n  v e r i f i e d  an d  the simu­
lat i o n  indicates that hot-wire a n e m o m e t e r s  desi g n e d  to 
us e  this t e c h n i q u e  w o u l d  be successful. A t  pres e n t  
the method is r e s t r i c t e d  to u n c o a t e d  wires in wat e r  b y  
the necessity t o  maxi m i z e  the w i r e  natural frequency 
w i t h  respect to the m a x i m u m  freq u e n c y  of flow dist u r b ­
ance. This m a y  limit the u s e f u l n e s s  of the technique 
fo r  split-film p r o b e s  in  various media. H owever the 
technique is s i g n i f i c a n t  in that t h e  need to add extra 
d i s turbance into the flow (as in 2-wire arrays) is 
removed.
R e p r ocessing of the anemo m e t e r  output signals to 
y i e l d  the tempe r a t u r e  and velo c i t y  field gave rela t i v e ­
ly poor results under simulation fo r  the temperature 
signal. This r e f l e c t s  the need to  accurately det e r ­
m i n e  calibration constants, but as this p r o b l e m  is 
inherent in an y  non-isothermal measurement, it in no 
w a y  negates the usefulness of  the technique.
REFERENCES
Ayra, S.P.S. a n d  Plate, E.J. (1969) "Hot-wire M e a s u r e ­
m e n t s  in Non - i s o t h e r m a l  F l o w ” , Instruments and 
Control Systems, M a r c h  1969, 87.
Bremhorst, K. a n d  Bullock, K.J. (1970) "Spectral 
Measur e m e n t s  o f  T e m perature and Longitudinal 
V e l o c i t y  F l u c t u a t i o n s  in Ful l y  D e v e l o p e d  Pipe F l o w " , 
Int.J.Heat M a s s  T ransfer Vol. 13, pp. 1313-1329.
Rasmussen, C.G. (1967) "The Air B u b b l e  Prob l e m  in 
W a t e r  Flo w  H o t - f i l m  A n e m o m e t r y " , DISA Information,
5  ^ 21.
Glasstone, S. (1 9 4 2 ) " Introduction to Electrochemistry* 
V a n  Nostrand.
Grant, H.L., Stewart, R.W. and Moilliet, A. (1962) 
"Turbulence Spec t r a  from a Tidal Channel", Jnl.
Fluid.Mech. 30, 241.
Bradshaw, P. (1967) "An Introduction to Turbulence 
a n d  its M e a s u r e m e n t " , Pergamon Press.
Lindorff, D.P. (1965) "Theory of Sampled-data 
C ontrol Systems", Wiley.
23
Laufer, J. (1954) "The Structure of Turbulence in 
Fully Developed Pipe Flow", NACA Rep. No. 1174.
Zverev, A.I. (1967) "Handbook of Filter Synthesis", 
New York: Wiley.
NOMENCLATURE
A,B - constants in heat transfer equation 
aQ (C) - wire linearization function 
a^,a2 ,a3,a^,aj. - wire linearization constants
C,c - instantaneous velocity and its fluctuating
, - Lcomponent (metres sec )
Cp - specific heat at constant pressure



































-1 o-2. metre C )
time
anemometer cycle time
mean ambient temperature (°C)
temperature coefficient of resistivity
Kolmogoroff length scale
spatial average of temperatures associated 
with elements of hot wire (C°)
- ambient temperature fluctuation (C )
6 - Fluctuating component of 0A (C°)
- film temperature (C°)
t - time delay
SUBSCRIPTS
Max, Min - maximum and minimum value 
H - related to high overheat operation
C - related to low overheat operation
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DISCUSSION
T. C. Corke, I l l in o is  In s t , of Tech .: Have you 
attempted to compensate fo r e rro rs due to temperature 
changes in  the ve lo c ity  measurements?
McConachie: L in ea riza tio n  did take account of the 
temperature contamination of the estimate o f the 
ve lo c ity  f ie ld  and v ice  versa.
Corke: Is  i t  va lid  to compare phase s h if t  between 
s ing le  and double w ire schemes since phase s h if t  can 
be compensated e le c tro n ic a lly ?
McConachie: For the two w ire method, interchannel 
phase s h if t s  need not be a problem as they can be re­
moved e le c tro n ic a lly . More important is  the spatia l 
f i l t e r in g  introduced by the f in ite  d iffe rence  in 
spacing between two w ire arrays which cannot be 
compensated e le c tro n ic a lly . Single wire length e ffe c ts  
apply equally to both methods but could be reduced by 
lowering the L/d ra t io  of the w ire .
P. Hodson, I l l in o is  In s t , o f Tech .: Since th is  is  a 
s im u la tio n , are you w ill in g  to make any predictions 
at th is  time as to how well th is  scheme w i l l  work in a 
real system?
McConachie: The basic anemometer system (le s s  sw itch­
ing c ir c u it r y )  is  at present in use and design and pro­
totype manufacture o f the hot-wire anemometer d is ­
cussed is  at present in  progress. Operating conditions 
have been investigated in  water and e le c t ro ly t ic  and 
w ire s t a b i l i t y  e ffe c ts  have been investigated . Pre­
d iction  of the operation of the prototype system 
performance cannot at th is  stage be o ffered .
T. J .  Hanratty, U n ive rs ity  o f I l l i n o i s :  Would the 
time response of the thermal boundary laye r l im it  the 
prospects of th is  approach with respect to i t s  a b i l it y  
to measure ve lo c ity  spectra? I am p a r t ic u la r ly  con­
cerned about measurements in liq u id s which have 
Prandtl numbers which could be an order o f magnitude 
la rg er than those in a i r .
McConachie: D ig ita l sim ulation of the boundary 
laye r response around a hot w ire  to ve lo c ity  and 
temperature changes in a i r  (1 .0  < Re < 40) has been 
investigated  at the U n ive rs ity  of Queensland and the
boundary layer response time shown to be neg lig ib le . 
From these re su lts  i t  is  f e lt  that the response time 
o f the boundary la ye r in water w i l l  a lso  be n e g lig ib le . 
Unfortunately, no sim ulation re su lts  are availab le  
fo r water.
Sensor s ize  (5y inch diameter, L/d = 200) w il l  
pose no problems for the water flow v e lo c it ie s  
sim ulated.
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NON-ISOTHERMAL MERC U R Y  PIPE F L O W  
TURBULENT CHARACTERISTICS
T.W. Flaherty, L.L. Eyler, and A. Sesonske 
Department of Nuclear Engineering 
Purdue University 
W e s t  Lafayette, Indiana 47907
A B STRACT
The turbulence structure of fully-developed m e r ­
cury pipe flow, with and without heat transfer, was 
studied using h ot-film anemometry at Reynolds number 
of approximately 50,000. Single sensors and slanted 
m ultiple sensors were used to obtain the radial d i s ­
tribution of axial fluctuating velocity and t e m p e r a ­
ture quantities. Isothermal data were generally in 
good agreement with comparable air data indicating 
similar velocity structure. Temperature intensity 
data agreed w i t h  other data in liquid metals.
Axial and radial turbulent heat flux results were 
somewhat inconclusive. Spectra and turbulence scales 
were developed providing a picture of the structure.
INTRODUCTION
Heat transfer in liquid metals has been inve s t i ­
gated for some years because of their use in hig h  heat 
flux applications. The inapplicability of analogy a p ­
proaches to low Prandtl number fluids has resulted in 
semi-empirical predictive methods which have generally 
been satisfactory for design purposes. However, more 
recently, w i t h  the need to accurately model he a t  
transfer in irregular geometries under high h e a t  flux 
conditions in sodium-cooled reactor accident situa­
tions, interest has developed in improved approaches 
which do not require assumptions regarding e d d y  trans­
port. Therefore, some investigations of the n o n ­
isothermal turbulent structure have bee n  undertaken to 
help develop a useful background for model d e v e l o p ­
ment. In addition, such measurements in low Prandtl 
number fluids are of theoretical interest since the 
modes of he a t  and m o mentum transfer are no longer s i m ­
ilar, as is the case in higher Prandtl number fluids.
The transport of fluid momentum in a turbulent 
flow is governed by the Reynolds equations w h i c h  can 
be derived from the classical Navier-Stokes relations 
as shown by Hinze (1959). The Reynolds equation for
fully developed, steady pipe flow neglecting buoyancy 
and dissipation terms is
I d . - r - y . 1 dP W d / d u z\
r dr r z' p dz r r \ dr / v '
A  similar equation can be developed for the t u r ­
bulent transfer of heat for steady, fully-developed 
constant property flow in a pipe
I d  , — rZT\ 77 d 0  k /S / 9 0 \\ ...
7 a? (ru e > —P'p uz di + 7 (r a?>)■ (2>
In addition to the mean and fluctuation quantities 
appearing in these equations, other statistical q u a n t i ­
ties are useful for developing turbulent structure in ­
formation. The turbulent velocity intensity, V u^2 > 
and the turbulent temperature intensity, V 0 ' 2  t in 
non-isothermal flow are helpful in describing flow 
structure. Other statistical quantities such as micro- 
and macroscales, autocorrelation coefficients, and 
spectra of velocity and temperature serve to assist in 
the definition of flow structure. Axial turbulent 
heat transport, pc^u^O', and radial turbulent heat 
transport, pc^uj.0' , are useful in interpreting p h e n o m ­
ena associated w i t h  turbulent flow heat transfer.
Experimental efforts by Rust (1966), Burchill 
(1970), Kudva (1970), Loos (1971), Jacoby (1972), 
Kowalski (1974), and others provided m u c h  needed data 
for the description of turbulent transport in liquid 
metals. These investigators were helpful in d e t e r ­
mining experimental conditions for this work and p r o ­
vided a basis for the comparison of data.
In a parallel but completely independent effort 
using the same experimental apparatus, Hochreiter 
(1974) made a number of the same turbulence m e a s u r e ­
ments as reported in this work. However, data r e d u c ­
tion techniques we r e  different, as will be indicated. 
The two investigations therefore complement one 
another, and where agreement is achieved, serve to 
improve the confidence in each.
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EXPERIMENTAL SYSTEM AND D A T A  PROCESSING
The mercury flow system used in this study is 
shown in Figure 1. The fluid, flowed upward through 
an electrically-heated test section, a circulating 
pump, a full-flow filter, downward through a return 
section used for pressure d r o p  measurements, then 
through a heat exchanger whe r e  it was cooled. The 132 
diameter long test section, constructed from 1%-inch, 
type 304, stainless steel pipe, had a 65-diameter e n ­
trance length for velocity development followed by  a 
67-diameter length heated w i t h  a uniform wall heat 
flux for thermal field development. The traversing 
mechanism, located at the top of the heated test s e c ­
tion as shown in Figure 1, allowed three mutually p e r ­
pendicular probes to be inserted into the flow w i t h  
the capability of traversing at least 75 percent of 
the diameter. All three probes penetrated two pipe 
diameters u p stream to mini m i z e  any end effects. 
Hochreiter (1971) and F l a h e r t y  (1974) provide a d d i ­
tional equipment details.
A  two-channel T h e r m o - S y s t e m s , Model 1050, c o n ­
stant temperature h o t-film anemometer system was used 
in this study. A  Model 1040 temperature bridge switch 
was interconnected with each anemometer channel. When 
this bridge was in the v e l o c i t y  position, the tempera­
ture bridge circuit was b y passed and the anemometer 
functioned in a constant temperature mode. However, 
when the switch was in the temperature position, the 
anemometer channel functioned as an uncompensated, 
constant current anemometer so that the hot-film 
sensor acted as a resistance thermometer and sensed 
only temperature fluctuations in the flow.
The turbulent intensities, both v elocity and tem­
perature, were measured w i t h  a Thermo-Systems, Model 
1060, rms meter w h i c h  had time constants adjustable up 
100 seconds and a frequency response d o w n  to 0.1 Hz 
(3 db point) at a time c onstant of 100 seconds. T u r ­
bulent velocity and temperature fluctuations were also 
recorded on a four-channel Precision Instrument C o m p a ­
ny, Model 6200, F M  tape recorder.
The hot- f i l m  sensors used in this study were 
0.002-inch diameter by 0.040 inch long (designated as 
- 20 sensors by Thermo-Systerns). This particular size 
proved the most satisfactory in a trial of several 
sized sensors in an  attempt to obtain adequate v e l o c i ­
ty sensitivity w i t h  minimum sensor size.
Axi a l  velocity and temperature measurements were 
made using a single normal sensor. Radial turbulent 
heat flux was measured using two parallel sensors, 
oriented at an angle of 45°to the m e a n  flow direction.
Hill and Sleicher's (1971) k-factor sensor directional 
sensitivity corrections were applied. The two sensors 
were separated b y  about 0.010 inches.
The sensors were calibrated in place. The volt­
age output as a function of velocity at the centerline 
was least-squares fitted to a power law expression. 
Differentiation of the fit allowed the sensor sensi­
tivity to velocity to be determined. Temperature 
sensitivities were determined similarly from a cali­
bration curve of voltage output versus temperature.
Velocity and temperature fluctuation signals were 
recorded in the F M  mode, then converted to digital 
time series at a m a x i m u m  rate of 2000 samples per 
second per c hannel in form compatible with the CDC- 
6500 computer. A u tocorrelation coefficients, from 
w h i c h  micro- and macroscales wer e  determined, and 
spectra of the axial velocity and temperature fluctu­
ations were obtained usi n g  the digitized data.
The direc t - l a g  method wa s  used for calculation of 
the coefficients and spectra. This more laborious 
method was used at  the time of this investigation rath­
er than a Fast Fourier Transform approach in order to 
better determine effects of truncation point range, 
signal aliasing, and data wind o w  type. The coefficient 
and spectra calculations were done at a 95 percent con­
fidence level u s i n g  the Tukey data window. The upper 
frequency limit of the analyses was 1000 Hz, which was 
determined from the frequency response limitations of 
the sensor opera t i n g  in the temperature mode. Digiti­
zation rate was determined using the Nyquist criteria.
RESULTS AND DISCUSSION
Axial turbulent velocity fluctuations and temper­
ature fluctuations were measured u s i n g  a single sensor 
oriented normal to the mean flow direction. Axial 
turbulent heat flux results were obtained using single 
sensor fluctuating data. Radial turbulent heat flux 
results were obtained using two parallel sensors or i ­
ented at an angle of 45° to the mean flow direction.
The use of h o t - f i l m  sensors in mercury is compli­
cated by poor sensor sensitivity, calibration drift, 
and response attenuation. These difficulties are di s ­
cussed in detail by  Flaherty (1974) and Hochrieter 
(1971, 1974).
Velocity Fluct u a t i o n  Measurements
A  single, normal hot-f i l m  sensor was used to 
measure the isothermal axial v e locity turbulent inten­
sity at several radial positions. The intensity r e ­
sults, normalized to U* are shown in Figure 2. The 
friction velocity, U*, wa s  calculated based on an 
experimentally verified smooth pipe friction factor.
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R e s u l t s  for two sen s o r  overheats are s h o w n  an d  in d i ­
cate little v a r i a t i o n  wit h  o v e r h e a t  of the m e a s u r e d  
i n t e n s i t i e s .
A l s o  sho w n  in F i g u r e  2, are the a i r  r esults of 
L a u f e r  (1953), Patel (1968), and the m e r c u r y  resu l t s  
of  H o c h r e i t e r  (1974). L aufer's d a t a  a r e  lower than 
the p r e s e n t  results. E x cellent a g r e e m e n t  exists b e ­
t w e e n  th e  p r e s e n t  d a t a  and the r e s u l t s  of  Pat e l  and 
Ho c h r e i t e r .
Th e  m o s t  si g n i f i c a n t  error i n  the p r e s e n t  da t a  is 
in  the d e t e r m i n a t i o n  of the sensor's s e n s i t i v i t y  f r o m  
the e x p e r i m e n t a l l y  d e t e r m ined c a l i b r a t i o n  curves. The 
e s t i m a t e d  err o r  in V  u ^ / U *  is 10%, w i t h  the p r e s e n t  
r e s u l t s  and those of  Laufer, Patel, an d  Hochr e i t e r  a l l  
th e n  w i t h i n  e x p e r i m e n t a l  error. The p r e s e n t  m e r c u r y  
d a t a  t h e r e f o r e  indicate a similar isothermal v e l o c i t y  
s t r u c t u r e  as air.
T e m p e r a t u r e  Fluctuation. M e a s u r e m e n t s
T u r b u l e n t  t e m perature fluctu a t i o n s  were m e a s u r e d  
u s i n g  the single, n o r m a l  sensor a s  a r e s i s t a n c e  t h e r ­
m o m e t e r .  The no r m a l i z e d  t e m perature f l u c t u a t i o n  i n t e n ­
sities for a w a l l  h e a t  flu x  of 7,300 B T U /(hr-ft^) a r e  
sho w n  in  F i g u r e  3 w i t h  the m e r c u r y  resu l t s  of H o c h ­
r e i t e r  (1974) and L o o s  (1971). F o r  the normali z a t i o n ,  
the c e n t e r l i n e  temperature, 0q  , and the wal l  t e m p e r a ­
ture, 0 w  , w e r e  d e t e r m i n e d  e x p e r imentally. The m a x i ­
m u m  of the t e m p e r a t u r e  f l u c t u a t i o n  inten s i t y  p e n e ­
trates m u c h  fur t h e r  into the t u rbulent core than d o e s  
the v e l o c i t y  intensity. The a m o u n t  of this p e n e t r a ­
tion is a stro n g  f u n c t i o n  of Pra n d t l  number, b e i n g  
large for a small Pran d t l  nunber flow. The c o n s i s t ­
e n c y  of  the p r e s e n t  data is indicated b y  the good 
a g r e e m e n t  w i t h  the d a t a  o f  Hochr e i t e r  an d  Loo s  w h e n  
w e i g h t e d  by the h e a t  flux ratio. The d e v i a t i o n  of the 
p r e s e n t  d a t a  near y / R  = 0. 5  may b e  due to a free con -  
vefction effect.
A x i a l  T u r b u l e n t  H e a t  Flu x
A x i a l  t u r b u l e n t  heat fluxes, pc u'0', w e r e  e v a l u -p z ’
ated u s i n g  the m o d i f i e d  K o v a s z n a y  m e t h o d  (1950). The 
v e l o c i t y  and temperature intensities p r e s e n t e d  p r e ­
v i o u s l y  were u t i l i z e d  to d e t e r m i n e  u'0'. The n o r m a l ­_____  z
ized flux, u' 0 ' / u * 0 * ,  is shown in F i g u r e  4 a l o n g  w i t h  z
the e t h y l e n e  glycol (Pr = 70.8) r e s u l t s  of K u d v a  
(1970) and the w a t e r  (Pr = 5.89) r e s u l t s  of B u r c h i l l  
(1970). There a p p e a r s  to be a rou g h  p r o p o r t i o n a l i t y  
of the axial t u rbulent h e a t  flux wit h  Pran d t l  number.
In  u s i n g  the m o d i f i e d  K ovasznay m e t h o d  to d e t e r ­
-----  — 9 — 7mi n e  u'0', a c c u r a t e  values of u ,z and 0' m u s t  be z ' z
known. However, in non-iso thermal flow, it is d i f f i ­
cult to s eparate the instantaneous v e l o c i t y  and
temperature r e s p o n s e  of the h o t - f i l m  sensor. Since 
K u d v a  and Burc h i l l  strongly indicate that as Pra n d t l  
num b e r  d e c reases, the profiles for i s o thermal and n o n ­
i s othermal a x i a l  velo c i t y  intensities c o l l a p s e  to the 
same curve, isoth e r m a l  v e l o c i t y  i n t ensities w e r e  use d  
h e r e  to d e t e r m i n e  the axial turbulent h e a t  fl u x  u s i n g  
the m o d i f i e d  K o v a s z n a y  method.
In  F i g u r e  4, compa r i s o n  of the pres e n t  d a t a  w i t h  
H o c h r e i t e r ' s  resu l t s  at the same R e y n o l d s  n u m b e r  (but 
d i f f e r e n t  w a l l  h e a t  flux) is of interest. He  found 
that a c  a h e a t  flux of 3,820 BT U  /(hr - f t ^ ) , energy 
assoc i a t e d  w i t h  axi a l  turbulent t r a n s p o r t  w a s  bei n g  
transferred f r o m  regions of cool e r  fluid to r e g i o n s  of
w a r m e r  fluid (positive pc^ u^0'). The p r e s e n t  dat a  at 
a wa l l  h e a t  fl u x  of 7,300 BTU /(hr - ft^) are all m u c h  
nea r e r  zero. Al s o  shown in F i g u r e  4 is an e s t i m a t i o n  
of the error p r o p a g a t e d  through the m o d i f i e d  K o v a s z n a y  
met h o d  caused b y  the estimated err o r  in sen s o r  s e n s i ­
tivity to a x i a l  v e l o c i t y  and te m p e r a t u r e  fluctuations. 
R a d i a l  T u r b u l e n t  H e a t  Flu x
R a d i a l  t u r b u l e n t  heat fluxes were d e t e r m i n e d  for 
wal l  h e a t  flux values of 7,300 and 3,6 5 0  BT U  /(hr-ft^) 
at a b u l k  R e y n o l d s  number of 50,000. A  parallel, 
inclined d u a l  sensor c o n f i g u r a t i o n  was used to o b t a i n  
fluctuating signals w h i c h  were d i g i t a l l y  proc e s s e d  to 
d e t e r m i n e  the radial heat flux, pc u'0'
_____  -£yr  •
A c c u r a t e  val u e s  of u^0' and 0 w e r e  r e q u i r e d  to 
eval u a t e  the radi a l  turbulent h e a t  flux. The p r e v i ­
ously p r e s e n t e d  "near zero" u^0' val u e s  at a hea t  flu x  
of 7,300 B T U / ( h r  - ft^) yielded r esults for u ^ 0 ' w h i c h  
were w i t h o u t  trend and unrealistic, o w i n g  to the sen s i ­
tivity of u'0' to the m a gnitude of u'0'. Similarly, r _____ z ‘
H o c h r e i t e r ' s  u'0' d a t a  at a h e a t  flux of 3 , 8 2 0  BTU/ z ’O(hr - ft ) p r o v i d e d  extremely h i g h  and un r e a l i s t i c
r esults for u^.0' . Since the p r e s e n t  d a t a  u^0' were 
near zero for all radial positions, u^0' was taken to 
be zero for the e v a l u a t i o n  of the u^.0' p a r a m e t e r  in 
this work.
R a d i a l  turbu l e n t  heat flux resu l t s  for b o t h  he a t  
flux cases are shown in Figu r e  5 to be less than those 
of H o c h r e i t e r  (1974) and Burc h i l l  (1970). However, 
B u rchill's d a t a  w h i c h  are for water, w o u l d  n o t  n e c e s ­
sarily be e x p e c t e d  to agree w i t h  the pre s e n t  m e r c u r y  
data since the Prandtl number d i f f e r e n c e  is large. 
H o c h r e i t e r  a l s o  considered his results to be h i g h e r  
than expected.
Figu r e  6 shows a compa r i s o n  of the e x p e r i m e n t a l  
radial t u rbulent h e a t  flux at of 7,300 BT U  / ( h r - f t ^  
and a theore t i c a l  prediction. The theor e t i c a l  p r e d i c ­
tion w a s  obtai n e d  b y  subtracting the c o n d u c t i o n  ter m 
in the e n e r g y  e q u a t i o n  from the integral h e a t  flux.
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The conduction term was evaluated using the prediction 
method of Haberstroh and B a l d w i n  (1968). A  comparison 
of the theoretical prediction of Haberstroh and Bal d ­
win with a n  experimentally de t e r m i n e d  conduction term 
obtained by  Kowalski (1974) showed good agreement.
The bars represent an estimate of the error in the cal­
culation of the radial turbulent heat flux. This 
error is largely due to uncertainties in the dete r m i ­
nation of the sensor sensitivity to velocity and tem­
perature fluctuations. Atte m p t s  to reconcile the d i f ­
ferences betw e e n  the predicted and calculated values 
of pCpU^9* were not successful. However, the measured 
turbulent convection terms w e r e  found to be of the 
same order as the conduction contribution to the inte­
gral heat flux.
Turbulence Scales
Micro- and macroscales of velocity and temper­
ature were determined using the autocorrelation coe f ­
ficients obtained from d igital analysis of the fluctu­
ation signals. Taylor's hypothesis was used to c o n ­
vert the time correlations f^ (t ) and fg(<r) to space 
correlation, f (a) and f (z ) . A  parabolic curve fit 
near z - 0  was used to determine ( d f / d O s _ q  and 
hence the microscales. The macroscales w e r e  obtained 
by integrating the a u tocorrelation functions.
The isothermal velocity mic^o- and macroscales 
are shown in Figures 7 and 8 along w i t h  the results of 
Hochreiter (1971). The limited present results for 
the macroscale sho w  a general tendency to decrease 
towards the centerline consistent w i t h  Hochreiter's 
data. The results for velo c i t y  microscale are only in 
fair agreement w i t h  the results of Hochreiter. H o w ­
ever, the autocorrelation coefficients fro m  w h i c h  the 
scales w e r e  determined for y / R  - 0.4, 0.6, and 0. 8  had 
not gone to zero a t  the m a x i m u m  lag of f • 0.4 s econd^ 
thus the accuracy of the pres e n t  macroscale data is 
uncertain.
Temperature micro- and macro s c a l e s  are shown in 
Figures 9 and 10 respectively, along with the results 
of Hochreiter (1971) and Loos (1971). Generally good 
agreement exists for the m i c roscale results for 
y/R 2b 0. 6  showing a clear indication of a d ecrease in 
microscale as the wal l  is approached. The magnitude 
of the microscale should d ecrease near the centerline 
since the production region is nearer the wall while 
• mor e  homogeneous decaying reg i o n  exists near the 
center 11m . Hochreiter 'a spectrum-based d a t a  d o  not 
indicate this trend, though the present data, Hoch- 
relter's time derivative-based data, and the results 
of Loos behave as expected. The temperature macroscale
results of Hochreiter are consistently higher than the 
present data. A  clear indication of a decrease in 
m a c roscale as the wall is approached is seen. This is 
opposite to the trend of the velocity macroscale 
results whi c h  g e nerally tend to decrease as the cen­
terline w a s  approached. These macroscale data, there­
fore, s h o w  the difference between the velocity and 
thermal field macrostructure.
Spectral Results
The one-dimensional energy spectra of isothermal 
axial v elocity and temperature fluctuations were ob­
tained f r o m  time series analyses of digitally c o n ­
verted signals from the single, normal hot- f i l m  sensor. 
The calculated 1-D spectra at y /R = 0.4 and 1.0, are 
shown in non-dimensional form in Figures 11 and 12.
Fo r  the normalization, the Kolmolgoroff length scales, 
3 v \
L ^  = (v /«) , and time scales, T^=( v/e) , were calcu­
lated using the microscales of velocity fluctuation to 
d e termine c. Similarly, x  was calculated from the 
temperature microscales. This method wa s  chosen over 
the spectral integral method since 2 Hz w a s  the lowest 
frequency analyzed in the spectrum. A  complete tabu­
lation of the length scales can be found in Flaherty 
(1974).
Good agreement exists between the centerline 
v elocity data of Hochreiter which were analyzed using 
an ana l o g  spectrum analyzer and the pres e n t  data. The 
slight departure of these dat a  at k/k^ «  lO"* might be 
due to error. Hochreiter's results were found to 
agree w e l l  wi t h  the theory advanced by Pao (1965) for 
k / k ^  t  1 . A t  high velocity spectrum w a v e  numbers, 
some agreement with the -7 power law was noted.
In determining these Isothermal v e locity spectra 
results, no  correction was made for sensor length as 
wa s  done by  Hochreiter (1971) who used Pao's (1965) 
corre c t i o n  model for spectra above k/k^ «  10_ *. At 
Hochreiter's upper frequency limit ( w  700 Hz) e x t r a ­
pola t i o n  of Pao's model yielded a m a x i m u m  correction 
factor of 3. Attenuation of the sensor response 
caused b y  a large thermal boundary layer existing 
around the sensor (see, for example, L i m  and Sleicher 
(1974) a n d  Malcolm and Verma (1973)) was found to be 
less than 10Z at centerline dimensionless wave n m b e r  
(Pig* 11) values less than 0.8, the primary region of 
the results. Hence, no correction was applied.
The centerline temperature spectrum w i t h  of 
3,650 BTU/(hr - ft2 ) agrees well wi t h  the results of 
H o c h r e i t e r  for q of 3,800 BTU/(hr - ft2 ) with a
*  —9
slight discrepancy near k/k ^  * 10“ . The present 
d a t a  indicate the higher heat flux has forced a
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r e d i s t r i b u t i o n  of thermal e n e r g y  toward lower f requen- fu (z) 
cies, that is, larger eddies, p a r t i c u l a r l y  at the p i p e  
c e n t e r l i n e  w h e r e  larger e d d i e s  d o m i n a t e  the s t r u c t u r e  
o f  the flow. This is s u pported b y  the t e m p e r a t u r e  ^u^T ^
m a c r o s c a l e  r e s u l t s  fo r  the two h e a t  flux cases. At
Normalized, longitudinal space 
a u t o c o r r e l a t i o n  c o e f f i c i e n t  for 
v e l o c i t y  fluctuations
Normalized, longitudinal time 
a u t o c o r r e l a t i o n  c o e f f i c i e n t  for 
velo c i t y  fluctuations
y / R  = 0.4, the r e  is a  lesser h e a t  flux effect a t  low 
w a v e  numbers. Tempe r a t u r e  s p e c t r a  tend to d e c r e a s e  
m o r e  r a p i d l y  than p r e d i c t e d  e i t h e r  by the t heories of
Normalized, longitudinal space 
a u t o c o r r e l a t i o n  co e f f i c i e n t  for 
temperature fluctuations
B a t c h e l o r  (1959) or G i b s o n  (1968). 
C O N C L U S I O N S
fg(r) Norma l i z e d ,  longitudinal time
a u t o c o r r e l a t i o n  c o e f f i c i e n t  for 
temperature f l u c tuations
The i s o t h e r m a l  turb u l e n t  v e l o c i t y  s t r u c t u r e  for 
m e r c u r y  w a s  d e m o n s t r a t e d  to b e  similar to tha t  for 
oth e r  fluids a t  Re =  50,000. However, t u r b u l e n t  t e m ­
p e r a t u r e  i n t e n s i t y  r e s u l t s  d e m o n s t r a t e d  that th e  t h e r ­
m a l  struc t u r e  of the n o n - i s o  thermal f l o w  was n o t  
similar to the turbulent v e l o c i t y  structure, a n d  that 
the m a g n i t u d e  of  the heat f l u x  s trongly influences 
tempe r a t u r e  intensities.
A l t h o u g h  the t u r b u l e n t  a x i a l  heat flux w a s  found 
to be n e g l i g i b l e ,  th e  turbulent radial heat f l u x  w a s  
found to be o f  the same ord e r  as radial c o n d u c t i o n  and 
roug h l y  p r o p o r t i o n a l  to the w a l l  heat flux.
M i c r o -  an d  m a c r o s c a l e  resu l t s  obtained f r o m  
a u t o c o r r e l a t i o n  co e f f i c i e n t s  confirmed that t h e  v e ­
locity and t e m p e r a t u r e  struc t u r e  was d i f f e r e n t .  Th e 
v e l o c i t y  m a c r o s c a l e  tended to d ecrease toward the 
ce n t e r l i n e  w h i l e  the temperature microscale i n c r e a s e d  
toward the c e n terline. L i m i t e d  v e l o c i t y  m i c r o s c a l e  
results i n d i c a t e d  a slight decr e a s e  n e a r  the c e n t e r ­
line w h i l e  the temperature micro s c a l e s  a p p e a r e d  to 
peak, then d e c r e a s e  slightly toward the centerline.
N e i t h e r  v e l o c i t y  nor temperature spec t r a  indi­
cated the e x i s t e n c e  of a -5/3 range. A t  r e l a t i v e l y  
h i g h  w a v e  numb e r s ,  al l  temper a t u r e  spectra d e c a y e d  
w i t h  i n c r e a s i n g  w a v e  num b e r  faster t h a n  p r e d i c t e d  b y  
B a t c h e l o r  or  Gibson.
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Figure 1. Mercury Heat Transfer Loop.
®  These Data, Re = 50,000., OHR = 1.06 
x These Data, Re * 50,000., OHR = 1.09
• These Data, q^ = 7,300 BTU/ (hr-ft2 )
©  Loos (1971), - 4,172 BTU/ (hr-ft2 )
X  Hochreiter (1971), = 3,820 BTU/ (hr-ft2 )
——  Mean Curve
Figure 3. Heat Flux Weighted Temperature Intensities 
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X  Hochreiter (1971), Re=50,000, Pr = 
0.023, qw  = 3,820 BTU/ (hr-ft2 ) 
Q  Burchi11 (1970), Re=50,000, Pr = 
5.89, q^ = 3,820 BTU/ (hr-ft2)
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Figure 4. Dimensionless Axial Heat Fluxes.
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©  These Data, q^ = 3,650, BTU/(hr-ft )
2
A  These Data, = 7,300, BTU/(hr-ft )
y  Hochr e i t e r  (1971), Re =  50,000 2
qw  =  3,520, BTU/(hr-ft )
0  B u r c h i 11 (1970), Re = 50,000 2
qw  =  3,820, BTU/(hr-ft )
Figure 5. D i m e n s i o n l e s s  R a d i a l  Turbulent 
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Figure 7. A x i a l  V e l o c i t y  D i m e n s i o n l e s s  Microscales.
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Figure 6. Radial Turbulent Heat F l u x  Comparison
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Barclay Jones, U n ive rs ity  o f I l l i n o i s :  I'm  interested 
in your paper because i t  re la te s  c lo se ly  to some of 
the water work that we've been doing re c e n tly . In 
your paper you suggested that you could use the mean 
ve lo c ity  as the convection v e lo c ity . Our Figure A 
confirms th at the Taylo r hypothesis is  reasonable.
What we show here i s  the temperature and a x ia l v e lo c ity  
component where we made two point space-time c o rre la ­
tions w ith a x ia l separation and ca lcu lated  the convec­
tion v e lo c ity . These re su lts  were obtained in w ater, 
in  the some apparatus B u rc h ill used.
In Figure B we show the frequency behavior o f the 
two v e lo c ity  components, the normal and the ax ia l (in  
th is  case the normal is  r a d ia l ) .  In comparison to 
temperature we find  that as we approach the wall the 
frequency component o f the normal ve lo c ity  i s  much 
higher than is  the a x ia l component. We fin d  that the 
temperature f ie ld  agrees c lo se ly  with the a x ia l com­
ponent in  terms of frequency content. Th is points out 
the d if fe re n t  influences o f the rad ia l and a x ia l v e l­
o c ity  components on the temperature s tru c tu re .
In Figure C we show the in teg ra l length scales 
with respect to ra d ia l p o s it io n . We can see the s h i f t  
as we pass from the wall to the center l in e . The 
normal v e lo c ity  component length scale r is e s  through­
out th is  region as does the a x ia l v e lo c ity  component 
length s c a le , but the temperature f ie ld  l ik e  the nor­
mal v e lo c ity  hfear the wall s h i f t s  toward the a x ia l 
ve lo c ity  stru ctu re  as you approach the center lin e  
and Iso tropy .
Figure D shows the in teg ra l time sca le s  and again 
we see th at near the wall the a x ia l v e lo c ity  and the 
temperature sca les agree ra th e r c lo se ly  and as you 
approach the center the temperature sca le  moves more 
toward the normal v e lo c ity  s c a le . I th ink th is  speaks 
to the points that you were ra is in g  in showing d i f f e r ­
ences across the rad ius o f the tube but w ith only the 
ax ia l and temperature f ie ld  structu re  a v a ila b le  to you. 
These data are Included in the Ph.D. th e s is  of J .  S . 
C ln tra , J r .  ("Experim ental and Modeling Studies o f 
Two-Po1nt V e lo c ity  and Temperature F ie ld s  in  Turbulent 
Pipe Flow ," U n ive rs ity  o f I l l i n o i s ,  October, 1975) and 
show the trends of the temperature stru ctu re  ly ing  be­
tween those o f the a x ia l and ra d ia l v e lo c it ie s  as is  
expected fo r a passive s c a la r .
A. K. M. Fazle  Hussain, U n iv e rs ity  o f Houston: You 
ind icate that the probe t ip  was inserted from the end
two-diameters upstream in  order to e lim inate  the e x it  
e f fe c t . I have fo r some time been concerned about the 
upstream e ffe c t  o f the e x it  on the turbulent structu re  
What basis do you have fo r  assuming that a t two diam­
eters upstream the e x it  e ffe c t  is  n eg lig ib le?
L. L . E y le r , Purdue U n iv e rs ity : We were guided by the 
work o f Gardner and Lykoudis ( J .  F lu id  Mech., 47^ , 737
(1971)) who confirmed the l in e a r it y  o f the pressure 
drop near the end of a s im ila r  mercury te s t  section . 
Now as fa r  as the temperature end e ffe c ts  are con­
cerned, we were guided by several people who have done 
work in  a i r  such as C. J .  Lawn (Cent. E le c . Gen. Bd. 
Report RD/B/N2159, Berke ley , U .K ., 1972). However, we 
do not have thermocouple data fo r the a x ia l gradient 
to v e r i fy  that we are fa r  enough upstream.
Hussain: The mean wall s ta t ic  pressure gradient can 
at best be an in d ica tio n  of the mean flow f ie ld .  Thus 
even i f  the a x ia l wall s ta t ic  pressure is  l in e a r ,  I re 
main unconvinced that the e ffe c t  of the e x it  on the 
d e ta ils  of the turbulence structu re  is  n eg lig ib le  at 
two diameters upstream from the e x it .
E y le r : L . G. Genin, e t a l .  (High Temp., 1^,#3, 550 
(1974)) in R u ss ia , measured the actual turbulent 
temperature in te n s ity  in  mercury as a function of 
a x ia l p o sitio n . Although the turbulent temperature 
in te n s ity  dropped o ff  a t the e x it  o f the tube, the 
e f fe c t  was only s ig n if ic a n t  very c lose  to the w a ll.
Hussain: I t  would be necessary to look at the de­
ta ile d  hydrodynamic turbulence q uan tities and I sus­
pect there w i l l  be some in fluence on them as the flow 
would an tic ip a te  the presence o f the pipe e x it  before 
the flow  reaches the e x i t .
Linden Thomas, Akron U n iv e rs ity : More and more in te r ­
est i s  being given la te ly  to the burst phenomena. I t  
would be in te re st in g  to make measurements o f the per­
io d ic ity  fo r liq u id  m etals. Have you given considera­
tion to making such measurements and how would you 
make them?
E y le r : W ell, no, I haven't given any consideration to 
measuring burt phenomena and I would h esita te  to even 
speculate on what the re su lts  would be.
John La u fe r, U n ive rs ity  o f Southern C a lifo rn ia : I 
would ju s t  l ik e  to comment on the question o f
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s im ila rity  between velocity fluctuations and tempera­
ture fluctuations, comments relevant to Professor 
Jones' measurements. This question has bothered us 
for a number of years and a large number of experiments 
showed gross s im ila rity  between axial velocity flu ctu­
ation and temperature under certain conditions. The 
fact that one is  scalar and the other a vector quan­
t ity  complicates the problem. I would like  to mention 
a beautiful piece of experimental work (Ph.D. thesis) 
1.05
done by Dr. Fulachier at Marseille in a turbulent bound­
ary layer. His measurements of spectral d istribu­
tions of T ' ,  u ', v' and w' show that in certain regions 
of the spectrum there is  s im ila rity  between u' and T 1 
and in other regions of the spectrum between v' and 
T' and the frequency or wave length over which the 
s im ila rity  occurs changes depending on the position 
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Figure A: Normalized Convection Velocities for Temperature and Axial 
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Figure D: In tegra l Convected Time Scales fo r V e lo c ity  Components and 
Temperature F luctuatio ns in Turbu lent Pipe Flow.
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ABSTRACT
The energy spectra and longitudinal length 
scales measured in a free plane jet are 
presented. The actual convective velocity 
was used in determining the scales. The 
results show a universal spectral distribution 
along the axis but no obvious similarity in 
the large scale motion off the axis. The 
results are limited to x/D < 60. The measured 
scales suggest a noticeable increase of the 
microscale along the lateral coordinate but an 
essentially constant value along the axis. 
However the macroscales, increasing linearly 
along the axis do not show any similarity off 
the axis.
INTRODUCTION
An earlier paper presented measurements 
of spectra and scales in a submerged circular 
water jet, Goldschmidt and Chuang (1972).
This now presents similar measurements in a 
plane air jet. For brevity sake the reader is 
referred to the earlier publication,
Goldschmidt and Chuang (1972), for definitions, 
nomenclature, and extensive references. There 
the warning was made that the concept of 
eddies and scales, useful as it is in some 
models of turbulent transport, has some 
physical weakness. This is particularly true 
in flows which are intermittently turbulent 
and non-turbulent.
The length scales of turbulence can be 
determined from measured energy spectra by 
knowing the velocity of propagation of the 
turbulent structure. This velocity, referred 
to as convective velocity, need not be equal 
to the local mean velocity. Taylor's frozen 
turbulence hypothesis, usually invoked when
computing the scales, postulates this equality. 
In the results to be presented the scales will 
be computed based on both the local mean and 
convective velocities.
FLOW FIELD
The flow field considered is a subsonic, 
plane free jet. The flow emanates at an exit 
Reynolds number of UQD/v = 10,000, through a 
rectangular slot 0.635 x 30.48 cm. In order 
for it to behave as an infinite plane jet the 
jet was confined by two horizontal walls. 
Measure of the mean velocity profiles showed 
them to satisfy the documented Reichardt and 
Gortler solutions, with a half-width given by:
| = 0.0875 [g + 8.75] (1)
and an axial velocity decay rate 
/US"2
\ u51) = 0.15 + 1.25] (2)o
agreeing well with documented values in the 
literature. Such are tabulated (Table 1) as 
follows, where
5  “ K1 [§  -  c l>
- k2 (§ - c2]
ENERGY SPECTRA
The energy spectra were obtained from 
digital Fourier analysis of the hot-wire 
anemometer signal. The major instrumentation 
consisted of a Security Associates anemometer 
model 100, a HP 5465A analyzer, a standard TSI 
probe and a SKL variable low pass filter. The 
scales were obtained from the energy spectra 
(based on the wave number) from
and
Ax = V2 [/“ F(k)k2dk]"1/2




The energy spectra, based on wave number 
were obtained from the frequency distribution 
by noting that
v 2*fU_ (5)
•Presently at Texas A & M University, College Station, Texas.
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Taylor's hypothesis in essence implies that 
the convective velocity, Uc, is equal to the 
local mean velocity, U.
The energy spectra were measured at 
x/D = 20, 30, 40 and 60 for different y/b 
values from 0 to 1.8. The spectra along the 
axis, when scaled by the distance from the 
origin, collapse onto one single curve as 
shown in Figure 1. However, in the intermit­
tent region this is no longer the case. As an 
example the spectra at different lateral loca­
tions is shown in Figure 2. It is shown for 
the furthest x/D station where data resolution 
would be at its worst. As expected, the high 
wave number region (dependent on dissipation 
rate) does collapse onto one curve whereas the 
large scale motion, strongly dependent on 
intermittency, does not. This is in agreement 
with the results of reference 1, Goldschmidt 
and Chuang (1972).
TAYLOR LONGITUDINAL SCALES
The longitudinal macroscale can be 
estimated from the extrapolation of data taken 
at very low wave numbers (corresponding to 
frequencies as low as 2 Hz). The macroscale 
along the axis is found to satisfy the 
relationship,
T52- = 0-0885 [ |  - 8 .5 ]  (6)
in excellent agreement (except for a jump in 
virtual origin) with the measured half-width 
of equation (1). The corresponding lateral 
distribution of the macroscale (computed based 
on Taylor's frozen hypothesis) is shown in 
Figure 3, whereas that based on the actual 
convective velocities: Young and Ott (to be 
published), is shown in Figure 4 disproving 
the otherwise inferred reduction in macroscale 
towards the edge of the jet. (The convective 
velocities were found from the cross correla­
tion between two probes one downstream from 
the other.)
The ratio Uc/U was noted to approximately 
follow the relationship
~  = 1 + 0 . 7 * ( 6 )
The solid data points noted in Figure 4 were 
obtained from the longitudinal space correla­
tion measured with two probes located at dif­
ferent separations (in the downstream direc­
tion) from each other. These scales when 
compared with the values computed from the 
energy spectra are well within the range of 
experimental error.
Similar results for the Taylor microscale 
are shown in Figures 5 and 6. The microscale, 
based on the approximate Taylor hypothesis 
appears essentially constant. However, based 
on the actual convective velocities it exhibits 
an interesting increase with lateral location. 
The agreement with values obtained from actual 
longitudinal conditions, noted by the shaded 
data points, is satisfactory. From the 
measured microscales the turbulent Reynolds 
number and corresponding Kolmogoroff Scales 
can be computed. To so do, the isotropic 
relationships,
_ V
ReX = 757 X (7)
and
n = 71 ‘ i k  ‘ R i^  (8)
may be used. These apply, at best, on the 
axis where isotropic conditions nearly exist. 
Comparison of dissipation and microscales with 
data inferred from Heskestad (1963), is shown 
in Table 2.
The measurements are in need of further 
refinement. It must be noted that the repor­
ted (non-conditional) measurements include 
both the turbulent and non-turbulent regions 
in the flow. The additional refinement would 
be through a measure of the conditional scales 
(in the turbulent region only).
CONCLUSIONS
The energy spectra along the axis of the 
jet was seen to have a universal shape when 
plotted in terms of a wave number made 
dimensionless by the axial distance from the 
origin. On the other hand, the energy spectra 
at different lateral positions showed no 
universality. This was attributed to the 
differing large scale structures as inter­
preted with Eulerian non-conditional averaging. 
At lateral locations off the axis a maximum
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of the energy spectra was seen to occur at a 
frequency of the order of 20 Hz. This was not 
so at the origin. One possible explanation 
would be the intermittent nature of the flow.
The longitudinal micro and macro length 
scales were computed from the measured 
spectra. This was done correctly by recalling 
the measured convective velocities. These 
values were compared with those computed erro- 
eously assuming that the local mean velocity 
represented the convective velocity. The 
difference in these results was considerable 
for lateral stations larger than y/b = 0.8.
The lateral distribution of the macro­
scales did not convincingly suggest that simi­
larity had been reached for 20 £ x/D £ 60. In 
general the results did show a slight increase 
of the scale with y/b. The measured values 
were spot checked with macroscales computed 
from measured longitudinal correlation coef­
ficients. This agreement also reinforced the 
confidence in the measured data. To the best 
of the authors' knowledge this is the first 
time that measurement of longitudinal macro­
scales in plane jets have been reported.
Earlier measurements in circular jets:
Laurence (1957) , Wygnanski and Fiedler 
(1969), and Corrsin and Uberoi (1951), did 
present macroscales which are of the same 
order of magnitude as the present results.
The longitudinal microscales along the 
axis increased very slightly with axial loca­
tion. On the other hand, the longitudinal 
microscales increased considerably with y/b 
(the values at y/b * 1.5 being more than 
double those at the axis). The data did show 
consistent trends at different x/D locations. 
Agreement with the scales obtained from the 
independent measurement of the longitudinal 
correlation coefficient was very satisfactory.
The results are useful in characterizing 
the flow. In addition, the scales and the form 
of the spectra may be of assistance in formula­
ting models describing the flow and predicting 
its behavior. As an example, available predic­
tors for the transfer of suspended particles 
require a knowledge of the macro-scales.
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TABLE 1 . CHARACTERIZATION COMPARISON OF VARIOUS FREE TURBULENT JETS.
Investigator K1 K2 ci C2 Re
Miller & Comings (5) 0.0983 0.227 -1.572 -1.572 1.78 (104)
Van der Hegge Zijnen 
(6)
0.100 0.205 0 -1.70 1.33 (104)
4Foss (7) 0.085 0.2565 -2.0 6.50 5.5(10)
Hesk.estad (4)* 0.110 0.364 5.3 5.3 2.5(104)







-15.0 2.0 2-3 (104)
Kaiser (10) 0.101 0.208 -2.6 0 1-4(104)
Ott (2) 0.0968 0.228 -3.0 7.0 104
Jenkins (11) 0.085 0.160 -6.1 4.0 41.45(10 )
Present 0.0875 0.150 -8.75 -1.25 104
*Heskestad's K? is larger than 
exit.











80 1.62 0.3885 385.7 7.1 7.047
70 1.56 0.3744 406.8 6.73 7.3
Heskestad (4) 60 1.50 0.3600 411.1 6.37 7.26
50 1.455 0.3492 440.0 5.98 7.53
40 1.45 0.3485 475.0 5.74 7.82
35 1.45 0.3384 493.0 5.476 7.978
60 1.01 0.487 358.0 9.248 3.047
40 0.981 0.468 390.0 8.515 3.097
Present 30 0.952 0.4575 415.0 7.79 3.175
20 0.931 0.446 445.0 7.6 3.413
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F i g u r e  1: D i m e n s i o n l e s s  E n e r g y  S p e c t r a  A l o n g  t h e  J e t  A x i s .
x/D = 60
I_______________ |_______________|_______________ |_______________ I
5 10 15 20 25
k (f t*j
Figure 2: Normalized Energy Spectra at x/D = 60.
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o x/D = 20
□ x/D = 30
A x/D = 40
O x/D - GO
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of Longi tudina1F i g u r e 3 : Macroscale based on Figure 4: Distribution of the Longitudinal Macroscale, b a s e d
on Measured U .c
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F i g u r e  5: D i s t r i b u t i o n  o f  t h e  L o n g i t u d i n a l  M i c r o s c a l e ,  b a s e d
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S h a d e d  s y m b o l s  r e p r e s e n t  d a t a  p o i n t s  
o b t a i n e d  in  p l o t t i n g  t h e  c o r r e l a t i o n  
f u n c t i o n  a g a i n s t  p r o b e  s e p a r a t i o n .
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F i g u r e  6: D i s t r i b u t i o n  o f  t h e  L o n g i t u d i n a l  M i c r o s c a l e ,  b a s e d
o n  M e a s u r e d  U .c
45
DISCUSSION
W. W illm arth , U n ive rs ity  of Michigan: You have found 
th at the small scales move fa s te r  than the local mean 
v e lo c ity . Does that mean that they are rid ing  on top 
of the la rg e r scales? Why do small scales move fa s te r  
than the lo ca l mean ve lo c ity ?
Goldschmidt: The question is  re la ted  to measurements 
o f convective ve lo c ity  (a t  d if fe re n t  frequencies) pre­
sented as reference data . The measurements showed 
that fo r y/b < 1 .0 , the convective v e lo c it ie s  o f small 
wave number structu res was le s s  than the loca l mean 
v e lo c ity , whereas for large wave number s tru c tu re s  the 
ra t io  o f convective v e lo c ity  to loca l mean v e lo c ity  
is  la rg e r than one. Th is suggests that the small 
stru c tu res move fa ste r than the la rger s tru c tu re s . 
Whether or not th is  means that the l i t t l e  sca les ride 
on the big sca le s I don't know - although I wish I 
could say so. I'm  a fra id  we won't be able to exp la in  
what th is  a l l  means u n t il we repeat th is same kind of 
measurement in a conditional sense.
J .  A. M il le r , Max-Planck In s t itu te : How sharp are  the 
sought maxima 1n the e - at plane?
Goldschmidt: The question re la te s  to curves not in ­
cluded in  the paper showing how the convective ve lo ­
c i t ie s  were determined. Th is included a measure of 
the time delay fo r a maximum 1n the space-time c o rre la ­
tion  curve.
As an example, a t  x/D = 40, y/b = 0 .25 and e =
1 .3 ° , the time delay fo r  maximum corre la tion  a t  a
separation between the w ires o f 1.27 cm was at about
3 .8  m seconds, whereas i t s  value decreased by a t  le a st
10% fo r a delay of 3 .3  and 4 .5  m seconds (on e ith e r
side o f the maximum). The companion plot to determine
em was genera lly  not as sharp, leading to a possib le
20% uncerta in ty in the measure of e . These d e ta ilsm
w il l  be presented in Reference 12.
B. G. Jones, U n ive rs ity  of I l l i n o i s :  Spencer's data 
fo r conditioned sampling of turbulent/non-turbulent 
stru ctu re  convection v e lo c it ie s  show that U i s  aU ,C CL
across a t le a s t  h a lf o f the mixing layer.
We too have found that sp e c if ic  frequency s tru c ­
ture has sp e c if ic  convection v e lo c it ie s . For long 
wave length structu re  U£ < U and fo r small wave length
structu re  U > H. c
H. M. Nagib, I l l in o is  In s t , o f Tech .: In your Figure 
2 , the spectra has a peak in  the low frequency range. 
Are these peaks re lated  to the interm ittency of the 
flow  fo r y/b >_ 0.1? I f  so , what e ffe c t  would that 
have on Figures 3 to 6 and the comparisons between 
them?
Goldschmidt: The peak is  not noticed at the ax is  
where the interm ittency is  1. I t  occurs as we move 
outwards. Thus, i t  can be attributed  to the in te r­
m ittent nature of the flo w , as you suggest. (The 
data were not cond itio na lly  sampled).
There is  some uncertainty in the values of the 
m acroscales. These were obtained by the extrapo lation 
o f curves such as those in Figure 2. The values 
obtained, however, are not in  serious disagreement with 
those from actual space co rre la tion  (as noted by the 
shaded symbols in Figures 4 and 6 ) .
G. Comte-Bellot, Ecole-Centrale de Lyon: Have you 
taken time co rre la tion  measurements fo r two probes 
which are  only separated 1n the transverse d irection?
In that case , I th ink that the maxima can occur at 
time delays which are e ith e r po sitive  or negative 
according to the shape of the two point space 
co rre la t io n  contours.
Goldschmidt: No, we have not. Generally we carried  
the measurements up to angles of 30 to 60° from the 
longitud inal d ire c tio n . I agree that two maxima might 
occur.
A. Hussain, U n ive rs ity  of Houston: We have carried  
out an experiment on contro lled e xc ita tio n  of a plane 
turbulent a i r  je t  and determined the phase v e lo c it ie s  
o f the v o r t ic ity  waves introduced at d iffe re n t  fre ­
quencies. Though the v o r t ic ity  wave is  d iffe re n t from 
large o r small edd ies, we have found that the phase 
v e lo c ity  is  ty p ic a lly  60% of the cen te rlin e  v e lo c ity .
I t  increases s l ig h t ly  with a frequency or Strouhal 
number but never went as high as the lo ca l mean 
v e lo c ity .
Goldschmidt: I would expect the phase v e lo c ity , as 
described , to be re la ted  more to the mean ve lo c ity  
across the je t  (hence about 60% of the cen te rline  
v e lo c ity ) than to the convection v e lo c ity . I believe 
your re su lts  may be comparable to S t i f f l e r ' s  work 
(Ph.D. thesis Penn. S ta te , c irca  1972).
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TWO-POINT, TWO-COMPONENT, V E L O C I T Y  
ME A S U R E M E N T S  IN TURB U L E N T  PIPE F L O W
J. S. Cintra, Jr. and B. G. Jon e s  
Unive r s i t y  o f  Illinois at Urbana-Champaign
ABSTRACT
An experimental study of the turbulent velocity 
field structure was p e rformed in a pipe flow. The p r i ­
mar y  objective of this study was to provide a detailed 
velocity field structure, under isothermal conditions, 
for use as a reference condition for later i n vestiga­
tions of the interactions betw e e n  fluctuating velocity 
and temperature fields, under n on-isothermal conditions, 
in turbulent pipe flow.
Two-point, two-component (u^ and ^ )  velocity c o r ­
relation m e a surements were made with hot— fi l m  ('x' 
probes) anemometers s eparated in the radial direction 
as well as two-point axial component correlation 
measurements with axial separation.
The fluctuating signals we r e  analyzed digitally 
and both space and s p a ce-time correlations were c a l c u ­
lated.
Spatial scales for each velo c i t y  component were 
determined and then us e d  in the modeling o f  two-point 
space correlations in  terms of axisymmetric tensor 
forms. F i n a l l y  i s ocorrelation curves w e r e  evaluated 
from the a x i s ymmetric mod e l s  to test their prediction 
capabilities.
INTRODUCTION
C o nfined turbulent flows are of p r i m e  interest in 
engineering applications.
Due to the r a n d o m  nat u r e  o f  the phys i c a l  quanti­
ties which describe these flows, e.g. velocity, p r e s ­
sure, temperature etc., th e y  can commonly be  analyzed 
in terms o f  their statistical properties. It is c u r ­
rently impractical to  obtain explicit analytical d e ­
scriptions o f  velocity, temperature or pressure f l u c t u ­
ating fields. All theo r i e s  of  turbulence, both anal y t i ­
cal and semi-empirical, we r e  constructed based on s t a ­
tistical properties o f  these random quantities. T h e  
present experimental r esearch is concerned with semi- 
ompirical theories bas e d  on "ed d y  d iffusivity"concepts. 
Although the treatment given to the turbu l e n c e  p h e n o m e ­
n a  in these models m a y  appear oversimplified, they are 
still extre m e l y  useful in m a n y  practical applications, 
•*g. the evaluation o f  mome n t u m  (or heat) transfer in a 
cotl^ine<l steady state turbulent shear flow. In many o f
these theories, e.g. Prandtl's (1925) mixing length 
hypothesis, V o n  Karman's (1930) similarity h y p othesis 
(see H. Sc h l i c h t i n g  (1968)),T a y l o r ' s  (1932) 
vorticity t r a n s p o r t  theory, and m o r e  recently,
Jenkins (1951), A z e r  § Cha o  (1960) an d  Kudva et a l .
(1968), simplifications are mad e  on t h e  governing 
equations b y  i n t roducing eddy diffusivities d e t e r ­
mined from length scales and c h aracteristic velocities. 
These charact e r i z i n g  quantities are expected to be 
related to th e  g e o m e t r y  o f  the p r o b l e m  and the type of 
flow and are u s u a l l y  obtained experimentally.
In these p r e v i o u s  models o n l y  "spherical eddies" 
are considered a n d  therefore t h e y  require the s p e c i f i ­
cation of o n l y  o n e  length scale. Th e  model for eddy 
diffusivities p r o p o s e d  i n itially b y  T y ldesley and 
Silver (1968) an d  wit h  m o r e  d etails b y  Silver (1968) 
and T y l d e s l e y  (1969, 1970) can a l l o w  the eddies to 
deviate from a  spherical shape. Therefore, it r e ­
quires, at least, a two-parameter r e p r e sentation o f  
the eddies w h i c h  ca n  be obtained dire c t l y  from e x p e r i ­
mental i s o-correlation plots, i.e., b y  cross c o r r e l a t ­
ing two-point signals. Alth o u g h  a l w a y s  possible, this 
approach m a y  r e q u i r e  an excessive n u m b e r  o f  data points 
to become useful. If some simpl i f y i n g  assumptions are 
made with resp e c t  to the properties o f  the two-point 
correlation tensor, it is then p o s s i b l e  to reduce the 
amount of e x p e r i m e n t a t i o n  needed an d  take two-point 
measurements o n l y  along some a p p r o p r i a t e  directions in 
the flow field. Isotropy and axisymmetry are two 
possible simpl i f y i n g  assumptions for structural forms 
for turbulence. In the present work the prediction 
capabilities o f  t h e  axisymmetric forms are explored in 
connection wit h  two-point measurements along two 
orthogonal axes in the flow field. T h e  need to mak e 
these measurements is due to the unsatisfactory status 
of the reported two-point experimental results for 
turbulent flow in circular pipes. S o m e  length scales 
from two-point m e a surements in water, but only for the 
axial velocity component, are given b y  Howard (1974), in 
the flow direction, and by  Meek (1972) , in the t r a n s ­
verse direction. In air some results for the normal 
component o f  the v elocity are given b y  Sabot et a l .
(1973), but o n l y  at one radial location.
T h erefore t h e  p rimary objec t i v e  of  this study is 
modeling two- p o i n t  v e locity correl a t i o n s  in pipe flow. 
The purpose is t o  p rovide a basis fo r  a later i n v e s t i ­
gation into the T y l d e s l e y  and S i l v e r  (1968) eddy d i f ­
fusivity model. T h e  experimental input needed for the 
correlation m o d e l i n g  is o btained in terms o f  length 
scales for two fluct u a t i n g  v e l o c i t y  components ( ^  and
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u 2 ) along two orthogonal directions (parallel (axial) 
and normal (radial) to the m e a n  f l o w ) . Three scales 
are m e a s u r e d  d i r e c t l y  from space-correlations and a 
fourth on e  is estimated. T w o  axisymmetric models are 
investigated, namely, the two-pa r a m e t e r  model p r o p o s e d  
by  Golds t e i n  an d  Rosenbaum (1973) a n d  the four p a r a m e t e r  
model s u g g e s t e d  by Web e r  (1974).
E X P E R I M E N T  D E S C R I P T I O N
All m e a s u r e m e n t s  r eported h e r e  were carried out 
in the h e a t  t r a n s f e r  loop d e s c r i b e d  in detail b y  
Burchill (1970). Th e  test sec t i o n  is vertical, has a 
circular cross section with an inside diameter of 
4.01 in. an d  is 28 ft. long. In F i g u r e  1 is shown
Figure 1 - T e s t  section illustrating relative pro b e  
p o s i t i o n s
A  - radial separation measurements 
B - axial separation measurements
schemat i c a l l y  the upper portion o f  the test section 
illustrating rela t i v e  probe positions for both radial 
and axial s e p aration measurements. A traversing 
mechanism, d e s i g n e d  to enter the test section from the 
top, a l l o w e d  radial traverse as well as axial p o s i t i o n ­
ing.
T h e  fluctuating v elocity signals wer e  t a k e n  u n d e r  
isothermal c o n d i t i o n s  at a section 79.5 diameters from
the test section entrance. Burchill (1970) u s i n g  axial 
p ressure drop and turbulent shear data showed that fully 
devel o p e d  flow conditions were established at that l o c a ­
tion. Th e  fluid used in those experiments was d e m i n e r ­
alized w a t e r  to allow the u se of  uncoated h o t - f i l m  
anemo m e t e r  sensors.
F or the two-point, two-component v e l o c i t y  meas u r e ­
ments t w o  end flow 'x' probes were used,thus r e q u i r i n g  
four chan n e l s  o f  anemometry. Ea c h  channel of anemome- 
tr y  was m a d e  up  of one DISA type 55D01 Anemometer, one 
DIS A  t y p e  55D10 Linearizer, one BAY LAB Model 5123 DC 
a m p l i f i e r  use d  as a Low Pass filter (-18 dB/octave) 
wi t h  a -3db setting at 1 KHz, and one TSI Mod e l  1015C 
C o r r e l a t o r  u s e d  for A C  coupling w i t h  cutoff frequ e n c y  
set at 0.1 Hz (-12dB/octave) Th e  four f i l t e r e d  sig­
nals w e r e  the n  recorded on m a g n e t i c  tape on a SANGAMO 
Model 3564 FM Tape Recorder.
T h e  fluctuating signals were analyzed, o n  p l a y ­
back, w i t h  a TSI 1065A (E H o neywell-Saicor M o d e l  42) 
Digital Correl a t i o n  and Pr o b a b i l i t y  Analyzer. In order 
to separate the axial from the normal c o m p o n e n t  of the 
velocity, in the case of 'x' pro b e  signals, tw o  
TSI 1015C S um and Difference Correlators were used 
between the tape recorder and the 1065A. By a n  
a p p ropriate adjustment of the input gains in th e  1015C 
and by  opera t i n g  it on the sum (or difference) mode 
w e  can gene r a t e  an output signal proportional to the 
(or u 2 ) component of the fluctuating v e l o c i t y  at 
one point. T h e  same procedure can be a pplied to the 
'x' p r o b e  plac e d  at the other point. T h e  1065A, after 
sampling and digitizing the input signals, p r o d u c e d  
auto a n d  cross-covariances as functions of  d e l a y  time 
which w e r e  plotted on  a H o u s t o n  Model 2000 X- Y  Plotter. 
In a d d i t i o n  to that output the zero lag time a n d  the 
peak v a l u e s  wer e  read on a H e wlett-Packard M o d e l  
34702A Digital Multimeter.
T h e  cross-covariances, normalized wi t h  t he square 
roots o f  the zero delay time auto-covariances, g e n e r a ­
ted the correlation functions shown in Figures 2 and 3-
For the axial separation, axial component, velocity 
m e a s urements a radial offsetting procedure was used to 
mini m i z e  interference effects on the signal fro m  the 
d o w n s t r e a m  probe and correction factors were applied to 
the small separation correlation functions in Figure 3.
A correction factor was determined for each axial s e p a r a ­
tion by plotting the correlation coefficients vs. radial 
separation and selecting the operating c o n d i t i o n  at the 
smallest separation where these coefficients show no s i g ­
nify cant effect of the wake of  the upstream sensor.
M o r e  details concerning instrumentation an d  techniques 
involved in these measurements are given by C i n t r a  (1975) .
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Figure 2 - Space-time c o r r elations - axial velo c i t y  
component, transverse separations
O
Figure 3 - Space-time corre l a t i o n s  - axial v elocity 
component, axial separations
VELOCITY FIELD RESULTS
Following the procedures previously outlined two 
groups of measurements w e r e  made, namely, two-point 
transverse separation m e a s u r e m e n t s  with x-probes and 
two-point axial separation single-sensor measurements. 
For all runs the flow rate was set such as to give a 
pipe Reynolds number of 56,590 and the bulk water tem­
perature was kept approximately constant, withadevia- 
of the average of less than 0.6°F, and equal to 80°F.
Measurements were taken and the fluctuating sig­
nals p rocessed at several radial locations (5 for 
transverse,* 2* separation measurements and 4 for axial.
Xj, separation measurements). However, not all the 
r esults obtained will b e  presented and onl y  one radial 
location will be consi d e r e d  in the t wo-point correla­
tion modeling.
In Figures 2 and 3 are presented space-time c o r ­
relat i o n s  for the axial component o f  the velocity o b ­
tained, respectively, fr o m  transverse and axial separ­
ati o n  measurements. T h e  interpretation of space-time 
curves from measurements with separations in the flow 
direc t i o n  has become common in terms o f  a convected 
frame structure. However, little atten t i o n  has been 
paid so far to similar measurements w i t h  separations 
in a direction normal to the mean flow. It will be 
shown later in this p a p e r  that such measurements may 
be extr e m e l y  useful in modeling two-point correlations 
and estimating shapes o f  the turbulent eddies.
In Figure 4 are p r e s e n t e d  space-correlation r e ­
sults for the normal v e l o c i t y  component f r o m  x 2 separ­
ation measurements. A  similar set o f  r e s u l t s  was o b ­
tained for the axial v e l o c i t y  component. Both sets 
were then used to calculate the integral length scales 
shown in Figure 5. In this figure a trend toward equal 
scales for velocity components is observed as one moves away
Figu r e  4 - Space correlations - normal velocity 
component, transverse s e p arations
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from the wall and in the direction of the center of 
the pipe. The same trend was also observed with 
length scales for temperature fluctuations (reported 
by Cintra (1975)), where < L ^  < was o b ­
tained for all measured radial locations.
Integral time-scales in the convected frame for 
the axial component of the velocity were calculated 
by an exponential fit to the envelope of all space- 
time curves with axial separation (Figure 2). These 
results are presented in Table 1 together with esti­
mated values for the time scale for the normal com­
ponent of the velocity obtained by using the ratios 
between these scales reported by Sabot and Comte- 
Bellot (1974). Finally, integral length scales for 
the normal component of the velocity calculated with
• T (1 )22
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w v j 0 0 i> i i [ m .( v * x 2)] dx2
y/R T d )11 ^22 (est) L ^ ( e s t )
(msec) (msec) (in)
0.75 668 227 0.164
0.50 585 133 0.112
0.25 560 88 0.086
0.10 358 43 0.046
Table 1 - Integral time and length scales
AXISY>WETRIC MODELING OF TWO-POINT CORRELATIONS
The inappropriateness of the isotropic models to 
represent confined shear flows can readily be seen by 
looking at the differences between the intensities 
for the various velocity components or the existence 
of non-zero shear coefficients. Therefore, to repre­
sent two-point correlations we have examined somewhat 
more complicated forms; namely, the ones from axisym- 
metric models.
The theory of axisymmetric turbulence was first 
derived by Batchelor (1946) and extended by Chandra­
sekhar (1950). In this theory the two-point correla-
with X£ = first zero crossing 
0
tion tensor defined by
Q±j - U.(X) u.(X ♦ x) (2)
is invariant only for rotations with respect to a pre-
•f
ferred axis (X) and reflections in planes containing 
this axis. This theory assumes homogeneity which 
makes it applicable only to regions in the flow field 
where the length scales are small compared to the 
spatial variation of the turbulence intensities. The 
end result of this theory is that the correlation ten­
sor can be fully represented by knowledge of two- 
scalar functions and Q2 of the variables r2 and ry 
such that the following equations are satisfied 
(Chandrasekhar 1950)
Q.. - A S X  ♦ B6. . + C A .A .♦ D(X.€• ♦ £.A.) (3)i] 1 ) ij 1 j v i\j 1 y
where
A = (V V  Q1 + ° r  Q2 <4a)
B - l-(r2Dr T y D y + 2 ) + r2 (l-y2)Duij-rvDij]Q1
- [r2 (l-y2)Dr * l ] Q 2 (4b)
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C = -r2DyyQ1 + (r2Dr+l)Q2 (4c)
D = (ryDy + l p ^  - yr DrQ2 (4d)
w i t h  r = £*£,ry = £ * A  (as shown in Fig. 6),
i  3 _ J L _ L
r  “5 7  " r 2 8y D = —  -3- and D y r 3y yy D Dy y
In order to r e l a t e  c o r r elations w i t h  the scalar 
functions and Q 2 let us c o n s i d e r  the systems of 
coordinates shown in Figure 6.
If we us e  a t i l d e  to repre s e n t  components of 
vectors and tensors in the axisymmetric system of 
coordinates, we  have relations between correlations 
in the two systems o f  the form
^ H ^ l ’ ^2’ 3^^  = ^ ' £ 3 ) 2( C j » 3^)*
•sin<j>cos<|) + R 2 2 (f;i P 2 ,^3 )sin2<; (5)
where R ^ ,  R ^ 2 and R 22 are given by  the following d i f ­
ferential equations (Goldstein § Rosenbaum - 1973)
2
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with a 2 » £ 2 ♦ £ 2 (9)
T h e  remaining p r o b l e m  to o b t a i n  a r epresentation 
o f  the two-point correl a t i o n s  is th e  specification o f  
the scalar func t i o n s  Qj an d  Q 2 - T w o  approaches were 
analyzed: the t w o - p a r a m e t e r  model from Goldstein § 
Rosen b a u m  (1973) a n d  the fou r  p a r a m e t e r  model from 
Weber (1974).
Golds t e i n  § R o s e n b a u m  (1973) hav e  proposed the 
following relat i o n s  for the d e f i n i n g  scalars Qj^  and Q 2
Q iC S jP ) = -
Q2 (C1, o) = -
By usi n g  (10) an d  (11) we can solve (6) through (8) and 
then u s e  relations like (5) to o b t a i n  expressions for 
the correlations in the flow sys t e m  o f  coordinates. 
Finally, by integration, we  can u s e  measured e x p e r i m e n ­
tal length scales to evaluate the parameters and 
Jl2 , e.g., through
° R n (0,x2 ,0) d x 2 (12)
with x 2 ■ first zero crossing o f  R ^ P . x ^ O ) .
o "




u i L22^  (sin2<|> ♦ p 2c o s 2 <J>)
1/2
^2 . 2 . *V2u ^ s i n  <p + u 2cos 2
(14)
u 2 L (2) U1 L11
7  L (2) 2 L22
*1 (is)
T h e  first d i f f i c u l t y  in u s i n g  this two p a r a m e t e r  
model is that for a  given set o f  length scales the a l ­
lowed angles o f  a x i s y m n e t r y  may no t  yield realistic 
correlation functions. Fo r  example, for pipe flow and 
from m e a s u r e m e n t s  at Y/R ■ 0.50 the solutions of (13) 
(presented in F i g u r e  7), it is c l e a r  that only values 
for the angle o f  axisy m m e t r y  close to 90* are allowed. 
If we u s e  some $ a n g l e  in this ran g e  the resultant
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Figure 7 - Angular dependence of free parameter ratio 
in Goldstein model with L j ^ / L22^ = 1>276
isocorrelation contours (shown in Figure 8) are u n a c ­
ceptable for pipe flow (Sabot-Comte Bellot - 1972).
Figure 8 - Isocorrelation contours - Goldstein two 
parameter model
A similar analysis can be applied by using other 
measured values of  length scales, e.g. and L ^ .
The range of 4> angles for which solution is possible 
will be different but the end result still will b e  that 
we cannot, for pipe flow, represent well and simulta­
neously the two correlation functions R j i (x j ,*2 ) 4,1(1 
R22^ x 1 ’x 2^ wl-th oniy two free parameters and
This fact led Weber (1974) to derive a four para­
meter axisymmetric model. However, instead of p o s t u ­
lating functional relations for the scalar functions 
Qj and Q 2 depending on four parameters he examined the 
behaviour o f  the correlation functions themselves and 
proposed the following expressions to represent them 
(letting = 0, for simplicity, then a = £ 2) .
^ 1 1 ^ 1 *^ "
^22^1 1
(16)
The equation for is the same as the one in the 
previous model and so is Qj but Q 2 was then calculated 
from the postulated expression for ^ 2 *
Following the same procedure as before to relate 
free parameters to experimentally measured length 
scales we obtain relations
1 ~2,- u.A. + a l l
I  u2B 
Y 1B1
1 ~2.— u.A„ + a 1 2
1 ^2r  
? U2C1
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The coefficients and & 2 are ^unctl-ons °f tlie
angle of axisymmetry alone and A j . A ^ B j and B2 are 
functions of 4> and the ratio ( l  / l ^ ) . The solutions 
of (18) were obtained b y  an interactive scheme and the 
results for different angles of axisymmetry are pr e ­
sented on Table 2. Unlike the two parameter Goldstein 
model the four parameter model allows solutions only
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(j) (DEG) (^ 1^ 2)  2 (^1 ^ 2)  2_______ Remarks
60 No Sol. No Sol.
\
50 No Sol. No Sol. > .1 < 2 < 10
40 6.20 < 0
30 0.1191.195 < 0
20 0.112 < 0
10 5.407 0.491 /
Table 2 - Angu l a r  dependence of free parameter ratios 
4 parameter model (y/R = 0.50)
for small angles of axisymmetry which means that the 
axis of axisymmetry is more or less aligned wit h  the 
m e a n  flow as would be expected for fully developed 
pipe flow.
Up to this point nothing has been said about the 
physical specifications of the <J> angle. Weber (1974) 
u s e d  the shear angle as <)> and showed good agreement 
wit h  experimental results for the mixing layer in a 
round jet. In the present work a different approach 
was taken; namely, b y  that o f  considering the space­
time correlation curves available from transverse se p ­
aration measurements (Figure 2). By assuming that the 
isocorrelation contours can be represented by  ellipses 
and by taking (Sabot-Comte B e l l o t (1972))
R 1 1 (X1 ,X2 ;0) = R l l C0,X2 ;Tm ) (23)
Figure 9 - Ellipse representation of  isocorrelation 
contours
Figure 10 - Isocorrelation contours - Weber four 
p a r a m e t e r  model
CONCLUSIONS
Th e  principal conclusions from the measurements 
made and the two axisymmetric models studied in this 
work are:
with x*
*  *  1
T U  = T —  m  ave m  x 2
and
3RH






we can calculate the isocorrelation curves presented 
in Figure 9. In order to check the validity of  this 
procedure predicted correlations along the x-axis were 
compared wit h  experimentally measured values (dark 
symbols in Figure 9). Due to this reasonable agree­
ment, we feel that it is acceptable to equate the <(> 
angle to the angle between the maj o r  axis of  the el­
lipse and the flow direction. It is clear n o w  in 
Figure 9 wh y  the shear angle (24.1° at the location 
studied) can be used only for small separations in 
pipe flow. If one wants to represent mainly the large 
scale structure of the correlation functions, a much 
smaller angle would be  appropriate, e.g. 10°, which is 
consistent with the previous calculations m a d e  for the 
four parameter model and presented on Table 2. Iso­
correlation maps calculated with this angle are shown 
in Figure 10.
(1) Space-time cross correlations with t r a n s ­
verse separations can be us e d  to estimate 
the shape o f  isocorrelated regions in the 
flow field.
(2) The m a i n  orientation o f  the isocorrelation 
contours in pipe flow shows a  variable angle 
of inclination w i t h  respect to the m e a n  flow 
direction.
(3) The two p a r a m e t e r  Goldstein and Rosenbaum 
(1973) model is not adequate for a t w o ­
dimensional representation o f  the correla­
tion functions f or the two components of the 
fluctuating velocity (Uj and u 2) in pipe 
shear flow. T h e  four p a r a m e t e r  Weber (1974) 
model can provide a re a s o n a b l y  good d e s c r i p ­
tion for this type o f  flow.
(4) The best value for the angle of  axisymmetry 
to r e present large scale eddies in a pipe 
flow is muc h  smaller than the shear angle.
T h e  following limitations must be added to the 
previous conclusions:
(1) The t e s t i n g  of the axisymmetric models in
this study was don e  at only one radial loca­
tion. T h e  extension o f  the results and con-
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elusions to all o t h e r  points in the flow 
field m a y  n ot be c o m p l e t e l y  valid.
(2) In b o t h  models t e s t e d  the d e pendence o f  the 
correlation funct i o n s  on the x ^ - s e p a r a t i o n  
coordinate w a s  always combined w i t h  the d e ­
p endence on th e  x 9 -separation coordinate.
As a result L£^ = was implied in both
models, although the r e  is curre n t l y  no  ex ­
perimental e v i d e n c e  that this hol d s  for pipe 
flow. Therefore, additional tw o  poi n t  m e a ­
surements in p l a n e s  of x  ^ = cons t a n t  m a y  be 
in o r d e r  to f u r t h e r  investigate the s e  axi- 
symmetric models.
A C K N O W L E D G M E N T S
Thi s  work was c arried out in the Flu i d  F l o w  and 
H e a t  Tran s f e r  Labor a t o r y  o f  the Nuclear E n g ineering 
P r o g r a m  o f  the Un i v e r s i t y  o f  Illinois. P artial sup­
p o r t  fr o m  the U n i v e r s i t y  R esearch Board an d  th e  Water 
R e s o u r c e s  Cent e r  (B-067-ILL) and the a s s i s t a n c e  of
K. T. H u a n g  in prepa r i n g  the figures for this paper 
a r e  g r atefully acknowledged.
On e  of the authors (J.S.C.) is also indebted to 
t h e  Instituto de Ener g i a  A tomica and FAPE S P  (Brazil) 
f o r  provi d i n g  his financial support d u r i n g  his d o c t o r ­
al thesis research o f  w h i c h  the p resent p a p e r  is an 
e s s e n t i a l  part.
G R E E K  LETTERS
t. = vector, d e f i n i n g  axis of r o t a t i o n a l  i n v a r i ­
ance
^ 1 * ^ 2 * ^ 3  = comP onents separation vector-a x i s y m m e t -  
ric system 
t  = time delay
*
Tm  = optimum time delay for c r o s s - c o r r e l a t i o n
with t r ansverse separation 
<J> = angle of  a x i symmetry
SUP E R S C R I P T S
= denotes long t i m e  average 
'v* = denotes q u a n t i t y  evaluated in the axisymmetric
system o f  coordinates
• = denotes root m e a n  square of  a  fluctuating
quantity
(i) = denotes i—  separation d i rection 
SUBSC R I P T S
M P  = denotes dist a n c e  referred to the m i d  point 
between sensors
W  = denotes d i s t a n c e  referred to the wal l  sensor 
ij = denotes v e l o c i t y  components
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DISCUSSION
W. W. W illm arth, Univ. o f Michigan: What is  the 
angle of maximum shear?
W illm arth: What was the frequency response of your 
complete system?
Jones: The system had a response from e sse n t ia lly  D.C. 
to 1250 Hz with the lower lim it  estab lished from the 
anemometry of - 0.1 Hz.
W illm arth: Where in  the flow are your corre lation  con­
tours measured? What i s  meant by a x ia l symmetry? The 
patterns you showed don't look axisymmetric.
Jones: The co rre la tio n  contours are measured in fu l ly  
developed flow at selected ra d ii w ith probe separations 
taken from these r a d i i .  The p icture is  that of an 
inc lined  elongated spheroid with p rin c ip a l axes in ­
c lined  to the mean flow by the angle, <f>, the angle of 
axisymmetry, which estab lishes the p rin c ip a l axis about 
which the elongated spheroid has ro ta tiona l symmetry.
V ic to r Goldschmidt, Purdue U n ive rs ity : Did you obtain 
the same structure  at a l l  rad ial positions?
Jones: We observe a consistent angle between larger 
separation measurements fo r a selected Y/R. However, 
we do not have s u f f ic ie n t  data to study e ffe c ts  for 
d iffe re n t  Y/R. Although four Y/R values were used in 
the study complete evaluation of the corre lations in 
a l l  three separations was not done fo r each radial 
se le c tio n .
R. L . Hummel; U n ive rs ity  of Toronto: You are using 
four length parameters. Can you ju s t i f y  these in 
terms of adjusting what these parameters represent?
Jones: The values t-j, s^, mi anc* m2 represent 
s tru c tu ra l parameters which are evaluated w ithin model 
constra in ts from the two-dimensional turbulent stru c­
ture length scales and are not ad justab le . However, 
in the two-parameter model given by eq. (10) through 
(15) i t  is  c le a r that any two length sca les could be 
selected to define p in eq. (15) which gives the 
functional re la tio n  of the parameter ra t io  through 
eq. (13) as
Jones: Th is is  s im ila r  to the Moor's c ir c le  defin ition  
of p rin c ip a l axes and maximum shear and in terms of 
turbulent ve lo c ity  components is  given by
6 = tan -1 2 uv
“ 2 T  u + v
= f ( * .  p , u2 , u., )
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THE INFLUENCE O F  SUCTION ON ENERGY DISTRIBUTION
IN FULLY ESTABLISHED TURBULENT PIPE FLOW
M. Schildknecht 
J. A. Mill e r *
G. E. A. Meier





Th e  influence of suction o n  the structure of t u r ­
b ulence in fully established pipe flow has been e x p e r i ­
m e n t a l l y  investigated. Extensive hot-wire meas u r e ­
ments indicate m a j o r  alterations in the turbulent 
energy distribution, particularly in the w a l l  layers 
result from mild suction rates, less than 5 percent 
of the mea n  mass flow.
INTRODUCTION
The influence of boundary layer suction on transi­
tion, separation and heat transfer rates has long be e n  
recognized and is the subject of numerous experimental 
(1-5)**, and theoretical (6,7), investigations. U n ­
fortunately previous workers have concerned themselves 
principally with the influence of suction on the b e ­
havior of macroscopic properties and offer no insight 
into the effects on the turbulent structure itself.
Rotta (8) however has addressed the question of 
the influence of suction on the turbulent energy 
balance in a theoretical investigation of flow over a 
flat plate, and attempts to estimate the m a gnitude of 
the various terms in the turbulent energy equation. The 
initial m o t i v a t i o n  for this work was the authors hope 
that they would be  able to create a controlled p e r t u r b ­
ation on the structure of turbulence in a fully e s t a b ­
lished pipe flow and through observation of the r e l a x a ­
tion of that pe r t u r b a t i o n  gain an insight into the 
mecha n i s m  of establishment of equilibrium turbulent 
structure.
The present work is directed at the same question 
and attempts to gain insight into the mechanism o f  such 
flows through direct hot-wire measurements of the 
quantities appearing in the turbulent energy equation.
♦Present address Naval Postgraduate School, Monterey, 
C A  93940
♦♦Numbers in paren t h e s e s  refer to the Bibliography 
a p p e n d e d .
EXPERIMENTAL TECHNIQUE
Measurements were carried out in the apparatus 
shown in Figure 1 consisting of a p recision glass tube 
5 centimerers in diameter having a length of 180 d i a ­
meters. This channel was fed from a ple n u m  through a 
nozzle having a contraction ratio of 120. The pipe 
Reynolds Numb e r  was maintained at 17,250 and a circum­
ferential trip at the inlet ensured fully established 
turbulent flow at the test section. Reynolds Number 
as w e l l  as friction velocity, U T , wer e  inferred from 
pressure drop and impact pressure measurements in the 
smooth pipe section immediately upstream of the porous 
test section. Suction w a s  introduced by means of a 
tube fabricated from porous tin plate formed over a 
mand r e l  5 centimerers in diameter. Holes in the wall 
were 0.06 m m  in diameter; the resulting dimensionless 
diameter, (dUT/ v ) , of 1.2 leads to behavior as a smooth 
wall (9). T h e  porous section had an effective length 
of 2.2 diameters. Uniform wall suction was ensured 
through the use of a large circumferential plenum 
around the porous tube containing very dense baffling to 
minimize w a l l  pressure drop as a fraction of total system 
pressure d r o p . Suction rate was measured w i t h  calibrated 
r o t a m e t e r s .
Hot-wire anemometry was carried out w i t h  Disa Type 
55D bridges and linearizers. All of the probes were 
fabricated by the technicians of the Max-Planck-Institut 
using 3 y m m  tungsten wir e s  having a n  active length of 
0.6 mm. The traversing mechanisms wer e  constructed from 
components manufactured by Spindler and Hoyer for optical 
ben c h  application and permitted positioning of probes with 
an estimated accuracy of 0.01mm. Provision was made to 
allow two separate probes to be moved independently in the 
axial (x), radial (r), and peripheral (♦), directions 
enabling x, r a n d  4>-wise gradients of the fluctuating co m ­
ponents and their moments to be measured directly. H ot-wire 
output signals were processed using standard analogue tech­
niques to obtain the required time-average values of the 
fluctuating components and their m o m e n t s . A  high pass 
filter was used to establish a lower bound of 0.5 Hz in the 
analogue signal processor; the upper frequency response 
of the system exceeded the highest detectable components of 
the turbulent spectrum. Overall system calibration was 
carried out in situ u s i n g  the square wave t e c h n i q u e .
RESULTS
To gain a feeling for the effects of suction rate 
on the flow, a preliminary investigation was made with 
suction rates between 0 and 13 percent of the inlet
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mass flow rate. The axial v e l o c i t y  profiles and 
Reynolds stress distributions w e r e  measured at the 
exit plane of the porous wal l  section. Fr o m  the 
velocity profiles, s h o w n  in Figu r e  2, it is apparent 
that an i ncrease in suction rate tends to m a k e  the 
profiles mor e  r e c tangular since the wall layers becor’ - 
accelerated a n d  the out e r  layers d e c elerated b y  fluid 
extraction at the wall. At the tw o  largest suction 
rates the fluid extraction w a s  sufficient to produce 
an inflection in the v e l o c i t y  profiles at about 
r / D  = 0.4. Simi l a r  results h a v e  b e e n  r eported by 
Rotta, (8). Th e  effect of s u c t i o n  on Reynolds 
stress distri b u t i o n  is reported in  Figure 3 a n d  is 
perhaps gre a t e r  than o n e  w o u l d  h a v e  anticipated 
a  p r i o r i .
In an a t t e m p t  to avoid s u c t i o n  rates w h i c h  
materially a l t e r  the m e a n  flow, w h i l e  at the sam e  
time producing a measurable e f f e c t  on the turbulent 
structure, a  s u c t i o n  ra t e  of 4.11 percent of the 
Inlet mass f l o w  wa s  chosen for the remaining 
e x p eriments.
The b a l a n c e  of t h e  investigation w a s  devo t e d  to 
finding h o w  the distribution of turbulent ene r g y  was 
affected by suction. If we exa m i n e  the turbulent 
energy equa t i o n  for axially symn e t r i c  flow:
(3) Dimensionless gradient d i f f u s i o n  rate of 
turbulent energy:
1 2 T
D r 3 ^u' +  u'v' +  u ' w 1 x . 1^  _3_
U 7  1 9x * 2 } r 3r
T
"2 3 T
(r Iv'u' + v ' ^ + v ' w ' ] ) > s GDIF
(4) Dimensionless turbulent kine t i c  energy 
diffusion rate:
„ 2 2 T
D r 32 ,u' +  V* +  w' . . 1 3
U 7  1 9X7  ' 2 r 3r
T
2------ 2------ T
(r |j. tu ' + v ; +  " ' - 1) * DIF
( - +t  —  h i ? * (u - r  - - ) +  ! - « •  3x
, , Z-----~2------ T i. ------2----
iu' +  v' +  w' V P' . 1 3 , u' +  v' +  w +  P
l 2 +  r . +  r 3r ^ >_______ 2_______ ' Pj
vD {(dx
f3 y \  , /3w' . . 3 w \  . 1 , 3 w \  4 . <Jv' v 1 +  w' , _ n
^  + ( 3 + (i r *  + r 7 (w *  ~ r 7 + — ^ — } ° Cl)
i n  which w e  h a v e  n o n d i m e n s i o n a l i z e d  lengths w i t h  the 
diameter, D, a n d  velocities w i t h  the friction velocity 
U T , w e  have a large number of terms which w e  ma y  cata- 
gorlze physi c a l l y  into:
(1) Dim e n s i o n l e s s  turbulent energy production:
= PROD
(5) That p o r t i o n  of the d i s sipation rate of 
turbulent energy that could be directly 
measured:
(2) D i m e n sionless turbulent energy convection:
"2----- 2----- T
O T  { | j  (U lu'_ +  v' + w ' j )  +  i | j .  (r V lu ' ±
= C O N V
f, « |r-)2 * <|f)2 + 7  < lr)2 + (l r )2 + (^ )2> DI S M
(6) The rema i n i n g  terms of E q uation (1) c o n ­
sisting of  the d i s sipative terms that could 
not be directly meas u r e d  as w e l l  as those 
terms c o ntaining the fluctuating components 
of pressure:
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v D  , f * v \ Z . raw' 2 1 , 3 v \ 2 , 1 9 /■u 'p \
F { ^  + ( 9 ^ ) + 7 z‘ (3 T ) +  V ^ (~ )
+ ™  i r ( r  :5? “ ) + 4  ( I t 1) > = Rrv 3  p rz 3«J>
Thus Equation (1) may be recast in the form:
PROD +  CONV +  GDIF +  DIF +  DISM +  R = 0 (2)
The first four terms in Equation (2) wer e  calcu­
lated directly from measurements of the various 
fluctuating velocity components and their moments. 
Spatial gradients in the r and <j> directions were ob­
tained from finite difference measurements of these 
quantities using the differential traversing mechanisms 
described above, coupled with a second order extrapola­
tion function. Gradients in the x-wise direction were 
made using the Taylor hypothesis:
3  9 3t 1 3  / o \
3x " 3t 3x " U 3t K ’
show excellent agreement with the earlier measure­
ments of Laufer (10) and the more recent measurements 
of Eckelmann (11). The classic measurements of 
Reference (10) depart in some cases from the present 
measurements and those of Reference (11) close to the 
wall, however in these layers Laufer has estimated his 
uncertainty at 30 percent.
The distribution of turbulent energy across the 
section at entrance and exit planes is plotted in 
Figures 9 and 10. For the fully established case, 
x/D = 0, the results are in excellent agreement with 
the results of Laufer (10) except very close to the 
wall as noted above. In Figure 8 the cumulative 
effects of suction are seen and as one might expect 
the greatest change is in the rate of convection of 
turbulent energy which has been substantially aug­
mented by the radial velocity component. Note also 
that the "Remainder" term; R, has been substantially 
reduced. In general the distribution of turbulent 
energy at the exit plane is similar to that at entrance 
with the absolute values of the various terms reduced 
by about 50 percent.
and analogue time differentiation.
Measured results of the effect of suction on the 
axial velocity profiles at four stations corresponding 
to x/D * 0 ,  0.503, 1.358 and 2.213 in the porous sec­
tion are shown in Figure 4. The curve at entrance, 
x/D ■ 0, represents the profile of a fully established 
turbulent pipe flow. It's evident that for the small 
suction rate employed major modification of the p ro­
file does not occur. The measurements of radial 
velocity component at a location slightly downstream
of the entrance, 0.1 < ^  < 0.2, and at x/D « 0.503,
1.358 and 2.213 are presented in Figure 5. Apparently 
an entrance region effect results and the rate of 
fluid extraction is much greater close to the 
entrance and becomes more or less "fully established" 
by x/D ■ 1.358. Bear in mind that for fully estab­
lished pipe flow the radial component is everywhere 
zero. The effects of suction on the axial and radial 
fluctuating velocity components are reported in Figs. 6 & 7.
The measured Reynolds stress distribution is 
presented in Figure 8. These results are typical of 
the many measurements made. They show a marked 
reduction in turbulent intensity with increased mass 
removal but not the shift toward the wall of the 
maxima that one might anticipate a priori. For the 
fully established flow at entrance, x/D « 0, the data
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F r o m  the results we conclude that the introduction 
of wal l  suction generates additional terms in the 
turbulent energy equa t i o n  b rought about by the x-wise 
dependency of the flo w  and the radial convection. 
Nevertheless exami n a t i o n  of the energy balances at 
e ntrance and exit of the porous section demonstrates 
that the application of w a l l  suction to fully esta­
b l i s h e d  turbulent p i p e  flow produces mark e d  reduction 
in turbulent energy p r o d u c t i o n  and as a consequence a 
reduc t i o n  in pumping power required. In addition the 
data s e e m  to support the following overall conclu­
sions:
(1) The amplitudes of the three fluctation 
velocity c o m ponents are reduced by the 
introduction of wall suction but in differing 
amounts. M o r e o v e r  these effects occur first 
to the x— component, later in the r— component 
and last to the ^-component.
(2) The perturbation appears to p r opagate in 
the radial direction w i t h  a speed equal to 
the friction velocity, U^.
(3) Eve n  at small suction rates, such as those 
investigated here, m a j o r  changes in the 
balance of turbulent energy in the wall 
layers is p roduced and turbulent intensities 
are reduced. Nevertheless there is no 
apparent shift in the location of maximum 
intensities toward the wall.
(A) The reduction in the levels of turbulent
energy o b served is the result of transport 
of this energy by radial convection toward 
the wall w h e r e  it is dissipated, since 
boundary conditions p r eclude its passage 
through the wall.
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EFFECT OF SUCTION ON RADIAL 
FLUCTUATING VELOCITY COMPONENT
IN PIPE FLOW WITH SUCTION
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V. Goldschmidt, Purdue U n iv e rs ity : In the t e x t ,  the 
authors sta te  that the required pumping power is  re ­
duced in  the presence of su ctio n . I assume th is  means 
the power to the main blower. A comparison between 
the pumping power to the main blower alone ( in  the 
case o f no suction) and the sum o f the to ta l power 
to both the main and suction blowers ( in  the presence 
of suction) would be of in te re s t . I ra ther doubt we 
are getting something fo r nothing.
M ille r : The pumping power o f the suction blower is  
re a lly  n eg lig ib le . The system could, in  fa c t ,  ju s t  
exhaust to atmosphere because the pressure in  the 
pipe i s  greater than that o f the atmosphere. The 
suction blower is  ju s t  a matter o f providing control 
fo r experimental purposes.
The Reynolds number reduction is essentially negli­
gible. We're extracting a total of something like  
3 or 4% of the mass flow, so you have a Reynolds number 
reduction of 3 or 4%. On the other hand the wall 
shear stress or fric tion  is reduced by about 50%.
The change in primary pumping power is rea lly  not 
measurable because the to ta l pipelength is nearly 200 
diameters and the experiment is  carried out over just 
a couple of diameters. One doesn't see any appreci­
able reduction in the primary pumping power.
A recent paper by Brosh and Winograd suggests that 
a length of 40 diameters is  required for a fu lly  
established suction flow whereas in the present 
measurements, the radial velocity d istribution, which 
is perhaps a better measure than the axial velocity 
d istribution, becomes fu lly  established w ithin two 
diameters.
T. Corke, I ll in o is  Inst, of Tech.: Looking at the 
Reynolds stress profiles, i t  doesn't look as i f  they 
have come to equilibrium yet. Therefore, can you 
comment on when and i f  the flow w ill come to equilib­
rium and can you compare th is to the process of going 
from high roughness elements to low roughness elements 
in a turbulent boundary layer.
M ille r: This investigation actually began as a probe 
into the relaxation of a perturbed turbulent pipe flow. 
What we wanted to do is create a perturbation in a 
fu lly  established turbulent pipe flow and then watch 
the relaxation. We thought that i f  we applied a small
DISCUSSION suction to the w all i t  would remove the laye rs  in 
which the generation terms are dominant and then we 
could see how these things redevelop themselves and 
gain some in s ig h t in to  the mechanism. As i t  turned 
out the e ffe c t  o f suction was fa r more pervasive on 
the turbulent stru ctu re  than ju s t  the removal of the 
turbulent energy-producing wall layers which the 
authors had, somewhat simplemindedly, an tic ipated .
As a consequence we re a l ly  did not concern ourselves 
w ith the question o f whether a new equ ilib rium  state 
had been estab lished . I t  i s ,  however, our intention 
to return  to the question o f re laxatio n  given the 
opportunity to continue the work.
63
UNIDIMENSIONAL TURBULENCE IN A SHEET FLOW 
UNDER RAINFALL- 
A STOCHASTIC ANALYSIS
H. L. Shahabian, Aldo Giorgini, 
J. W. Delleur, A. R. Rao 




Probability distributions of longitudinal veloc­
it y  fluctuations are presented for cases with and 
without ra in fa ll.  They deviate from the normal dis­
tribution. These velocity fluctuations are fitted  
by an autoregressive - moving average process. The 
process explains adequately the variance of the series.
EXPERIMENTAL SET-UP
The data analyzed are the output from a hot-film 
sensor positioned at different depths in a shallow 
water flow fie ld  where ra in fa ll can be superimposed.
The apparatus consists of a smooth plexiglass surface 
that acts as a catchment on which constant discharges 
can be obtained. A uniform ra in fa ll can be super­
imposed on this surface by an independent system. The 
measurements are done by means of a hot-film sensor 
the output of which is recorded on analog magnetic 
tape for approximately two (2) minutes and la te r d ig i­
tized at the rate of .003 seconds. The digitized 
data in turn are recorded on magnetic tape for further 
analysis. The apparatus, electronic data collection 
and processing were described in detail by Kisisel, 
e t.a l. (1, 2), whose data are used in th is paper.
The longitudinal velocity fluctuations of two (2) 
cases are presented: one with and the other without 
ra in fa ll. For comparison, the two (2) cases have very 
close Reynolds numbers (= 10,000); the parameters of 
the flow fie lds are given in Figures 1 and 2.
DETERMINATION OF THE SAMPLING INTERVAL
A d ig itiza tion  rate of .003 seconds was used in i ­
t ia l ly  to discretize the continuous signal, th is rate 
being the maximum attainable by the available hybrid 
fa c ilit ie s . However, this rate was soon found to be 
too high and the number of data points was too large. 
For the purpose of studying the probability d istribu­
tion of the turbulence signal the sampling rate can be 
reduced without loss of valuable information. The 
effects of two (2) d ig itization rates can be compared 
by calculating the eigenvalues of the autocorrelation 
matrices for the two (2) d ig itization rates. I f  the 
additional eigenvalues resulting from higher sampling 
rate are small, the lower sampling rate can be taken 
as adequately representing the series. However, the 
computation of eigenvalues is time consuming.
Fukunaga (3) defines a crite rion, Jn, which is an ap­
proximate ra tio  of the sum of n smaller eigenvalues of 
the autocorrelation matrix to the sum of a ll 2n eigen­
values. For stationary series Jn could be calculated 
by
Jn = *s{R(0) - R(T/2n)}/R(0)
where,
2n = original number of sample points 
R(m) = autocorrelation function at lag m 
T = time length of the series, 
i f  Jn << 1, then n sample points can be taken instead 
of 2n.
This c rite rion , applied to the data analyzed, led
to a sampling rate of .012 seconds, with very small
values of J .n
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PROBABILITY DISTRIBUTION
A total of 8192 (or 213) sampling points are ob­
tained from each data set of 98.3 seconds with an in­
terval of .012 seconds. The frequency histograms of 
the turbulent velocities, so sampled, are shown in 
Figures 1 and 2. These curves were obtained for th ir­
ty (30) equal class intervals over the range of the 
data. For comparison purposes the abscissa is stan­
dardized by subtracting the mean from the actual value 
and dividing the result by the standard deviation.
The inserted Table gives the values of the mean, va ri­
ance, skewness coefficient and kurtosis of the series 
as well as the point mean velocity U. Tables, la and 
lb, give these four s ta tis tics  of the series fo r d if­
ferent sampling in terva ls; the in sens itiv ity  of these 
parameters to the sampling rate is apparent.
Attempts were made to f i t  several theoretical 
probability distributions to the data. Table 2 sum­
marizes the resu lt of the x2 goodness of f i t  test. I t  
can be seen from Table 2 that:
(1) None of the distributions considered f i t  the 
data consistently.
(2) The data with ra in fa ll are more l ik e ly  to be 
f itte d  by a theoretical probability d is t r i­
bution than those without ra in fa ll.
(3) Whenever the parameters converge a Pearson 
type 4 probability d istribution f its  the 
data.
(4) A log-normal d istribution is an adequate 
"runner-up."
STOCHASTIC ANALYSIS
These functions are smooth but oscilla tory around 
zero (0) for small values of y/d; the fluctuations in­
crease with an increase of the y/d value (away from 
the wall). The spectra, on the other hand, are re la­
tive ly  large for low frequencies and decrease rapidly 
to zero (0) at about h of theNyquist frequency. Ex­
cept for random changes of the fluctuating peaks 
they do present a s im ila r shape over the range of y/d 
analyzed. This shape of the spectrum suggests an auto­
regressive - moving average (ARMA) type of process, 
Shahabian (5).
FROM BURGERS' EQUATION TO ARMA PROCESS
Since the Navier-Stokes equations contain second 
order space derivatives and a mean velocity, with 
respect to which the velocity fluctuations are small, 
an autoregressive process of the second order, AR(2), 
may be suspected to be a strong component of the pro­
cess under investigation.
In th is respect, an argument based on the 
Burgers' equation, a one-dimensional model for analytic 
studies on turbulence, is presented.
32U31) . ,, 3U 
9t + U 37 ‘ V (1)
Decomposing the velocity U into an average and a fluc­
tuating component
U = U + u
equation (1) can be rewritten as
a2uau . r. 3u , n 3u .  
at + u 5T* u W  v s*. (2)
A finite difference form of (2) with 
Un (-r) = u(nAx, tAt)
The standardized data are treated as time series. 
The Fast Fourier Transform (FFT) algorithm is  used to 
obtain raw periodograms which are then averaged over 
eight (8) consecutive series to obtain an estimate of 
the power spectrum with a frequency resolution of 
.0814 cps and a Nyquist frequency of 41.66 cps. The 
equivalent number of degrees-of-freedom for the ap­
proximating x2 d istribution of the average power spec­
trum is sixteen (16). The autocorrelation function 
is  calculated by taking the inverse Fourier transform 
of the spectrum. The spectra and autocorrelation func­
tions for alternating series are presented in Figures 
3, 4, 5, and 6. In Figures 3 and 4 the spectra are 
presented up to 20.833 cps, half the Nyquist fre ­
quency. The spectra are decreasing uniformly between 
20.83 cps and 41.66 cps. The autocorrelation func­
tions, on the other hand, are presented in Figures 5 
and 6 in th e ir en tire ty (up to 6.144 seconds).
becomes:
Un(T ♦ 1) - U„(r 1)
2At U + Un(x)
Un+l(x) - Un-l(x)
2ax
r tW T) :  2 u n (t) * U h - 1 (t) 1
v L a x 2 J
stipulating that At and Ax are related via U as 
define the nondimensional quantities
v n U )  - U n < x > R = UAX U2At
(3)
and le t an(-r) be defined by
Vn+l(x + l) = Vn(x) + an(x) (4)
where an(x) represents the unsteady component of the 
turbulent fluctuations as seen by an observer moving 
with velocity U; (Note that: i f  an(x) = 0, Equation 
(4) reduces to the Taylor's hypothesis). Replacing 
the nondimensional quantities defined, and reducing
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the velocity fluctuations to the point n making use of
(4), Equation (3) becomes:
V T + » [1 + f'nW]
- 2 » „ ( t )  * V„U - 1) [ l - |  V„(t )]
= V i (t) [f (1 + Vn(,)1 + x]
+ an(T '  x> [ f  {1 + vn(x)) - *1 <5>
whose linearized form is :
Vn(x + 1) - 2 Vn(x) + Vn(T - 1)
= V l W  [X + f] ’  an^T '  1) [ l  - j] (6)
I f  the an(x) series is strongly correlated to the 
an_ i( T) series, Equation (6) may be seen as a second 
order autoregressive f i r s t  order moving average, ARMA 
(2, 1), process on Vn(x) of the form 
x (t + 1) - ^ ( t )  - *2x(t - 1) = Z(t) + e ^ t  - 1)
(7)
However, i f  the an_ j(x) is only weakly correlated to 
an(x), a new variable, bn(x), may be defined as in 
Equation (4):
a n+ i ^ T + !) = an (T ) +  bn ( 0  (8)
(Note: bp(x) would represent the rate of change of 
the unsteady component of the velocity fluctuations as 
seen by an observer moving with velocity U). 
Substituting (8) in Equation (6):
Vn(x + !) - 2 V t) + V T • l)
■ Y t + l 1 + f j  r
a„<T - 1) [ l - I j  - bn. l ( x) [w ] (9)
which suggests an ARMA (2, 2) process. Analogous ob­
servations could be made fo r the nonlinearized d if­
ference Equation (5) i f  the Vn(x) values in brackets 
are considered as the RMS value of the velocity fluc­
tuations.
Thus, while the Vn(x) process is a complex one as 
represented by Equation (3) in f in ite  difference form 
in the case of the Burgers' equation, a strong AR (2) 
component seems to be present. An ARMA (2, 2) or 
ARMA (2, 1) model would appear to represent the system 
depending on the degree of correlation of the unsteady 
component of the velocity fluctuations at two (2) suc­
cessive stations.
The actual analysis of the data shows that the 
parameters of the ARMA (2, 2) type process do not con­
verge thus the ARMA (2, 1) model is used for the 
analysis.
FIT OF ARMA (2 ,1) MODEL
The parameters <t>2, and Bj of the process (7) 
are calculated from the autocorrelation function of 
the data, following the procedure by Box and Jenkins
(5). These parameters are given on Figures 5 and 6.
The diagnostics of the model are performed by generating 
the residual series by means of
Z(t) = x(t) - 4jX(t - 1) - <*>2x(t - 2) - e1Z(t - 1) 
where the
x(t)
series is tne standardized data and 
4^ , <|>2, and Qx
are the calculated parameters. The in it ia l value of 
Z(t) is assumed to be zero (0). The variance and 
f i r s t  order seria l correlation coefficient of the re s i­
dual series are calculated and are presented in Figures 
7 and 8. I t  can be seen from these parameters that 
the variance of the residual series is much smaller 
than that of the standardized original series which 
has a variance of 1.00. The reduction is of the order 
of 85%. The reduction is much more pronounced for the 
small y/d values and i t  decreases with the increase of 
y/d.
The test of the model is to compare the residual 
series to white noise. In this respect the autocor­
relation functions are calculated and they are shown 
in Figures 7 and 8, for the corresponding series shown 
previously. The autocorrelation functions decrease 
very rapidly to zero (0) after a lag of one (1) and 
oscilla te around the zero (0) axis throughout the 
range considered with very small amplitude, which is 
characteristic of an uncorrelated random sequence.
The spectra of the residual series are calculated 
and shown in Figures 9 and 10 for the same series.
The spectra are f la t  and oscilla ting around the theo­
retical spectrum of a white noise having the corre­
sponding variance. A test of white noise in the fre ­
quency domain is on the cumulative spectrum with a 
test of significance due to Kolmogoroff and Smirnov 
(7). This test is shown in Figures 11 and 12 where 
the 75% and 95% confidence intervals are drawn to­
gether with the theoretical line . The actual data os­
c illa te  around the theoretical line  and except for one 
series they a l l  l ie  within the confidence interval 
showing that the noise term is free of cyclical com­
ponents. The particular series that does not pass 
the test is due to a peak in the spectrum of the 
residual series at around fifteen (15) cps.
Thus an ARMA (2, 1) process gives a reasonably 
good f i t  of th is  particular form of turbulence and ex-
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p la ins most o f the variance of the process adequately. 
Th is p a r t ic u la r  model could be used to generate u n id i­
mensional turbulence where need be, l ik e  fo r example 
in  p a rt ic le  d iffu s io n  problems or sediment transport 
process.
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Table la—STATISTICS OF LONGITUDINAL VELOCITY FLUCTUA­
TIONS WITHOUT RAINFAL1 WITH DECREASING DIGI­
TIZATION RATE ...
At .003 .006 .012 .024 .048 y/d
N 32768 16384 8192 4096 2048
in x 102 .740 .740 .740 .742 .742
s 2 x 102 .148 .148 .148 .148 .148 .020Skew.Coef. .313 .313 .312 .319 .314
Kurtosis 2.56 2.56 2.55 2.57 2.58
m x 102 1.205 1.205 1.204 1.217 1.205
s 2 x 102 .424 .424 .424 .424 .418 .179Skew.Coef. .559 .558 .560 .568 .553
Kurtosis 2.97 2.97 2.97 2.97 2.97
m x 102 1.008 1.005 1.006 1.001 .977
s 2 x 102 .422 .422 .422 .420 .423 .292Skew.Coef. .609 .603 .604 .619 .648
Kurtosis 3.56 3.55 3.56 3.55 3.69
i  x 102 .920 .916 .917 .942 .922
s 2 x 102 .340 .341 .341 .342 .347 .405Skew. Coef. .656 .647 .646 .638 .657
Kurtosis 3.74 3.74 3.77 3.76 3.94
in x 102 .360 .361 .361 .361 .354
s 2 x 102 .205 .205 .205 .206 .208 .575Skew.Coef. -.580 -.578 -.573 -.571 -.561
Kurtosis 3.60 3.58 3.58 3.58 3.50
in x 102 .412 .409 .410 .416 .432
s 2 x 102 .155 .155 .155 .154 .150 .744Skew.Coef. -.456 -.459 -.463 -.455 -.434
Kurtosis 3.56 3.57 3.58 3.47 3.48
Table 2a—x2 GOODNESS OF FIT TEST OF PROBABILITY DEN­
SITY FUNCTIONS WITHOUT RAINFALL
y/d .020 .179 .292 .405 .575 .744
Normal 348 459 456 373 389 253
Normal 
Hermite - 3 208 147 90 68 90 46
Normal 
Hermite - 4 125 144 135 93 62 33
Log Normal 150 76 87 39 — 702
Pearson 
type 4 — — — — — 43
Gamma 3 153 59 121 69 -- —
Gamma 3 
+ Laguerre 3 86 52 78 26 — —
Gamma 3 
+ Laguerre 4 2539 6922 82465 22000 — —
Double-branch 
Gamma 3 1283 746 643 630 782 477
Normal 
+ Gamma 3 289 49 — 74 — —
Mixture 
2 Normal — — 493 394 — —
Mixture 
3 Normal 112 378 664 714 317 397
Wei bull 273 413 988 845 -- --
* D ig itiza tio n  Rate = .012 seconds 
c r i t ic a l  x2(99%) = 48
Table lb-STATISTICS OF LONGITUDINAL VELOCITY FLUCTUA­
TIONS jm O M N FA LJLW ITH  DECREASING D IG ITI­
ZATION RATE
A t .003 .006 .012 .024 .048 y/d
N 32768 16384 8192 4096 2048
m x 102 .064 .064 .064 .065 .060
s2 x 102 .011 .011 .O il .011 .011 .012Skew.Coef. .560 .560 .556 .560 .570
Kurtosis 3.75 3.76 3.74 3.72 3.76
in x 102 .827 .828 .827 .831 .826
s2 x 102 .119 .119 .119 .119 .119 .032Skew. Coef. .764 .763 .746 .769 .768
Kurtosis 3.84 3.84 3.84 3.83 3.83
in x 102 1.657 1.660 1.661 1.660 1.639
s2 x 102 .834 .835 .836 .838 .829 .072Skew. Coef. .710 .711 .712 .718 .730
Kurtosis 3.40 3.40 3.40 3.41 3.44
m x 102 .997 .999 1.000 1.006 .950
s2 x 102 .644 .644 .643 .642 .651 .123Skew. Coef. .723 .724 .724 .727 .755
Kurtosis 4.01 3.02 4.01 4.03 4.23
m x 102 .282 .283 .282 .271 .278
s2 x 102 .348 .348 .345 .347 .359 .223Skew.Coef. .390 .388 .388 .398 .422
Kurtosis 3.73 3.72 3.72 3.73 3.72
m x 102 -.209 -.208 -.203 -.213 -.241
s2 x 102 .352 .352 .352 .350 .358 .374Skew.Coef. .467 .462 .464 .469 .517
Kurtosis 3.79 3.78 3.76 3.73 3.76
Table 2b—x2 GOODNESS OF FIT TEST OF PROBABILITY DEN­
SITY FUNCTIONS WITH RAINFALL
y/d i .012 .032 .072 .123 .223 .374
Normal 237 490 547 315 98 152
Normal 
Hermite -3 57 121 172 88 69 38
Normal 
Hermite - 4 55 89 172 141 61 48
Log Normal 40 73 51 42 53 31
Pearson 
type 4 31 — — 42 38 18
Gamma 3 51 92 49 40 58 38
Gamma 3 
+ Laguerre 3 40 78 51 36 66 34
Gamma 3 
+ Laguerre 4 2700 6628 5945 1558 66 34
Double-branch 
Ganna 3 520 432 684 613 465 442
Normal 
+ Gamma 3 29 73 69 89 — 25
Mixture 
2 Normal 205 — — 340 42 136
Mixture 
3 Normal 536 3600 1050 991 284 439
Weibull 577 550 434 515- 624 729
* D ig itiza tio n  Rate = .012 seconds 
c r i t ic a l  x2(99%) = 48
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Figure 1—FREQUENCY HISTOGRAMS OF STANDARDIZED VELOCITY FLUCTUATIONS, WITHOUT RAINFALL, (y/d not to scale)











Figure 3—SPECTRA OF STANDARDIZED VELOCITY FLUCTUATIONS, WITHOUT RAINFALL.
FREQUENCY
Figure 4— SPECTRA OF STANDARDIZED VELOCITY FLUCTUATIONS, WITH RAINFALL.
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Figure 5--AUTOCORRELATION OF VELOCITY FLUCTUATIONS, 
WITHOUT RAINFALL.
Figure 6—AUTOCORRELATION OF VELOCITY FLUCTUATIONS, 
WITH RAINFALL.
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Figure 7—AUTOCORRELATION OF RESIDUALS FROM ARMA(2, 1) 
MODEL, WITHOUT RAINFALL.
Figure 8—AUTOCORRELATION OF RESIDUALS FROM ARMA (2, 1) 
MODEL, WITH RAINFALL.
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Figure 9-SPECTRA OF RESIDUALS FROM ARMA (2 , 1) MODEL, WITHOUT RAINFALL.
Figure 10— SPECTRA OF RESIDUALS FROM ARMA (2, 1) MODEL, WITH RAINFALL.
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Figure 11—A TEST OF WHITE NOISE USING INTEGRATED SPEC­
TRA OF RESIDUALS, WITHOUT RAINFALL.
Figure 12—A TEST OF WHITE NOISE USING INTEGRATED SPEC­
TRA OF RESIDUALS, WITH RAINFALL.
DISCUSSION
T. Hanratty, U n iv e rs ity  of I l l i n o i s :  I was wondering 
i f  you'd care to comment on the m otivation fo r looking 
a t t h is ,  w ith or w ithout r a in f a l l?  Are you looking 
fo r  something very d if fe re n t  and why?
Shahabian: The motivation of the study of the tu r­
bulent flow f ie ld  as generated by the impact o f the 
ra in  drops over a sheet flow is  mainly re la ted  to 
erosion. Th is model a llow s the generation of th is  type 
of turbulent flow  f ie ld .  Now, fo r the overland flow 
we have very shallow water and u su a lly  we don't have 
s ig n if ic a n t  turbulence i f  r a in fa l l  is  not present. 
However when the r a in fa l l  i s  superimposed la rge eddies 
are formed and we have an a r t i f i c i a l l y  created tu rb u l­
ence in the flow f ie ld ,  and th is  is  where the in te re st 
comes from.
W. B lake , Naval Ship Research and Development Center: 
What is  an au to-regressive  quantity?
Shahabian: An au to-regressive  process is  one whereby 
the element in a time se rie s  a t a given time is  re ­
lated to elements o f the se rie s  a t  previous tim es:
















ELUCIDATION OF BURST PHENOMENA IN TURBULENT 
BOUNDARY LAYERS THROUGH COHERENT STRUCTURE
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ABSTRACT
The present knowledge of the turbulent 
structure of boundary layers is reviewed and 
summarized. The work of several primary in­
vestigators of the bursting phenomenon is 
discussed. Models for the coherent structure 
are proposed based on the results of these 
investigations.
INTRODUCTION
During the past ten years there has been 
a veritable explosion in the quantity of 
research concerned with the structure of tur­
bulence. The use of visual methods and of 
data processing by digital computer has 
allowed a rapid increase in our knowledge of 
turbulent structure in boundary layers. This 
knowledge is far from complete, but many 
recent advances make it profitable to review 
and summarize the present situation.
Kovasznay (1970, 1972), Laufer (1972), 
and Mollo-Christensen (1971) have reviewed 
various aspects of these new results.
Kovasznay and Laufer describe the status of 
research on turbulent boundary layers and 
treat some aspects of research on turbulent 
structure. Mollo-Christensen has discussed 
the physics of turbulent flow and includes a 
detailed discussion of the transition process. 
Since their papers were published new results 
bearing on the phenomena associated with co­
herent structures in turbulent boundary layers 
have been obtained. Willmarth (1975) has 
reviewed this knowledge of turbulent struc­
ture and included new experimental informa­
tion in an attempt to describe our present 
understanding of the sequence of development 
of coherent structures, or bursts, and the 
cyclical occurrence of these bursts. In this 
paper we describe this interpretation.
FLOW DEVELOPMENT IN TURBULENT BOUNDARY LAYERS
At high Reynolds number when turbulence 
occurs in a boundary layer the flow structure 
at a given point is highly dependent upon the
nature of the upstream flow field. Vorticity 
considerations are valuable for a more com­
pact understanding of the dynamics of turbu­
lence. The basic equations for the vorticity 
have been discussed in a concise form by 
Whitham (1963), for example. An illuminating 
discussion of the application of these con­
cepts of vorticity production, diffusion and 
convection to the flow observed in boundary 
layers developed on rigid walls has been pre­
sented by Lighthill (1963). We will use the 
concepts discussed by Lighthill as a frame­
work to aid in our understanding of the burst 
sequence and its cyclical occurrence.
There are three fundamental aspects to 
be discussed. The first is the elucidation 
of the localized phenomena involved in a co­
herent burst structure near the wall. The 
second is the development and randomization 
of the localized coherent burst structure as 
it enlarges and is carried downstream. The 
third is the process of interaction of the 
outer flow field, containing the debris from 
the upstream boundary layer flow, with the 
region near the wall in which new localized 
burst structures are created.
Kovasznay (1967) has discussed the divi­
sion of the boundary layer into four main 
regions. The first is the wall region in 
which the flow is dominated by the presence 
of the wall. But the wall region is affected 
by the outer flow through the agency of the 
pressure field which can alter the wall shear
stress. Within the wall region the appropri-
2ate time and length scales are v/u* and v/u*, 
where v is the kinematic viscosity and 
u* * /x/p is the friction velocity. Here t 
is the wall shear stress and p is the fluid 
density.
Adjacent to the wall is the second region, 
the viscous sublayer, within which the fluid 
viscosity plays a dominant role in suppressing 
turbulent fluctuations. The outer boundary of 
the sublayer is not definite but the width of
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the sublayer is generally conceived to be of 
the order of five wall length scales, 5v/u*. 
Within the sublayer the pressure gradient pro­
duced by the outer flow field has a strong 
influence upon the flow since the inertial 
forces in the Navier Stoke equations of mo­
tion are small relative to the viscous forces.
Above the wall region lies the third 
outer, wake-like region. In this region the 
appropriate length and time scales are the 
boundary layer thickness, 6, and S/U^ where 
UB is the free stream velocity. Within the 
outer region the viscous forces are small com­
pared to the inertial forces. The boundary 
between the wall region and the outer wake­
like region is also not definite. Its loca­
tion is also a function of Reynolds number.
At low Reynolds number the wall region extends 
much farther, relative to 6, from the wall 
than at high Reynolds number.
Between the outer region and the poten­
tial flow above the boundary layer lies a thin 
interfacial region which Corrsin and Kistler 
(1955) called the superlayer. Within the 
superlayer the initially irrotational outer 
potential flow acquires vorticity through the 
agency of viscous forces produced by turbulent 
motions within the wake region.
Although the boundary layer has been par­
titioned into four reasonably definite regions 
it has become apparent that there is a strong 
interaction between the outer wake-like region 
and the wall region within and just above the 
sublayer. We shall discuss the latest flow 
visualization studies of Nychas et al. (1973) 
and Offen and Kline (1973, 1974) which show 
that erruptions of fluid from deep within 
the wall region emerge outward as they are 
carried downstream and contribute to the cor­
rugations of the superlayer. Also Offen and 
Kline (1973) and Falco (1974) have observed 
large-scale irrotational fluid parcels within 
the boundary layer that extend deeply into the 
wall region.
LOCALIZED BURST STRUCTURE NEAR THE WALL
There have been many different investiga­
tions which have produced new information 
about the coherent structure of turbulent 
bursts near the wall. Lighthill (1963) has em­
phasized that in the turbulent boundary layer
the spanwise mean vorticity is concentrated 
very near the wall. The concentration of span- 
wise mean vorticity is accomplished by the 
creation of large contributions to Reynolds 
stress in which the low-speed fluid near the 
wall is exchanged or replaced with high speed 
fluid from regions farther from the wall.
Visual observations of Kline and his col­
leagues, Kline et al. (1967), Kim etal. (1971), 
and Offen and Kline (1973, 1974) and also those 
of Corino and Brodkey (1969) and Nychas et al. 
(1973), indicate that the turbulent fluctua­
tions near the wall that are responsible for 
most of the Reynolds stress are large and 
highly intermittent. One concludes from this 
that near the wall the vorticity fluctuations 
are also intermittent and accompany the large 
intermittent contributions to Reynolds stress.
Lighthill also emphasized that near the 
wall in a boundary layer only the process of 
stretching of existing vorticity can explain 
how the gradient of mean and fluctuating vor­
ticity is maintained in spite of the tendency 
for viscous diffusion down the gradient.
The visual observations of Kline and his 
colleagues have led them to the conclusion 
that the important flow phenomena responsible 
for Reynolds stress production near the wall 
are characterized by a recognizable sequence 
of events. In this sequence marked fluid ele­
ments in the sublayer are observed to gradu­
ally accumulate and lift up after which they 
undergo a sudden oscillation followed by an 
apparently violent process termed bursting and 
ejection in which they migrate rapidly away 
from the wall. Their observations are entire­
ly consistent with those of Corino and Brodkey
(1969) who observed a high shear layer near 
the wall containing large spanwise vorticity 
that is involved in the burst.
The flow model of this process that was 
proposed by Offen and Kline (1973) and inde­
pendently by Tu and Willmarth (1966) consists 
of a concentration of spanwise vortex lines 
which develop a kink when "liftup" occurs.
After "liftup" the kink becomes a hair-pin 
shaped accumulation of vortex lines that are 
severely stretched as the "head" of the hair­
pin shaped concentration of vorticity is 
carried rapidly downstream by the higher speed
75
flow farther from the wall. Kline et al,
(1967) had also proposed this model for the 
breakup of the streaky sublayer structure 
which they observed before measurements of 
Reynolds stress contributions substantiated 
the importance of the bursting process.
At the present time the significance of 
the initial phases of the burst sequence and 
of the resulting contributions to Reynolds 
stress that were visually estimated have been 
documented by numerous quantitative measure­
ments using hot-wires. The work of Black- 
welder and Kaplan (1972), Willmarth and Lu
(1971) , Lu and Willmarth (1973), Wallace etal.
(1972) and Gupta et al. (1971) represent recent 
contributions which appear to us to substanti­
ate various aspects of the burst sequence. A 
detailed discussion of this aspect has been 
given by Willmarth (1975).
THE EVOLUTION OF BURSTS EMERGING FROM THE WALL
The evolution of the initially coherent 
burst structure as it moves away from the wall 
and is carried downstream has not yet been 
studied in detail. The formulation of experi­
ments that would shed new light on the evolu­
tion of the coherent vorticity pattern is very 
difficult. It appears to us that reliable 
methods must be devised to detect and measure 
the fluctuating vorticity components before 
significant progress can be expected. Our 
present understanding of the problem of the 
evolution of the burst structure is based upon 
measurements involving long time space-time 
correlation measurements of various flow 
quantities.
The first space-time correlation measure­
ments of Favre and his colleagues, Favre etal. 
(1957, 1958) revealed significant new informa­
tion. Their measurements showed that stream- 
wise velocity fluctuations emanating from the 
wall region were convected for surprisingly 
large distances at approximately the average 
local mean speed between an upstream point 
near the wall and a point downstream farther 
from the wall. Willmarth and Wooldridge (196 3) 
and Tu and Willmarth (1966) found a similar 
behavior for space-time correlation measure­
ments of the wall pressure and of the three 
velocity components at various points within 
the boundary layer. The correlation measure­
ments of wall pressure and streamwise velocity 
and of wall pressure and velocity normal to 
the wall were anti-symmetric in the stream 
direction about the position of the wall pres­
sure transducer. However, near the wall a 
significant swept back structure was apparent.
The correlation measurements of wall 
pressure and spanwise velocity fluctuations 
were significantly different. They showed 
primarily the downstream convection of a span- 
wise shearing motion which became weaker as 
the velocity probe was moved downstream and 
farther from the wall. The correlation was 
still measureable at distance from the wall of 
yu*/v = 3000 when the streamwise separation 
between the wall pressure transducer and the 
spanwise velocity sensor was xu*/v = 20,000.
The spatial arrangement of the isocorrelation 
contours suggests that the correlation pat­
tern is caused by an enlarging, convected dis­
turbance containing streamwise vorticity.
This interpretation is supported by the 
measurements of Tu and Willmarth, reported in 
Willmarth and Lu (1971) and Willmarth (1975) , 
of the correlation between fluctuations in 
streamwise velocity very near the wall and the 
streamwise vorticity downstream farther from 
the wall. The measurements may be interpreted 
as a swept back pattern of streamwise vorticity 
enlarging and rising slowly away from the wall 
as it is convected downstream. The vorticity 
measurements were severely attenuated by the 
relatively large size of the vorticity probe 
used for the measurements, ReQ was approxi­
mately 38,000.
The recent measurements of small scale 
wall pressure patterns by Emmerling (1973) and 
Emmerling et al. (1973) have revealed that 
very small scale intense pressure fluctuations 
occur near the wall. The scale is surprising­
ly small, less than 50v/u*, for intense pres­
sure changes produced by slowly convecting 
patterns which must be very near the wall 
since their convection speed was of the order 
of 0.4 UB.
The problem is to observe and document 
the evolution of small scale structures 
created near the wall as they evolve and are 
carried downstream. The recent visual obser­
vations of Falco (1974), who described the
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scale and appearance of certain large scale 
"typical eddies" in a smoke filled boundary 
layer, may indicate the nature of the eventual 
state of the flow disturbances associated with 
"bursts" of turbulence near the wall.
Willmarth (1975) has suggested a possible 
explanation for this evolutionary process 
involving the stretched "legs" of streamwise 
vorticity that make up the hair pin shaped 
vorticity concentration associated with a 
burst. The mechanism is simply the mutual 
induced velocity produced by a counterrotating 
pair of vortices which have the correct direc­
tion of rotation in the "legs" of the hair pin 
shaped burst structure to cause outward motion 
of the vortex pair in a direction away from the 
wall. The motion will undoubtedly become more 
random and irregular as the stretching of the 
vortex lines continues and the vorticity field 
interacts with itself in a highly nonlinear 
and irregular manner. Hamma (1962, 1963) has 
performed numerical computations of the 
deformation of curved vortex filaments pro­
duced by mutual induction which suggests to us 
the nature of the evolution of the coherent 
burst.
As stated above, methods for measuring 
the vorticity components should be developed. 
Also, methods to recognize the burst pattern 
must also be developed since the initially 
coherent structure near the wall has itself 
not been easily recognizable except by the 
skillful use of visual methods at quite low 
Reynolds numbers when the bursts are relative­
ly large.
T H E  C Y C L I C A L  O C C U R R E N C E  O F  B U R S T S
Rao et al. (1971) have made measurements 
of the mean time interval between "bursts". 
They have also summarized the work of other 
investigators and concluded that the mean time 
between turbulent bursts is constant when 
scaled with the time scale, 6/U00, of the outer 
wake-like region of the boundary layer. Their 
results suggest that the outer flow field is 
in some way responsible for the cyclical 
occurrence of "bursts". The suggestion that 
there is an interaction between the outer and 
the wall regions of the boundary layer is not 
a new idea. Indeed, Laufer (1972) has stated 
that an understanding of this interaction is
the fundamental problem of the structure of 
turbulence in boundary layers.
A number of investigators have proposed 
that the pressure disturbances in the wall 
region are responsible for the cyclical 
process of bursting. These include Kovasznay 
(who suggested to the senior author in 1971 
that the wall pressure should correlate with 
the bursts), Laufer (1972), Nychas et al.
(1973) and Offen and Kline (1973, 1974). The 
visual observations of Offen and Kline (1973, 
1974) were designed to investigate the inter­
action between the outer and the wall regions. 
They used a combination of dyed fluid at the 
wall of one color, hydrogen bubbles shed from 
a wire normal to the wall, and a dye filament 
of another color injected into the flow above 
the wall to observe simultaneously the flow 
disturbances and interactions between the 
inner and outer parts of the boundary layer.
The result of their observations was that 
the bursting process is cyclical beyond rea­
sonable doubt. The gist of their work is that 
the vorticity produced during the bursting 
sequence is observed to emerge from the vicin­
ity of the wall as it is carried downstream 
and leaves the place of its origin. Often 
this vorticity was observed to interact 
and/or combine with other similar accumula­
tions of vorticity to make a larger accumula­
tion of vorticity. This, according to Offen 
and Kline (197 3) , was akin to the two-dimen­
sional vortex pairing process studied for some 
time by Browand and reported recently by 
Winant and Browand (1974). As these larger 
scale accumulations of vorticity, which are 
generally in the outer wall region but not the 
wake region, pass over the dye at the wall, 
wallward-moving disturbances are observed in 
the outer dye filament and then the wall dye 
indicates the burst sequence of lift up, then 
sudden oscillation followed by bursting and 
ejection. The sequence after sudden oscilla­
tion occurred was not always completed but 
would on occasion subside. The sequence would 
begin again when another accumulation of vor­
ticity in the outer region passed over the wall.
Offen and Kline (1974) have proposed a 
model for the cyclic process. Quoting from 
their paper: "This model is based on the
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hypothesis that the slow-speed wall streak be­
haves as a boundary layer within the conven­
tionally-defined turbulent boundary layer.
Due to a temporary, local, adverse pressure 
gradient, this inner boundary layer separates, 
or lifts up from the wall. The pressure 
pulsation is probably imposed upon the slow- 
speed streak by a wallward-moving disturbance 
that originated in the logarithmic region of 
the turbulent boundary layer."
Willmarth, with the aid of V. Kibens,
R. Winkel and D. Christians, (reported in 
Willmarth, 1975) has performed an experiment 
in which the wall pressure during bursting is 
measured by conditional sampling. The condi­
tionally sampled Reynolds stress was also 
determined. The experimental results show 
that the conditionally sampled wall pressure 
is lower than the mean and of large scale 
during bursting when much smaller scale con­
tributions to Reynolds stress occur.
The result that the conditionally sampled 
v/all pressure is low at the time of burst 
detection indicates that before burst detec­
tion the pressure gradient experienced by the 
fluid near the wall that is later involved in 
the burst was adverse (i.e., the pressure 
downstream was higher). This, coupled with 
the fact that the region of adverse pressure 
gradient is of relatively large scale, is in 
agreement with Offen and Kline's (1974) pro­
posed mechanism for low-speed streak lift up 
at the beginning of the burst sequence. In 
addition to Offen and Kline's proposed mech­
anism we add the fact that near the wall the 
inertial forces are small so that in the sub­
layer the important terms in the momentum 
equation are the pressure gradient and stress 
terms. Therefore, the fluid near the wall is 
prepared for the burst sequence by the con- 
vected large-scale vorticity in the outer flow 
which creates a moving field of adverse and 
favorable pressure gradients. These moving 
pressure fields act on the sublayer flow and 
push the moving fluid parcels in the sublayer 
about.
The action of the convected adverse pres­
sure gradient upon the sublayer near the wall 
will generate new vorticity at the wall with 
sign opposite to the mean vorticity. If the
adverse gradient is large enough and lasts 
long enough, a low-speed region is developed 
near the wall which contains reduced spanwise 
vorticity and is bounded from above by a high 
shear layer. Note that this is what Corino 
and Brodkey (1969) observed near the wall just 
before a burst occurs. They stated that in 
the low-speed region near the wall deficien­
cies as great as 50% of the local mean veloc­
ity were observed. Our contribution here is 
that since both the fluid near the wall and 
the adverse pressure field produced by the 
vorticity from previous bursts in the outer 
fluid are moving downstream, there is more 
time for the fluid near the wall to be affected 
(i.e. deaccelerated), than would normally be 
the case, thus the vorticity produced at the 
wall (with opposite sign to mean vorticity) 
will accumulate in this region as time goes by. 
The high shear layer that is produced above 
the low-speed fluid is unstable and is the 
source of the vorticity that is later stretch­
ed and incorporated in the ejection and 
chaotic motion in the bursting sequence. To 
conclude: We believe that the initiation of a
burst is caused by a convected "massaging" ac­
tion that acts on the low-speed sublayer fluid. 
This creates an unstable high shear layer near 
the wall. The massaging action is produced by 
the adverse gradient portions of the wall pres­
sure that accompany the convected large-scale 
vorticity from previous bursts, as observed by 
Offen and Kline (1974).
It is significant to note that Elliott's
(1972) recent paper contains measurements of 
the coherence and phase between pressure and 
velocity near the wall in an atmospheric 
boundary layer. Elliott found that for large- 
scale pressure fluctuations the streamwise 
velocity near the wall was in phase with the 
pressure at the wall. That is to say that the 
eddies with a scale as large or larger than 
their distance from the wall "feel" the wall 
so that a positive wall pressure will occur 
when downward moving fluid, typically of 
higher-than-average u, is decelerated upon 
contact with the boundary. If one looks care­
fully at the flow ahead of the low-speed lift 
up in Offen and Kline's (1974) photographs one 
finds a large downward motion just downstream
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of the lift up. This produces a high pressure 
downstream of lift up so that an adverse gra­
dient just upstream of the convected high- 
pressure region acts on the fluid in the sub­
layer and creates near the wall an unstable 
high shear layer which then lifts up and 
starts the burst sequence.
Obviously, these suggestions must be doc­
umented by further experiments and by theoret­
ical work. The present suggestion for the 
"massaging" action of the adverse gradients, 
if correct, may also explain the observation 
(see Blackwelder and Kovasznay, 1972 for 
recent experiments) that a boundary layer sub­
jected to a favorable pressure gradient be­
comes less turbulent. Blackwelder and 
Kovasznay found that in a flow with a strong 
favorable pressure gradient the boundary layer 
turbulence level could be reduced to a neglig­
ible value. We would explain this by observing 
that the outer portion of the vorticity from 
the burst sequence was accelerated rapidly 
downstream in the region of favorable external- 
pressure gradient. There would then be little 
time for oppositely directed (relative to the 
mean) spanwise vorticity to be created and 
accumulate near the wall and strongly unstable 
high shear layers would not be produced. Thus, 
the burst sequence would be inhibited. On the 
other hand, in a flow with adverse external- 
pressure gradient, the outer vorticity accumu­
lations from previous bursts travel more and 
more slowly over the sublayer fluid as they 
were carried downstream. This would produce 
a long duration massaging action of the sub­
layer fluid and in the adverse gradient regions 
strong production and accumulations of vortic­
ity directed oppositely to the mean velocity 
would occur. This would in turn intensify the 
unstable high shear layer above the low-speed 
region and lead to the generation of the 
intense turbulence which is observed in an 
adverse gradient, as has been explained.
We have completed our discussion of the 
current knowledge of the structure of turbu­
lence bursts. It is clear that much more 
experimental work is required before a viable 
theory can be produced. Future progress 
should benefit greatly from the development of 
new methods to measure vorticity on a small
scale. Perhaps the vorticity measurements will 
lead to the ability to recognize burst struc­
tures as they evolve during the time they are 
carried downstream by the mean flow.
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DISCUSSION
W. K. B lake , Department of the Navy, Bethesda, Maryland: 
What does a v o r t ic i t y  meter look lik e ?
W illm arth: A streamwise v o r t ic i ty  probe using hot w ires 
co n sists  of 4 hot w ires mounted on 4 needles. Each wire 
i s  included at an angle of the order o f 45 to 60 degrees 
to the flow , see Kovasznay's a r t ic le  and sketch of 
K is t le r 's  o rig ina l design in The Princeton se rie s  High 
Speed Aerodynamics and Je t  Propulsion in the volume on 
Physical Measurements in Gas Dynamics and Combustion.
No re lia b le  cross-stream flu ctu atin g  v o r t ic i ty  probes 
have been developed as y e t , to the best of my knowledge.
Jack Hansen, NRL: The thing I thought was most surprising 
about what you presented was the fact that in the in te r­
ferometer photographs that you showed i t  appeared that 
the coherence length of the w all pressure was very long 
in the spanwise d ire c t io n , whereas, what we see in the 
dye p ic tu res is  th at the streaky structure  has long co­
herence length in the streamwise d ire c tio n . I wondered 
i f  you had any comment as to the physical reason fo r th is .
W illm arth: For very intense small sca le  pressure f lu c tu ­
ations near the w all the dye streaks are probably o b lit ­
erated a) because the streaks are associated with weak 
flow (v o r t ic it y  f lu c tu a tio n s ) and b) because the streaks 
are probably l i f t e d  up and may be involved in the intense 
small scale v o r t ic i t y  pattern that causes the intense 
small scale pressure flu c tu a tio n s .
For large sca le  pressure flu ctuatio ns a number of 
streaks are probably a l l  pushed around together since I 
think they involve weak streamwise v o r t ic i ty  near the 
sublayer where the streamwise momentum of the f lu id  is  
low.
Comte-Bellot: You explain why the burst period scales 
with the outer parameters of the flow , but do you have 
an idea of what would be the sca les or parameters re le ­
vant to the burst duration?
W illm arth: I th ink that no one has re lia b le  measured 
durations. Now I th ink that i f  one could measure burst 
durations the duration would be longer as one moves away 
from the w a ll.
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John Lau fe r, U n iv . of Southern C a lifo rn ia : I would 
lik e  to comment on the la s t  question . I th ink the 
basic problem is  the method of detection . The burst 
duration time depends g re a tly  on the method of detec­
tion and at the present time I th ink  everybody agrees 
that the method o f detection is  not go«d enough y e t .
May I a lso  comment in  a general way. As Dr. 
W illmarth ind icated  th is  is  an extrem ely a c t ive  f ie ld  
and p ra c t ic a lly  every month a new pub lication  appears 
in the l i t e r a tu re . I th ink  he has done an e xce lle n t 
job in  giving us a good overview of the sub ject m atter. 
Of course, everybody l ik e s  to look a t  th is  problem from 
his own point o f view and I would l ik e  to b r ie f ly  in d i­
cate my fee lin g  on the sub ject m atter. He quoted me 
co rre c tly  in th a t one o f the cen tra l problems is  to 
t ry  to find the dynamic coupling between the inner and 
outer regions o f the boundary la y e r . I f  one has some 
kind of physical p ictu re  that is  n ea rly  co rrect I think 
that would help the exp erim en ta lists  to bette r plan the 
next step of measurement. Th is coupling could be de­
scribed in terms o f the pressure f ie ld .  We a l l  know 
the presence o f the so-ca lled  tu rbu lent bumps 1n the 
outer region using Kovasznay's nomenclature. These 
bumps move s l ig h t ly  slower than the free  stream veloc­
i t y  and therefo re they In te ra c t w ith the free  stream 
v e lo c ity  producing a la rge  sca le  pressure f ie ld  in  the 
x d ire c tio n  that le t s  I t s e l f  be f e l t  on the su rface .
In fact, 1t determines the curvature of the velocity 
p ro file  at the wall. A positive pressure gradient pro­
duced by the "bump" decelerates the flow near the wall 
setting up the conditions for the bursting to occur.
W illm arth: I want to add that there are many other 
explanations fo r  the bursting mechanism. KUne and 
Offen have another explanation fo r what streaks are 
and how they regenerate. Th is is  s t i l l  an open sub­
je c t  fo r anyone who wants to do new work in turbulent 
s tru c tu re . I a lso  th ink that one may p ro fita b ly  look 
at the dynamic l in k  from the point o f view o f v o r t ic l t y .
B ill Tiederman, Oklahoma State: I believe your emphasis 
on cyclic behavior and vortex stretching 1s also appro­
priate and Important to our understanding of the mechan­
ism by which long-chain polymers reduce drag. Ron 
Gordon has conducted sink-vortex experiments In which 
he showed that very d ilu te  concentrations of long-chain 
polymers are suffic ien t to Inh ib it the complete forma­
tion of a vortex even when the tank 1s vigorously 
s tirred  prio r to removal of the drain plug 1n the center
of the tan k 's  base. We have postulated th at th is  re ­
sistance  o f d ilu te  polymer so lu tio ns to vortex s tre tc h ­
ing is  the mechanism by which a d ilu te  polymer so lu tion  
in h ib its  turbulence production and thereby reduces drag 
in tu rbu lent boundary la y e rs .
In our two-dimensional channel experim ents, we have 
the opportunity to view the w all la y e r stru ctu re  in  an 
end view. Observation w ith th is  end-view supports your 
statement that the streaks have r e la t iv e ly  l i t t l e  i f  
any streamwise v o r t ic i t y  before they l i f t  away from the 
w a ll . Once the streaks l i f t  and during bursting one 
does see streamwise v o r t ic i t y .
R. E . York: Many elements o f the process o f turbulence 
o rig in s  in  the t ra n s it io n  region are strong ly  s im ila r  
to the sequence of events leading to sublayer b u rs ts .
To summarize T a n i's  review  in  the F i r s t  Annual Review 
of F lu id  Mechanics:
(1) The process of transition begins as a two­
dimensional wave disturbance known as Tollmein- 
Schlichting waves.
(2) As th is disturbance develops in the streamwise 
direction a three-dimensional disturbance appears which 
contains a system of longitudinal vortices which exhib it 
a periodic spanwlse structure.
(3) Apparently due to th e ir self-induced velocity 
these vortices l if t- o f f  from the wall.
(4) This displacement of f lu id  from near the wall 
possessing re la tive ly  low streamwise velocity to a region 
of appreciable higher local velocity causes a localized 
region of high shearing action to be formed away from 
the wall.
(5) The localized shearing action Induces velocity 
profiles which are unstable.
(6) Vortices, 1n hairpin shape, are shed from the 
leading edge of th is  high shear In s ta b ility  to form 
large structured turbulence which eventually decays to 
smaller scales downstream.
Indeed, the stages (2) through (6) are completely 
consistent with the burst cycle observations of Kline, 
et a l. ;  Brodkey, et a l . and Willmarth, et a l.
I f  the process of turbulence generation In the 
transition region Is but an Isolated spatial event, 
Identical to the bursting events occurring continuously 
beneath the fu lly  turbulent boundary layer, then the 
phenomena are not dependent on the scales of the large 
eddy structure of the outer region as they are not pre­
sent during trans ition. The bursting event would there­
fore not be an interaction (indeed Nychas, et a l. observ­
ed an Irregu la r sequence of outer and Inner motions p rio r
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to bursts) but a completely self-induced in s ta b il i t y  
and should depend on only inner sca le s .
Any appearance of outer scaling would, under the 
above hypothesis, be a consequence of bursts rather 
than be a ttrib u tab le  to a causative fa c to r . This pre­
sumably could be the consequence of regular development 
of the mass ejected from the sublayer during bursts in ­
to large sca le , dominantly transverse eddies. Regular­
it y  in  eddy s izes o r scales would be enforced by the 
requirement that entrained energy from the free  stream 
must balance the energy fed into turbulence, and lo s t 
in the mean-flow sense, by the sublayer bursts .
Unquestionably, the inner and outer region flows 
are c lo se ly  coupled and a m u lt ip lic ity  of scaling  laws 
are possib le . The apparent success o f outer scaling 
must not be used a t  th is  early  stage o f the renaissance 
of Turbulence Research, also known as "Coherent Struc­
tu re s" , to in s is t  on an inner-outer in teraction  as the 
sole possible source of bursts . Id e n tifica tio n  of burst 
signatures is  s t i l l  h ighly sub jective and therefore 
sen sitive  to in i t ia l  concepts. Let us therefore care­
fu l ly  maintain a completely open-minded inq u isitiveness 
as these new concepts o f turbulence are explored.
Laufer: In making any comparison between the dynamics 
of the coherent structu res and the tra n s it io n  process, 
one should separate the turbulent spot formation problem 
and the spot i t s e l f .  There is  more and more evidence 
that the large coherent structures behave very s im ila r­
ly  to the turbulent spots. The ch a ra c te r is t ic  bump of 
a spot might indeed play the same dynamic ro le  as the 
turbulent "bumps" associated with the coherent stru c­
tu re s . However, 1t is  not c le a r at th is  point whether 
or not the turbulent spot formation and the bursts could 
be described by the same mechanism.
W illmarth: You may find  that the structure  in turbu­
lence spots and bursts may be s im ila r when looked at 
from the point o f view of v o r t ic i ty .
Gary P. Corpron, Foxboro Company, Foxboro, Mass.:
Please describe the s ize  and type of pressure trans­
ducers used to measure the v o r t ic ity  induced pressure 
flu ctuations at the wall and also would you te l l  us 
something about the coherence length of the eddies as 
measured with these transducers.
W illmarth: The pressure transducers were 1/4-inch d ia­
meter B & K condenser microphones. One was flush  with 
the w a ll, the other at the stagnation point of a 
streamlined body above the boundary laye r. By subtract­
ing the proper amount of the free stream signal from 
the wall pressure signal we elim inated wind tunnel fan
disturbances and obtained the wall pressure flu ctu a­
tions alone. The proper amount of subtraction was de­
termined by minimizing the mean-square d ifference of 
the two s ig n a ls . We d idn 't measure cross co rre la tions 
and coherence lengths. We measured wall pressure f lu c ­
tuations of large scale re la t iv e  to the microphone d i­
ameter. Note a lso  that the boundary layer thickness 
was about 6 inches or 24 times wall pressure trans­
ducer diameter. There was no d if f ic u lt y  in resolving 
the large scale wall pressure flu ctu atio n s .
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ABSTRACT
The paper presents local measurements of void 
fraction and liquid velocity in a steady-state air- 
water bubbly flow at atmospheric pressure- Use is 
made of a constant temperature anemometer and of a 
conical hot-film probe.
The signal is processed with a multi-channel 
analyzer. Void fraction and liquid velocities are 
determined from the amplitude histogram of the signal.
The integrated void fraction over a diameter is 
compared with the average void fraction along the 
same diameter obtained with a y-tay absorption method.
The liquid volumetric flow-rate is calculated 
from the void fraction and liquid velocity profiles 
and compared with the indication given by a turbine 
flowmeter.
INTRODUCTION
Two-phase flow instrumentation is of the utmost 
importance to back up the theoretical investigations 
which have been carried out for nuclear or chemical 
engineering purposes (Delhaye and Jones, 1975). 
Technically sound measurement techniques are needed 
to provide information on the local structure of two- 
phase flows characterized by the flow pattern, the 
specific area and the bubble or droplet diameter 
probability function.
A fairly accurate knowledge of void fraction, velocity 
and temperature profiles is also required for checking 
different hypotheses usually appearing in the liter­
ature. ,
In this paper, local measurements provided by a 
conical hot-film probe are compared to overall meas­
urements for three different flow patterns : bubbly, 
transition and slug flow.
1. The local void fraction a(x) is determined along 
a diameter D of a vertical pipe where an air-water 
mixture is flowing upward. The result^ are compared 
with the time-averaged void fraction Rq measured 
along the same diameter with a Y-ray absorption 
method (Fig. 1). The following identity must be satis-
fied :
r D
RG 3 d “ (X) dX (1)
J  0
2. On the other hand, the hot-£ilm probe enables the 
liquid time-averaged velocity v^ to be measured. A 
supplementary comparison is introduced with the liquid 
volumetric flow rate measured with a turbine flow­
meter .
* Present address: Laboratoire de Spectrometrie 
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In effect, assuming the flow to be axisymmetric, the 
following identity must be satisfied :
_  r d / 2  _
Ql = ; (1 - cOv^ 2frr dr (2)
PREVIOUS WORK ON HOT-FILM ANEMOMETRY IN TWO-PHASE 
FLOW
Measurements in Two-Component Two-Phase Flow without 
Phase Change
Liquid Droplets in a Gas Flow. Hot-wire anemome- 
try has been used for measuring the concentration 
flux and the diameter histogram of liquid particles 
moving in a gas stream. Goldschmidt and Eskinazi 
(1964,1966) measured the arrival frequency of liquid 
droplets, 1.6 to 3.3 ym in diameter, with a constant 
temperature anemometer and a cylindrical probe, 4.5 
ym in diameter. When the impaction frequency of the 
droplets is different from the energetic frequency 
range of the turbulent gas stream, the signal fluctua­
tions due to impacts can be distinguished from the 
fluctuations due to turbulence.
Ginsberg (1971) used the same technique to study 
liquid droplet transport in turbulent pipe flow. Gold­
schmidt (1965) determined that the measured impaction 
rate is lower than the true value but proportional, 
and should thus be calibrated against another techni­
que .
In determining droplet diameter histograms, Gold­
schmidt and Householder (1968,1969) theoretically 
found a linear relationship between particle diameter 
and cooling signal peak value which was verified expe­
rimentally for droplet diameters lower than 200 ym. 
Bragg and Tevaarwerk (1971), however, contradicted 
these results and concluded that the hot wire was 
unsuitable for this purpose. This conflict has yet to 
be resolved.
Time-averaged gas velocities as well as gas tur­
bulent intensities were measured by Hetsroni et al. 
(1969). —
Despite several difficulties arising in droplet 
granulometry determination, the hot wire has success­
fully been employed for studying the turbulent dif­
fusion of small particles suspended in turbulent jets 
by Goldschmidt and his collaborators (1972).
Air-water Flows. Following the studies done by 
Goldschmidt in aerosols and by Hsu and his colleagues 
(1963) in steam-water flow, and the preliminary work 
of Jones (1966), a thorough investigation of the hot- 
film anemometry technique in two-phase flow was car­
ried out by Delhaye (1968, 1969) who used a conical 
constant temperature hot-film probe which has three 
major advantages over the cylindrical hot-film sensor: 
dust does not attach to the tip, bubble trajectories 
are less disturbed, and the relatively passive geo­
metry is less susceptible to flow damage at high velo­
cities. The maximum overheat resistance ratio sugges­
ted by Delhaye to avoid degassing on the sensor was 
1.05, which corresponded to a difference of 17°C bet­
ween the probe temperature and the ambient temperature, 
significantly below saturation temperature.
Chuang and Goldschmidt (1969) employed the hot­
wire as a bubble size sampler by theoretically inves­
tigating the nature of the signal due to the traverse 
of an air bubble past the sensor. The peculiarities 
of the conical probe signal were examined in detail by 
Delhaye (1968, 1969). It is evident that if the liquid
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and gas signals could be separated, the turbulent 
structure of the liquid phase could be obtained. 
Delhaye did this to a certain extent whe n  he obtained 
the amplitude probability density function of 
the output signal u(t), as shown in Fig. 2. To a 
first approximation, the local void fractions were 
calculated as the ratio of the hatched area to the 
total area w h i c h  then compared favorably with radia­
tion absorption methods (y-rays). The liquid time- 
averaged v e l o c i t y  and the liquid turbulent intensity 
are calculated wi t h  the nonhatched area of the ampli­
tude h i s t o g r a m  (Fig. 2) and the calibration curve 
of the probe immersed in the liquid. The same method 
has extensively been used by Serizawa (1974) for 
measuring th e  turbulent characteristics and local 
parameters of  air-water two-phase flow in pipes.
A  different processing method was proposed by 
Resch £t^ al^ . (1972, 1974) in a study of bubble two- 
phase flow in hydraulic jumps. The nonlinearized 
analog signal from the anemometer (Fig. 3) is digi­
tally analysed. A  change of phase is recognized w h e n  
the amplitude between two successive extremes of the 
signal is h i g h e r  than a fluctuation threshold level 
A u .  In this way the liquid m e a n  velocities and 
turbulence levels were obtained along with bubble 
size histograms. A u  was chosen to be in a plateau 
region of A u  versus measured void fraction.
Jones (1973,1975) used a 50 ym cylindrical hot- 
film probe and a discriminator applied to the raw 
anemometer signal to obtain a binary signal but found 
the cutoff level needed to be adjusted depending on 
the local v e l o c i t y  to a point just below the minimum 
value for a liquid. Even though the threshold value 
was set at every point in the traverse, errors in 
averaged v o i d  fraction were encountered when cali­
brated against an x-ray measurement. These errors 
were found to be dependent on the liquid volume flux 
and the m e a n  void fraction.
By c o unting the number of times the output of 
the discriminator changed from one level to another, 
Jones (1973) also obtained local values for interface 
passage frequency. He also measured the liquid volume 
flux directly by time averaging the linearized signal 
equal to the liquid velocity w h e n  the sensor was in 
liquid, and zero when the sensor was in gas. Liquid 
velocity w a s  obtained by pointwise division of the 
measured liquid flux by the measured void fraction.
Serizawa (1974) used a conical probe similar to 
that of Delhaye (1968, 1969). In bubbly and slug flow 
in air-water mixtures he used multichannel analysis 
techniques to obtain the frequency spectrum of the 
velocity signal including fluctuations up to 2 m/s.
Measurements in One-Component Two-Phase Flow with 
Phase Change ~ ' “
Steam-Water F l o w . The earliest paper on hot-wire 
anenometry in two-phase flow seems to have been p u ­
blished by Katarzhis et a l . (1955). This preliminary 
and crude a pproach was followed by the work of Hsu, 
Simon, and Graham (1963). These authors, by comparing 
the signal w i t h  high-speed movies concluded that h o t ­
wire anenometry was a potential tool for studying the 
local structure of two-phase flow, in particular for 
determining the flow pattern and for measuring the 
local void fraction. Hsu, Simon and Graham specified 
that in a steam-water flow the only reference tempe­
rature is the saturation temperature. If water v e l o ­
city measurements are carried out, the probe tempera­
ture must not exceed saturation temperature by mor e  
than about 5°C to avoid nucleate boiling on the s en­
sor. Conversely, if only a high sensitivity to phase
change is looked for, then the superheat should range 
between 5°C and 55°C causing nucleate boiling to 
occur on  the probe.
Freon-Freon Vapor F l o w . The low electrical con­
ductivity of freons enables bare wires to be used 
instead of hot- f i l m  probes. Shiralkar (1970) used a 
5 ym, boil i n g  tungsten wire w i t h  a very short active 
length (0.125 mm) so that the whole active zone would 
generally be inside a bubble or droplet. Low void 
fraction was determined by an amplitude discriminator 
with an adjustable threshold set just under the 
liquid level whereas for high void fraction (0.8), it 
was set just above the vapor level. For void fractions 
ranging from 0.3 to 0.8 the threshold was set half-way 
between the liquid and vapor levels. The method was 
subsequently applied by Dix (1971) and Shiralkar and 
Lahey (1972).
EXPERIMENTAL SET-UP (Galaup, 1975)
Air-Water Lo o p
A n  air-water mixture is flowing upward in a 
vertical pipe of circular cross-section, 42 m m  in d i a ­
meter. Air is injected at the bottom of the pipe 
through 0.5 m m  holes drilled in the pipe wall. M e a s u ­
rements were carried out at 30 diameters downstream 
of the air injection zone.
The air-water mixture temperature was measured 
with a chromel-alumel thermocouple, the cold junction 
of which wa s  maintained at 0 ± 0,02°C by means of an 
automatic temperature controller.
Water volumetric flowrates Q l  were measured with 
a turbine flowmeter with a total relative accuracy 
of about 10” 2 .
Air volumetric flowrates Q g  were measured with a 
rotameter associated with a thermometer and a Bourdon 
manometer.
Overall Void Fraction Measurement
The void fraction over a diameter Rg is measured 
using a y-r a y  absorption technique. The y-ray emit­
ter is an Ameri c i u m  241 source whose contained ac t i ­
vity is about 40 GBq. This value does not take into 
account either the source self-absorption or the 
absorption due to protection claddings. The energy 
peak is at 60 keV ensuring a good contrast between 
air and water.
The absorbed y-ray intensity is measured with a 
Nal scintillator, a photomultiplier and a counting 
assembly. Collimators, 2 mm in diameter, provide a 
narrow y-ray beam in order to avoid any bias due to 
the void distribution across the beam.
The overall void fraction is given by the following 
formula :
r = L° S U / I t ) m
G Log (Ig/IL ) }
where :
I : emergent y-ray beam intensity with the air-water
mixture flowing in the pipe.
Ig • emergent y-ray beam intensity with air alone 
flowing in the pipe.
II : emergent y-ray beam intensity with water alone
flowing in the pipe.
The vali d i t y  and accuracy of Eq. (3) are discussed at 
length in Galaup (1975).
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A  conical h o t - f i l m  probe (DISA 55 R 42) was 
energized by a constant temperature anenometer (DISA 
55 M ) . The calibr a t i o n  of the probes wa s  carried out 
in a rotating tank. The overheat rat i o  was fixed at 
1.05. '
SIGNAL PROCESSING
The output signal of the c onstant temperature 
anenometer is d epicted in Fig. 4. D e l h a y e  (1969) 
thoroughly investigated the use of a h o t - f i l m  conical 
probe in a i r-water flow. High-speed movies enabled 
the interaction b e t w e e n  the probe and a bubble to be 
visualized whi l e  simultaneously recor d i n g  the a n e n o ­
m e t e r  output signal. The main results are summarized 
in Fig. 4.
Before a b u b b l e  is pierced by the probe the 
signal amplitude increases due to the slip v e l o c i t y 
of the bubble w i t h  respect to the s u r rounding liquid.
The most important feature to be drawn from 
Fig. 4 is the n o n s u i t a b i l i t y  of a threshold d i s c r i ­
m i n a t o r  to m e a s u r e  the local void fraction.
Actually, Fig. 4 shows that the b u b b l e  residence time 
Tg is given by :
tG  = CF “ C B
whe r e a s  a threshold discriminator w o u l d  give :
t G (S) < t£ - tc < t g (5)
Delh a y e  (1969) proposed that mea s u r e m e n t s  of local 
v o i d  fractions and local liquid v e l o c i t i e s  be m a d e  
by m e a n s  of the signal amplitude pr o b a b i l i t y  density 
function.
Local Void F r a c t i o n  Measurements
The h i s t o g r a m  of the signal a m plitude (Fig. 5) 
shows two peaks separated by a plateau.
According to D elhaye's method, the following 
v a l u e s  of the ampli t u d e  are recorded : 
ui an d  u$ : h i s t o g r a m  extreme amplitudes,
U 3 an d  uu : plateau e xtreme amplitudes,
U 2 : ampl i t u d e  of the intersection point of
the h i s t o g r a m  wit h  the extrapolated 
plateau.
Hot Film Probe Calibration
f  Ul*
P = — -~u3 J P(U) dU (8)-'us
Local Liquid V e l o c i t y  M e a s u r e m e n t s
where P is the height of the plateau defined by :
The t i m e - averaged local liquid v e l o c i t y  is
whe r e  v^(u) is obtained from the probe calibration 
c u r v e .
RESULTS
The out p u t  signal of  the a n e n o m e t e r  wa s  processed 
by a multichannel a n a l y z e r  w i t h  a 256 channel format. 
The sampling period wa s  chosen equal to 500 ps a c c o r ­
ding to the contraints imposed by  the signal power 
spectral d e n s i t y  and by  the Sha n n o n  theorem. The s t o ­
rage time w a s  60 s, a v a l u e  selected to obtain a 
time-independent local void fraction.
Local Void F r a c t i o n  Data
Most h i s t o g r a m s  di d  not sho w  a wel l  defined p l a ­
teau (Fig.6 ). In a first attempt, the height P of the 
plateau w a s  determined w i t h  the following formula :
p ■ u . ' » ,  i t  k » i > (io>U3
w h e r e  U 3 is selected visually.
The local v o i d  f r a c t i o n  is then calculated by :
j t  >> <ui>ui
If Sg  denotes the cross-hatched area, the local void 
f raction is giv e n  by :
Sg I - (6)Sg + Sl ' sg + Sl 
C a l l i n g  p(u) the probability d e n s i t y  function, w e  get;
f “3
I p ( u )  d u  -  P ( u 3 -  U 2 >  





Local void fractions c a l c u l a t e d  with_Eq. (11) u n d e r ­
estimated the overall void fraction Rg  measured by  
the Y~ray a b s o r p t i o n  method. T h e  c a lculated w e r e  
^systematically 0.05 to 0.06 lower than the measured 
Rg.
Hence a n e w  choice for the height of the plateau :
P 2 “ P(U3>
In this c a s e  the local void fraction
02




is given by : 
(13)
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Local void fraction profiles are given in Fig. 7 
to 9. A  comparison between {a} and Rq  is given in 
Fig. 10. The determination of P by  means of Eq.(12) 
seems to be correct except at low velocities where 
higher values of P are necessary.
Herringe and Davis (1974) carried out similar 
experiments w i t h  conical and cylindrical probes.
They proposed a splitting of the histogram according 
to the tangent AT  (Fig. 6). Although their results 
we r e  not compared w i t h  overall voi d  fraction mea s u ­
rements, it seems that their local void fraction data 
must be seriously underestimated.
Local Liquid Velo c i t y  Data
The time-averaged local liquid velocity is 
calculated w i t h  the following equation :




where P is given by Eq. (12)
CONCLUSIONS AND FUTURE WORK
Hot-film anemometry has been proved a valuable 
measurement technique in two-component two-phase flow. 
Local void fractions were measured and successfully 
compared with overall void fraction data. Comparisons 
wit h  other local probes were also reported by Galaup 
(1975). The shape of the amplitude histogram has been 
shown to be a function of the probe type and no uni­
versal recommendation can be made for a proper divi­
sion of the histogram between a liquid part and a gas 
part. Cross-checking with an overall method must be 
used in each case. Time-averaged local liquid v e l o ­
cities wer e  also measured and compared fairly well 
w i t h  the liquid volumetric flow-rate.
Improvements in the method could be achieved 
by  using smaller probes and by integrating the profi­
les over the whole cross section to get rid of any 
non-symmetric effects within the flow.
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Typical a m p l i t u d e  h i s t o g r a m  of a n e m o m e t e r  signal. 
Del h a y e  (1968, 1969)
Au





*B ‘C •^e V
Figure 4
Passage of a single air bubble past a conical probe. 
Delhaye (1969)
Figure 6
Typical amplitude histogram. Galaup (1975)
Local void fraction profiles. Galaup (1975)(x=air mass 
quality) __
Qt /A (m/s) 10 - x
b u b b l e s 1.01 1 . 0 0.05 0.05tl 1 . 0 1 3.1 0.18 0.05
- -Q--------O - •• 1.01 4.4 0.27 0.24
— ?-------- v - transition 1 . 0 1 6.0 0.36 0.32
----- A -  o 8 l u g S 1 . 0 1 8.0 0.40 0.39
Figure 8
Local void fraction profiles. Galaup (1975)(x=air suss
quality)
QL/A(m/s) IONx *C M
•f- bubbles 1.50 0.7 0.05 0.03v- N 1.50 2.1 0.13 0. 1 1o- • • 1.50 3.0 0.19 0.17
v- M 1.50 4.1 0.28 0.28
-*k- transition (.50 5.4 0.35 0.37
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Local void f r a c t i o n  profiles. Gal a u p  (1975)(x= air 
_ mass quality) __
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QL - 2.08 10"* ■* /• J QC  - 0.71 I0"J ■ ’/•
— q ----0 -- vL (anemometer probe)
--6--- -A- - • vG (double optical probe)
VG (double resistive probe)
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—  A ------A v q  (double optical probe)
_  □ —  -G—  v G (double resistive probe)
DISCUSSION
V. Goldschmidt, Purdue U n ive rs ity : The type o f re­
sponse of the hot f i lm , or hot w ire to these bubbles 
w i l l  depend g re a tly  upon the re la t iv e  s iz e  of the 
bubbles and the sensor. For small enough bubbles 
the traverse  time and signal magnitude might su ff ice  
to measure the s iz e . I get the fee lin g  your bubbles 
were re la t iv e ly  la rg e . Approximately what s ize  were 
they?
Delhaye: I th ink the response time depends not only 
upon the diameters o f the bubble but a lso  on the v e l­
o c ity  o f the bubble. The bubble diameters were 
la rg e r than 1 mm. And the ve lo c ity  was not too high, 
from 50 cm/s to 3 m/s. So we d id n 't have too much 
trouble with the hydrodynamic response time of the 
bubbles.
T. Hanratty, U n ive rs ity  of I l l i n o i s :  I was wondering 
i f  you'd lik e  to apply th is  very nice technique to 
measure droplet and droplet diameter in a i r  m ist flow 
rather than bubbly flow in liq u id s .
Delhaye: We did not use our technique in a ir-w ate r 
droplet flo w . Some e a r l ie r  measurements of th is  type 
were carried  out by Professor Goldschmidt of Purdue 
U n iv e rs ity . The sub ject is  of the utmost importance 
e sp e c ia lly  in steam-water flow . In some studies con­
nected to the Emergency Core Cooling System of nu­
c le a r  reactors we must measure: the s ize  of d ro p le ts , 
the v e lo c it ie s  o f the droplets and of the steam, and 
the temperatures (w ith rad iation e f fe c t s ) .  Studies 
concerning th is  problem are cu rren tly  under progress 
in our laborato ry .
Gary Corpron, The Foxboro Company: Is  there a re fe r­
ence describ ing the optical probe you mentioned?
Delhaye: The o p tica l probe technique is  thoroughly 
described in the th es is  of Dr. J .  P. Galaup. The 
reference is  Galaup, J .  P . ,  1975, Contribution a ' 1' 
Etude des Methodes de Mesure en Ecoulements Diphasi- 
ques, These de docteur-ingenieur Universite" S c ie n ti-  
fique et Me'dicale de Grenoble, In s t itu t  National 
Polytechnique de Grenoble. A survey of the technique 
is  given (in  Eng lish ) in the follow ing paper: Delhaye, 
J .  M. and Jones, 0. C . ,  J r . ,  1975, Measurement Tech­
niques fo r Transient and S ta t is t ic a l  Studies of Two- 
Phase, Gas Liquid Flows, ASME 75.HT.10.
Lars Lading, Danish Atomic Energy Commission: I may 
add that I gave a paper here two years ago where we 
described an o p tica l method fo r measuring the droplet 
s iz e  and v e lo c it ie s . I t  seems to be possib le .
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ABSTRACT
A laser-Doppler anemometer was used to measure the 
velocity of both the gas and partic les in a turbulent 
two-phase flow for conditions when the d istribution of 
the velocities of the two phases overlaps. The veloci­
ties  from the two phases are separated by comparing the 
Doppler amplitude to the pedestal amplitude. Results 
of the measure of the gas-particle flow downstream of a 
nozzle mounted in a c ircu lar pipe are presented.
INTRODUCTION
In most two-phase flows the velocity of the dis­
persed phase is  not the same as the continuous phase, 
and the transfer of momentum, heat and mass between the 
phases depends d irec tly  on the re la tive  velocity be­
tween the two phases. For steady laminar flow and 
fu l ly  developed turbulent flow i t  is  possible to predict 
by either analytical or by empirical methods the 
transfer of momentum, heat and mass between the phases 
as well as the overall transfer between the f lu id  and 
the boundaries of the system. In the general case of 
developing or turbulent flows, accurate empirical 
methods do not exist and analytical methods are lim ited 
by the d if f ic u lty  of modeling the turbulent gas-particle 
interaction.
General numerical methods of predicting subsonic 
gas-particle or gas-droplet flows have been developed 
a t Washington State University. These programs account 
fo r the heat and mass transfer between the particles 
and the gas and also include the momentum coupling 
between the gas and partic les. The numerical scheme 
has been used to analyze cyclone separators (Crowe and 
Pratt, 1973), electrostatic precipitators (Stock and 
Crowe, 1974), heat transfer in sudden expansions (Crowe 
and Stock, 1975) and droplet spray injection (Crowe, 
1974). In some cases i t  has been possible to compare 
the overall gross predictions of the numerical schemes
with published data, but i t  has not been possible to 
compare the detailed predictions because of the lack of 
experimental data.
This paper presents a method of simultaneously 
measuring both the gas velocity and partic le velocity 
and therefore a means of obtaining the information 
needed to evaluate the accuracy of the numerical methods. 
Measurements of th is type w il l  also aid in developing 
better models to predict turbulent gas-particle in te r­
actions.
MEASUREMENT TECHNIQUES
Many techniques have been employed to measure 
velocity in two-phase flow fie lds  (Soo, 1967; Boothroyd, 
1971). In general these methods measure the velocity 
of only one phase and have lim ited frequency response 
and poor spatial resolution. Photographic techniques 
have been used to measure the velocity of the dispersed 
phase. In general these techniques are very time­
consuming and not very accurate because the experimen­
ta l data must be d ifferentiated to determine velocity.
The laser-Doppler anemometer (LDA) measures the 
velocity of particles In a flow fie ld . Most applica­
tions use small particles (on the order of 1 urn) as 
scattering centers and assume the velocity of the 
particles to be the same as the gas. For such applica­
tions the LDA provides accuracy and spatial resolution 
equivalent to a hot-wire anemometer. The same system 
used to measure the velocity of small partic les can be 
used also to measure the ve loc ity of larger particles 
(at least up to 100 urn). Einav and Lee (1973) used an 
LDA to measure the velocity of both liqu id  and solid 
particles 1n a laminar flow along a f la t  plate. In 
th e ir flow f ie ld  the velocity of the liqu id  and the par­
tic les  did not overlap and had a very narrow d is tribu­
tion because the flow was laminar and the large pa rti­
cles were of uniform size. Since the Doppler frequencies 
from the two phases were well resolved, the signal from 
each phase could easily be separated and the correspond­
ing velocity determined.
Carlson and Peskin (1975) used an LDA to measure 
the velocity of 214 um partic les 1n a square duct. The 
gas velocity was measured by seeding the flow with 
contaminate material of less than 10 um In diameter.
For th e ir conditions the velocity of the two phases did 
not overlap and so the signals could be separated.
Tests also were conducted using 44 um partic les, but 
with these particles 1t was not possible to separate 
the signals fo r the two phases, so only the velocity of
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44 pm p a rt ic le s  was measured. The gas ve lo c ity  was 
assumed to be the same as without the p a r t ic le s .
TEST FACILITY
The te s t  f a c i l i t y  shown in Figure 1 was used to 
produce a turbulent gas-partic le  flow with the two 
phases moving at the same ve lo c ity  at ce rta in  axial 
locations and at d iffe re n t ve lo c it ie s  a t other loca­
t io n s . The a i r ,  supplied from a large compressor and 
storage tank, was s p l it  into three sources, each with 
i t s  own pressure regulator and control va lve . The main 
flow passed through a flowmeter, then through a f i l t e r ,  
which removed a l l  p a rt ic le s  larger than 0.1 pm, and 
f in a l ly  into the top of a 10cm p lex ig las tube. The 
other two lin e s  passed through a flowmeter and then 
through a flu id ize d  bed p a rt ic le  feeder before entering 
the top of the flow tube. Approximately 2% of the flow 
passed through the f lu id ize d  beds. The main flow tube 
was f it te d  with three screens to straighten the flow 
before i t  passed through an o r if ic e  with a 2 .5  cm 
th roat. The measurements were taken in the region 
below the throat. The flow tube was mounted on a 3­
dimensional traversing mechansim which allowed measures 
to be made a t  any location in the tube without moving 
the LDA.
LASER-DOPPLER ANEMOMETER
The LDA configuration used in th is  work is  shown 
in Figure 2. The LDA was operated in the dual-beam 
(fr in g e ) mode using forward scattering . Light from the 
5 mW, He-Ne la se r was divided into two p a ra lle l beams 
and focused to a point forming the measuring volume 
with a 60 cm lens. This geometry produces a fringe 
pattern with 8pm spacing between frin g es . The co lle c ­
ting optics and photomultiplier were placed s lig h t ly  
o ff a x is  to avoid re flected  lig h t from the tube w a ll.
The counting-type signal-processing system used 
with the LDA is  shown schem atically in Figure 3. The 
band-pass f i l t e r  was used to remove the Doppler pedes­
ta l and high-frequency no ise . The incoming sig n a l, 
a fte r  band-pass f i l t e r in g , was examined v isu a lly  on a 
storage oscilloscope to v e r ify  that the signal con­
tained 10 complete Doppler frequency cyc le s . I f  the 
signal was v a lid , the average period fo r 10 cycles was 
read from the counter and entered into a computer pro­
gram v ia  a te letype . The signal from the am plifier 
(the Doppler signal with the pedestal s t i l l  present) 
also was displayed. As explained below, by comparing 
the amplitude of the signal before and a fte r band-pass
f i l te r in g  i t  was possible to determine i f  the signal 
came from a small p a rtic le  (on the order of 1 um) which 
follows the gas flow or a large (on the order of 60 um) 
p a rtic le  which does not necessarily follow the flow . A 
key le t te r  was entered with the value of each Doppler 
period to ind icate  i f  the p a rtic le  was large or sm all. 
The computer program sorted the data into two f i l e s ,  
one fo r large p a rtic le s  and one for sm all, and then 
converted the period to ve lo c ity  and accumulated the 
mean and standard deviation fo r 100 samples at each 
location fo r both large and small p a rt ic le s .
PHASE VELOCITY DETERMINATION
A typ ica l LDA signal from a p a rtic le  with a diame­
ter le ss  than the fringe spacing and a signal from a 
p a rtic le  with a diameter 7 to 8 times the fringe spac­
ing are shown on Figure 4. I t  can be seen that the 
ra tio  of the amplitude of signal before and a fte r band­
pass f i l t e r in g  can be used to separate the two classes 
of p a r t ic le s . The small p a rtic le s  have a ra tio  of 
about 1 and the large one a ra t io  of about 5. Farmer
(1972) shows that i t  is  possible to determine p a rtic le  
size  by comparing the Doppler part of the signal (AC) 
with the pedestal (DC). However, his analysis is  only 
va lid  for p a rtic le s  with diameters less than the fringe 
spacing. Since our in terest was in p a rtic le s  which 
were both sm aller than the fringe spacing and much la r ­
ger than the fringe spacing, Farmer's method was not 
applicable to our experiment. Haertig and Fleck (1974) 
show that i t  is  possible to d istingu ish  large p artic le s  
from small ones by the size of the Doppler pedestal, 
and they use th is technique to elim inate the signals 
o rig inating from large p a rt ic le s .
In our application the gas was seeded only with 
p a rtic le s  o f two sizes--sm all p a rtic le s  which followed 
the flow and had a diameter le ss  than the fringe spac­
ing and large p a rtic le s  which were much wider than the 
fringe spacing. When there was no flow from e ither 
flu id ized  bed p a rtic le  feeder, no LDA signals were re ­
ceived. When only the bed containing the small par­
t ic le s  was used, a l l  the signals received were s im ila r 
to the typ ica l la rg e-p artic le  signal shown in Figure 
4. When only the bed containing the small p a rtic le s  
was used, signals were typ ical of small p a rtic le s . 
I n i t i a l l y ,  some of the signals from a flow containing 
only small p a rtic le s  looked l ik e  large p a rtic le  s ig ­
nals. This was attributed to p a rtic le  agglomeration, 
and changes in the flu id ized  bed p a rtic le  feeder 
corrected th is  problem.
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During the actual data-taking i t  was found that, 
by adjusting the am plification of the unfiltered  and 
f ilte re d  signal and by triggering o ff the f i lte re d  
s ig n a l, small and large p a rtic le s  could be d is t in ­
guished by observing the amplitude of the unfiltered  
s ig n a l. In cases where the signal did not c le a r ly  f i t  
the pattern fo r small p a rtic le s  or large p a r t ic le s , 
the reading was considered inva lid  and was re jected . 
Haertig and Fleck (1974) reported a s im ila r method of 
separating s ig n a ls .
EXPERIMENTAL RESULTS
Figure 5 shows the expected s ize  and location of 
the rec ircu la tio n  zone downstream of the nozzle. Also 
shown are the ax ia l locations of the measuring s ta ­
tions. The s ize  of the re c ircu la t io n  zone and the 
other numerical predictions used in th is paper were 
made with a modified version of the Teach Turbulent 
program developed at Imperial College (Gosman and Pun, 
1974). This general two-dimensional code fo r parabolic 
flows was modified to a lso  ca lcu la te  p artic le  tra je c ­
to rie s (Crowe, Sharma and Stock, 1975) as well as the 
coupling between the p a rtic le s  and the gas. No e ffo rt 
was made to optimize the program fo r th is p a rticu la r 
flow f ie ld ; instead , i t  was used only to show the 
general trend one should expect.
Figure 6 shows the ax ia l ve lo c ity  of both the gas 
and the 60pm-diameter p a r t ic le s . In the nozzle the 
p artic le s  lag the gas flow , but fa rth er downstream the 
p a rtic le  ve lo c ity  exceeds the gas ve lo c ity , as the gas 
decelerates fa s te r  than the p a r t ic le s . Farther down­
stream the p a rt ic le  ve lo c ity  remains about 0 .6 cm/sec 
higher than the gas due to the terminal ve lo c ity  of the 
6ym p artic le s  in the earth 's  g rav ity  f ie ld . Figure 8 
compares the measured v e lo c it ie s  with the numerical 
prediction scheme. Radial ve lo c ity  p ro file s  a t 1.25,
15 and 38 cm from the nozzle are shown in Figure 7. No 
measurements were made in the rec ircu la tio n  zone be­
cause Bragg c a l ls  for frequency sh iftin g  the lig h t were 
not employed during th is  in i t ia l  stage of the program. 
The turbulence in ten sity  at the measuring station
1.25 cm from the nozzle e x it  was 10% for both the gas 
and p a rtic le s . I t  increased to 20% at 15 cm downstream 
and to 33% at 25 cm from the nozzle. In a l l  cases 
there was no s ig n ifica n t d ifference between the turbu­
lence in ten sity  of the p a rtic le s  and that of the gas.
CONCLUSIONS
It  has been shown that i t  is  possible to measure 
the ve lo c ity  of both the gas and the p a rtic le s  even 
when the ve lo c ity  d is trib u tio n  of the two phases over­
laps. These measurements are possible when only two 
sizes of p a rtic le s  are present in the flow f ie ld  - ­
small p a rtic le s  which follow the flow and have a d ia­
meter le ss  than the fringe spacing and large p artic le s  
which represent the disperses phase and have a diameter 
at least several times larger than the fringe spacing.
We are  presently building a signal-processing 
system which w ill d istingu ish  between large and small 
p a rt ic le s . This unit w il l  act in conjunction with a 
counting-type signal-processing u n it . Information from 
both systems w ill be fed to a micro-computer which w ill 
control the data acqu isition  and processing. Such a 
system w il l  allow a point in the flow f ie ld  to be 
measured in several minutes instead of the 30 minutes 
required by the present system.
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DISCUSSION
John S u lliva n , Purdue U n iv e rs ity : This scheme seems 
to work very well where you have such a large d is ­
crepancy in p a r t ic le  s iz e , a fa cto r of 60, in fa c t .
The problems you've mentioned in the beginning of your 
a r t ic le  are the e le c tro s ta t ic  p re c ip ita to rs , cyclone 
p re c ip ita to rs , where one has a very wide d istrib u tio n  
of p a rtic le  s ize s  and p a r t ic le  v e lo c it ie s , from 0.5 
microns to 500 microns. Can you comment on what you 
can do with a p a rt ic le  s ize  d is trib u tio n ?
Stock: The scheme we have demonstrated in th is  paper 
should only be used with p a rt ic le s  that have a bimodal 
d istrib u tio n  and that do not overlap in s iz e . A l­
though we know there is  d e f in ite ly  a need fo r systems 
that w ill work over a wide range of p a rtic le  s iz e s , we 
do not have such a scheme ye t . At the present time, 
we also  feel that the scheme developed by Farmer is  too 
re s t r ic t iv e  and is  operational over too narrow a size 
range to be completely useful fo r our purposes.
S u lliv a n : Some of the schemes l ik e  Farm er's, although 
i t  needs to be refined somewhat, are s t i l l  only op­
erable over a facto r of maybe 10 to 1, or 15 to 1.
Yet the re a l ly  important problems go over facto rs  in 
the thousands in s ize . One other question, what par­
t ic le s  did you use? What were they?
Stock: The one micron p a rt ic le s  were alumina and the 
60 micron p a rt ic le s  were g lass beads.
Lars Lading, Danish Atomic Energy Commission: What 
kind of concentration did you have?
Stock: During th is  set of t e s ts , we did not measure 
the concentration of the small or o f the large part­
ic le s ,  but we know both loadings were very low. We 
feel that, in  th is  case , both loadings were low enough 
so that the e ffe c t  of the p a rt ic le s  on the gas w il l  be 
minimal.
Lading: You e sse n t ia lly  re lied  on having only one 
p a rt ic le  at a time in the measuring volume.
Stock: Yes.
Lading: There 1s an ambiguity 1n the determination of 
the s ize  when you exceed a ce rta in  s iz e , e s se n t ia lly  
th is  ra tio  you ta lk  about goes l ik e  the f i r s t  order
Bessel function divided by i t s  argument and a fte r  the 
f i r s t  zero you get an ambiguity and you are c e rta in ly  
in trouble i f  you want to determine spectra with s ize  
ranges going one to a thousand.
Stock: Again, in our work, we used only a bimodal 
d is t r ib u t io n . We did not t ry  to work with continuous 
d is tr ib u tio n  of p a r t ic le  s iz e s . There a re , as you 
pointed o ut, ambiguities with a continuous s ize  d is ­
t r ib u t io n . We feel that th is  is  an area that should 
be looked at in the fu tu re , and, i f  a system could be 
developed that would allow  p a r t ic le  s ize  d istrib u tio n  
over wide ranges, i t  would g rea tly  enhance a l l  the 
experimental work in gas p a rt ic le  flow s.
J .  Delhaye, Centre d'Etudes Nucleaires de Grenoble:
Did you measure the so lid  fractio n  and i f  yes, did you 
compare the re su lts  w ith the so lid  flow rate?
Stock: No, we d id n 't .
Delhaye: What is  the maximum p a rt ic le  s ize  and what 
is  the maximum concentration that you can measure?
Stock: We haven’ t  t r ie d  to optimize the p a rt ic le  s ize  
or the concentration.
Delhaye: Have you tr ie d  to make some measurements 
with liq u id  drop lets.
Stock: We haven't y e t .
Barclay Jones, U n ive rs ity  o f I l l i n o i s :  We've been 
making some measurements w ith d iffe re n t techniques 
fo r follow ing the t ra je c to ry  of the p a rt ic le  in the 
turublent flow stream and are fa m ilia r  w ith some of 
the Ideas that you have described. These are d ilu te  
suspensions. In the a n a ly tic  work that you were doing, 
did you use the Basset-Bouss1nesque-0seen equation, 
and i f  so were a l l  the terms included?
Stock: In  our a n a ly t ic a l work, we are only including 
aerodynamic drag fo rces 1n the p a rt ic le  tra je c to ry  
equations. The other terms in  the Basset-Boussinesque- 
Oseen equation are extremely small because we are 
working w ith gas p a r t ic le  flows and these terms are a l l  
m u ltip lied  by the ra t io  of the density o f the gas to 
the density  of the p a r t ic le s . In liq u id  flow s, the 
other terms would be important and must be included.
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Jones: I want to point out that from the BBO equa­
tio n , i f  one includes a l l  the terms and sp e c ifie s  the 
f lu id  environment in  which you are monitoring the 
p a r t ic le s , that you can pred ict how p a r t ic le s  w ill 
respond to the sp ec ified  ve lo c ity  f ie ld .  When you are 
in the heavy p a r t ic le  range, such as you a re , the anal­
y s is  becomes somewhat simpler and we have been able to 
pred ict co rre la tio n s  and dispersions fo r wind tunnel 
re su lts  that were taken by Snyder and Lumley and to 
show good agreement. We have made s im ila r  measurements 
in water and fo r non-heavy p a rt ic le s  we show good 
agreement. Your paper is  in te resting  in th at i t  shows 
another novel scheme fo r monitoring p a r t ic le  motion in 
a turbulent f lu id  f ie ld .  In ad d itio n , I th ink  there 
is  adequate a n a ly s is  so that you can make a very good 
prediction of how the p a r t ic le s  you're considering 
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ABSTRACT
This paper covers several principles 
w h ich have been successfully developed over 
the past few years and used in the m e a s u r e ­
ment of liquid flows. In particular, 
ultrasonics, electro-magnetics, thermal 
heat transfer and optical light transmission 
will be discussed. Each concept will be 
covered by basic definitions and laws, 
theory of operation and application where 
measurement parameters will be highlighted, 
thus allowing the user to choose the best 
instrument to fit his experimental needs.
INTRODUCTION
Turbulence is basically described as 
flow in a fluid characterized by constant 
changes in direction and velocity at any 
particular point. When considering how to 
measure turbulence in fluids, the first 
methods which usually come to mind are the 
so-called traditional ones and might start 
with a pitot tube. Other devices which 
have been used are orifice plates (1), flow 
nozzles, venturi nozzles, variable area 
flowmeters, magnetic-type flowmeters, p o s i ­
tive displacement flowmeters, rotating disc 
flowmeters, impeller flowmeters, piston 
flowmeters, turbine flowmeters, coriolis 
flowmeters, gyroscopic, thermopile, ultra­
sonic, vortex shedding, heat transfer, and 
o p t i c a l .
After reviewing these and other types 
of flow-measuring devices, it is found that 
many have frequency limitations, such as 
with the pitot tube, a typical manometer, 
has a natural frequency of about 0.5-1.0 
cycles per second. When reviewing work
going on at university, government, and 
industrial laboratories, we find the need 
for a turbulence-measuring system which 
possesses the following characteristics:
Small sensor size.
S e n s itivity to very small velocity 
c h a n g e s .
High frequency response which is
suitable for turbulence m e a s u r e ­
ments .
A d a ptability covering very low, i n ter­
mediate, and high fluid velocities.
A f ter a review of the previously m e n ­
tioned flowmeters (2) and their principles 
we find that the principles which apply to 
the measurement of liquid flow and turbu­
lence are:
Transmission of sound.
Stresses by moving fluids.
Reaction rates.




U ltrasonic flowmeters (3) in large sizes are 
less e x pensive than turbine, or positive 
d i s placement meters, but are not as accurate 
as orifice plates, venturi's or e l e c t r o ­
magnetic flowmeters. The ultrasonic flow­
meter cost and accuracy is similar to, or 
lower than, the previously mentioned flow­
meters while its very low pressure drop and 
rangeability is superior.
T he ultrasonic flowmeter detects the 
time d ifference between upstream and d o w n ­
stream sound wave travel and measures the 




u - Velocity of flow 
c - Velocity of sound in the liquid 
0 - Angle of sonic beam 
D - Inside pipe diameter 
^ t - Difference between upstream and 
downstream transit times.
Because sound velocity (c) is not a 
constant but a function of liquid composi­
tion, temperature, and density, this tech­
nique requires compensation networks to 
eliminate these sources of error. Other 
limitations exist; for instance, in small 
pipes the micro-sound time difference 
becomes very difficult to measure accurately.
The technique in Figure la shows the 
wave passing through the liquid in the 
upstream direction and it is compared to 
another continuous wave directed downstream. 
The phase shift between the two is an in­
dication of the velocity. Figure lb shows 
the most widely used technique. Here, the 
velocity of the liquid is determined by 
the measurement of the difference between 
upstream and downstream frequencies. The 
frequency of a pulse is the inverse of the 
transit time; but when a frequency differ­
ence is used, the dependence upon the sound 
velocity (c) is eliminated.
u Dsin 2 9 A f
where /j F is the difference between the 
upstream and downstream frequencies. Be­
cause 6 F is proportional to u with no 
dependence upon (c), and because frequency 
difference is easily measured, this approach 
is widely used.
Figure lc shows a transducer trans­
mitting a beam perpendicular to the pipes' 
axis, deflected by the distance y which is 
a function of flow velocity, where y is the 
distance of deflection and s is the source 
strength. This method also requires compo­
sition and temperature compensation networks 
because it can measure the flow velocity 
only if the sound velocity (c) is constant. 
Another element of uncertainty is the 
dependence of the deflection on the magni­
tude of the sound s.
The Doppler-type (scatter frequency 
shift method) is used in many instruments 
in addition to ultrasonic wave lengths.
Other forms of radiation including I R and U V 
are utilized to obtain information on 
solid-particle velocity in fluidized beds, 
and to determine pollutant concentrations 
with remote sensing spectrometers. Figure 
Id shows the Doppler method applied by 
projecting sound waves along the flow path 
and measuring the frequency shift in the
return signal from the scatterers in the 
fluid. The scatterers can be solid parti­
cles or gas bubbles moving at the same 
velocity as the fluid. The frequency shift 
(difference between transmitted and received 
frequencies) is related to flow velocity 
in an equation,
2Ft V cos 0 u
where Ffc is the frequency of the transmitted 
signal, and A F is the difference between 
transmitted and received frequencies. Limi­
tations of this technique include the need 
for fluid composition and temperature com­
pensation circuits and, finally, the presence 
of scatterers. This design senses only in a 
small region where the transmitter and re­
ceiver signals cross. The advantage of this 
technique is that it can measure in diffi­
cult streams, such as slurries, fluidized 
solids, or gas-liquid mixtures, where the 
liquid is the continuous phase.
Figure le shows a common vortex- 
shedding flowmeter which uses ultrasonic 
pulse pick-up elements. Another form of the 
ultrasonic vortex-shedding flowmeter is 
built by J-Tec Associates, Inc. (4). The 
sensor counts the frequency of the vortex 
street formed behind a strut in the fluid 
flow and is not affected by changes in 
temperature, density, or pressure. A very 
low threshhold permits accurate measurements 
of speeds below the capabilities of conven­
tional sensors. The response of this type 
of flowmeter is very fast and equal to the 
reciprocal of the output frequency detected 
between the vorticies.
Figure If shows a passive ultrasonic 
device. The transducer does not generate 
an ultrasonic signal while with an active 
device it does. In this unit the ultrasonic 
sensor picks up the noise generated in the 
pipe. As flow in the pipe increases, the 
sound level also increases.
STRESSES
When reviewing stresses by moving fluids, 
methods such as vane meters, dynamic pressure 
measurements, including orifice plates and 
fluidic devices are used in various indus­
tries. (See Figure 2.)
Figure 3 shows a typical fluidic'flow­
meter (5), such as the one offered by Moore 
Products. This type of liquid flowmeter 
exploits the Coanda effect. Liquids will 
generally flow straight through this type of 
configuration, but will initially attach to 
one side wall or the other, then cycle back; 
the frequency of attachments being propor­
tional to the flow volume.
A miniature turbulence gauge utilizing 
aerodynamic lift similar to a vane meter.
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however much further developed, operates on 
the principle that the angle of attack 
fluctuations in an u n s t e a d y  flow will cause 
lift forces against an a i r - f o i l  (6) (tiny 
aero dynamic lifting s u r f a c e ) . Figure 4 
shows a flow incident on the probe with 
velocity V at some angle of attack A  to 
the probe axis. The probe is presumed to 
be aligned w i t h  the d i r e c t i o n  of the mean  
flow. In t u rbulent flow V a nd _< vary in a 
r a n d o m  fashion. T u r b u l e n c e  wi l l  act on the 
nose piece of the probe and be proportional 
to the e f f e c t i v e  angle of a t t a c k  when its 
level is not too high (less than 30 p e r c e n t ) . 
Typical sensi t i v i t y  is 1 m i l l i v o l t  per 
m illimeter of H 2O, w i t h  a frequency response 
of 10 Hz to 10 KHz.
REACTION RATES
Fluid r e action rate flowmeters, such 
as the c o r o n a - d i s c h a r g e  ane m o m e t e r  (2)
(glow discharge) use sharp electr o d e s  wi t h  
a g a p  of a p p r o x i m a t e l y  100 mm. The e l e c ­
trodes r e q uire a voltage potential of 
several h u n d r e d  volts and a current of 10 
m i l l i a m p s .
A n o t h e r  r e a ction rate technique has 
been d e v e l o p e d  to be used to study t u r b u ­
lence in the v i c inity of a pi p e  wall (7).
A reaction is c o nducted on an electrode  
mounted flush with a solid w a l l  with high 
enough volt a g e  to reduce c o n c e n t r a t i o n  of 
the reacting species to zero at the surface. 
Und e r  these conditions, the rate of reaction 
is c ontrolled by the rate of mass transfer. 
T he e l ectrode is a n alogous to a cons t a n t -  
temperature hot-wire a n e m o m e t e r  in that the 
surfact c o n c e n t r a t i o n  is k e p t  constant and 
the current flowing in the circuit is r e ­
lated to surface shear stress. For fully- 
d e veloped turbulence, the limiting t u r b ulence  
intensity is 0.32, based on the local 
average velocity.
KAGNETICS
One exam p l e  of a H a l l - E f f e c t  flowmeter 
is the e l e c t r o m a g n e t i c  f l owmeter (2). (See 
Figure 5.) T h e  principal of o p eration is 
based on Faraday's law of e l e c t r o m a g n e t i c  
induction E = BLV x 10-8 w h e r e  E is the 
e l e c t r o m o t i v e  force in volts, B the m a g n e t i c  
.field in gauss, L the e l e c t r o d e  d i a m e t e r  in 
cm, and V the velocity of the liquid in cm/s. 
T h e  law states that when a c o nductor moves 
through a ma g n e t i c  field, an el e c t r o m o t i v e  
force (voltage) is g e n e r a t e d  in a d i r e c t i o n  
mutually p e r p e n d i c u l a r  to bo t h  the magnetic  
field and the direc t i o n  of flow. In the 
opera t i o n  of this transducer, two electrodes 
located 180 degrees apart are held rigidly 
in the i n t e r - c i r c u m f e r e n c e  of the pipe. As 
the fluid moves through the constant area
of the c r o s s - s e c t i o n  of the m a g n e t i c  field, 
a voltage is p r o d u c e d  dir e c t l y  prop o r t i o n a l  
to the rate of flow. T he flow signals are 
c o n d i t i o n e d  and d i s p l a y e d  on a meter, scope, 
or strip-chart recorder. Some special 
features of this m e t h o d  are: a) c a l i b r a ­
tion is not required; b) flow d i r e c t i o n  is 
indicated; c) bo t h  mean and t u r b u l e n t  f l o w  
can be me a s u r e d  s i m u l t a neously; d) it's 
simple, portable, a nd lightweight. In 
particular, the e l e c t r o m a g n e t i c  flowmeter 
offers the d irect p r o p o r t i o n a l i t y  between 
induced voltage a nd mean flow velocity. It 
is virtually i n d e p e n d e n t  of s e n s i t i v i t y  
changes due to d i f f e r e n t  types of fluids and 
offers n o  int e r f e r e n c e  to the fl o w  (pressure 
drop) .
HEAT T R A N S F E R
H e a t  transfer methods, such as hot-wire 
and h o t - f i l m  a n e m o m e t r y  offer the most p r o ­
m i sing c h a r a c t e r i s t i c s  for the m e a s u r e m e n t  
of turbulence (8).
T he s e nsitive element of the thermal 
a n e m o m e t e r  is e i t h e r  a thin w i r e  s u s p e n d e d  
b e t w e e n  two p r ongs or a thin metal film 
d e p o s i t e d  on a q u a r t z  support. (See Figures 
6 a and b.) The w i r e  or film is e l e c t r i c a l l y  
heated, and the q u a n t i t y  of power supplied  
to it c a n  be taken as a m e a sure of the 
v e l o c i t y  of the flowing medium. T h e  m e c h a n ­
ical str e n g t h  of a wire probe is suffici e n t l y  
high for app l i c a t i o n s  in gases at rather high 
veloci t i e s  (e.g., in a t m o s p h e r i c  air up to 
sup e r s o n i c  v e l o c i t i e s ) , and in n o n - c o n d u c t i n g  
liquids at low velocities.
F i l m  probes a re used chie f l y  for m e a ­
s u r e m e n t s  in c o n d u c t i n g  liquids and replace 
wire probes in m e a s u r e m e n t s  w i t h i n  heavily 
p o l l u t e d  gas flows.
F i b e r  probes have mec h a n i c a l  and e l e c ­
trical properties that place them in a p o s i ­
tion mid w a y  b e t w e e n  hot-wire p robes and hot- 
film probes. T h e i r  v e l o c i t y - s e n s i t i v e  e l e ­
ment is a film w h i c h  is d e p o s i t e d  on the 
surface of a s h ort length of a thin quartz 
fiber m o u n t e d  b e t w e e n  the prongs of a wire  
probe. A thin q u a r t z  coat i n g  protects fiber 
and fi l m  probes f r o m  outs i d e  influences, such 
as con d u c t i n g  liquids.
T h e  c o n s t a n t - t e m p e r a t u r e  s y s t e m  e l e c ­
tronics are simple to oper a t e  and c an measure 
large v e l o c i t y  fluctuations. T he idea b ehind  
the c o n s t a n t - t e m p e r a t u r e  s y s t e m  is to m i n i ­
mize the effect of  probe thermal inertia by 
k e e p i n g  the s e n s i t i v e  e l e m e n t  at a constant 
t e m p e r a t u r e  (resistance) and using the h e a t ­
ing curr e n t  as a m e a s u r e  of heat transfer 
and hence, also, of velocity.
T h e  c o n s t a n t - t e m p e r a t u r e  principle of 
o p e r a t i o n  was f i rst p r o posed by K e n n e l l y  as 
early as 1909. However, this principle r e ­
quires a s o p h i s t i c a t e d  and w e l l - d e s i g n e d
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electronic system. (See Figure 7.) Under 
conditions of bridge balance a voltage is 
present across the vertical bridge diagonal. 
This voltage is supplied by the servo- 
amplifier. A slight change in the convec­
tive cooling of the sensor will cause a 
small voltage to appear across the horizon­
tal diagonal. The latter voltage, after 
undergoing considerable amplification, is 
fed back to the vertical bridge diagonal, 
its polarity being selected so that it will 
automatically balance the bridge. In this 
way, the temperature variations of the hot­
wire sensor are kept extremely small, and it 
can be shown that the upper frequency limit 
is increased by a factor g:
g = 2aRs
where a = (R - RQ) /Rq is the overheating 
ratio and s is the servo-amplifier trans­
conductance. Improving the frequency re­
sponse by increasing the amplifier trans­
conductance is difficult due to the appear­
ance of high-frequency oscillations in the 
closed-loop system.
The art of constant-temperature hot­
wire anemometry is therefore based on the 
design of a stable servo system having very 
high closed-loop gain, and a well-balanced 
differential amplifier having flat charac­
teristics from dc to high frequencies.
In turbulence measurements, the band­
width is limited by the spatial resolution 
of the probe, but a high system bandwidth 
reduces phase shift and now can be utilized 
in liquid turbulence measurements.
Recent advances in anemometry circuitry 
allow a building-block-instrument with a 
variety of plug-ins, thus allowing the 
researcher to optimize the instrument for 
his particular experiment (9). By means 
of a special feedback network, either a 
flat- or shaped-frequency response cam be 
obtained. Thus frequency response can be 
optimized for a film probe used in liquids.
In this particular case, the amplifier has 
the same gain at 100 KHz as when strapped 
for flat-frequency response, but its gain 
increases with decreasing frequency response 
of the film sensor towards a maximum gain 
figure of 70,000. Typical problems encoun­
tered when using hot films are mechanical 
breakage, surface contamination, frequent 
calibration (i.e., correcting for differences 
in the test fluid and calibration fluid), 
electrical insulation of the film from con­
ducting liquids.
Film probes, wire coils, and other 
semi-conductor elements are used as sensors 
for present vortex-shedding flowmeters (11). 
The present vortex-shedding flowmeter was 
developed through a series of studies which 
included the vortex whistle, a modified
vortex whistle and finally, the swirl meter 
which was the predecessor to the present 
vortex flowmeter (9). (See Figure 8.)
The principle of operation of the liquid 
vortex flowmeter is based on a form of 
natural oscillation called vortex shedding. 
Studies of flow around immersed bodies indi­
cate that flow patterns at high velocities 
generate a wake behind a cylinder or other 
nonstreamlined body. This wake is compr i s e d  
of an orderly series of vorticies a l t e r n a ­
ting in position about the centerline of the 
body. These vorticies create classic streak 
patterns described and analyzed by V o n  K a r m a n  
in 1911. The alternating vorticies detach 
themselves from the boundary of the body and 
produce a zone of low pressure at the rear 
which shifts from side to side producing a 
variable side thrust. Over a range of 
Reynolds numbers, the frequency with which 
the vorticies are shed is linear with the 
incoming fluid velocity and therefore the 
frequency generated is directly related to
the volumetric flow rate. Depending upon 
the meter diameter, the lower Reynolds 
number limits functioning at a velocity 
of 1 - 15 fps. A common example of the 
vortex shedding is a flag flying in the 
wind. The fabric of the flag positions 
itself between vortices and the vortices 
move along the flag causing it to wave 
or ripple.TThe flag does not wave regular­
ly, because among other factors, the in­
coming flow pattern is nonconsistent and 
therefore the size of the vortices are non­
uniform. The effect can also be seen in the 
flow around and behind a rock in the bed of 
a stream. Sensing techniques currently being 
used are front-face thermistors, central 
thermistors and external thermistors. (See 
Figure 9.)
LIGHT
The laser doppler anemometer (12) is a 
type of optical flowmeter utilizing the 
scattering of light. Applications to date 
have mainly concentrated on laminar flow 
studies or statistical properties of turbu­
lence. However, instruments are now avail­
able which can continuously monitor a wide 
range of instantaneous velocities at specific 
points in a flow stream. The laser system 
provides spatial resolution an order of 
magnitude better than that of a hot-wire 
anemometer and offers directional sensitivity 
and easy measurement of two- and three­
dimensional flows. In addition, the instru­
ment does not disturb the flow; measures at a 
point and requires no calibration. It is 
therefore particularly useful for the study 
of flow stability, boundary layers, two- 
phase flow, and flow in narrow channels
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where the absence of physical contact and 
disturbance is important. Laser anemometers 
are also useful for flows which are too 
hostile for in-stream probes. Chief limita­
tions are that the fluid medium must be 
transparent and contain suitable scattering 
particles.
In laser anemometry, a laser beam is 
used to sense the velocity of the flow.
When the beam passes through the fluid flow, 
the light is scattered by particles in the 
fluid. The scattered light is interpreted 
by opto-electronic means to determine the 
flow velocity. (See Figure 10.) The 
scattered light from the moving particles 
is Doppler shifted. The Doppler frequency 
of the light f^ is related to the velocity 
by the vector equation:
fD = -=r- V ‘(es - e L )
•X.
where
^ s, ®i* unifc vectors of the scattered 
and incident beams
^  , wavelength of laser light
V, particle velocity vector
It can be seen from the fD equation that 
the Doppler frequency is directly propor­
tional to the particle velocity. (See 
Figure 11.)
The optics of the laser anemometer can 
be operated in several modes:
1. The reference-beam mode may be used to 
advantage when the concentration of 
scattering particles in the flow media 
is fairly high. The alignment tolerance 
necessary for the hetrodyning process is 
uncritical making this mode easy to use. 
(See Figure 12.)
2. The differential mode, using two inci­
dent beams of equal intensity (also 
known as the fringe method because the 
beams form a fringe pattern in the 
volume of intersection) is used where 
the intensity of scattering particles 
is low. In this case, scattered light 
can be picked up over a wide range since 
the differential Doppler frequency is 
independent of the direction of detec­
tion. (See Figure 13.)
3. The differential-Doppler mode on back- 
scattered light. Using the backscatter- 
ing mode, the flow is measured from only 
one side which may be very useful. Even 
with high concentrations of scattering 
particles in the flow, this mode re­
quires a powerful laser (1-5 watts).
(See Figure 14.)
The main advantages of a laser Doppler 
anemometer are that it is unaffected by 
pressure, temperature and flow reversals, 
free from cross talk, and the output is
linear. However, the medium must be trans­
parent and it must contain scattering parti­
cles as previously mentioned. A number of 
laser Doppler anemometry parameters must 
usually be examined before the experimenter 
can get fully into his work. They are:
1. Budget
2. Experiment velocity range
3. Particle size
4. Particle concentration
5. Aperature and pinhole sizes
6. Laser power
7. Optical mode of operation
8. Type of signal processor required 
(tracker or counter type)
9. Photomultiplier - constant voltage 
or constant current operation
10. Estimate of velocity broadening 
(transit time)
CONCLUSION
The broad range of instruments covered in 
this paper inadvertently demonstrates that fre­
quency response is a term which is open to 
interpretation. Within the fields of medical, 
scientific, and industrial research are in­
cluded applciations where a fluid is considered 
turbulent if there are fluctuations as low as
0.1 cps.
The laser-Doppler anemometer has been in 
use for a relatively short time (eleven years) 
and has not yet begun to reach its fullest 
potential as an experimental tool. However, 
to date, it has proved to be the instrument 
which provides the widest frequency response 
with the best spatial resolution.
SYMBOLS
u Velocity of flow
c Velocity of sound in the liquid
e Angle of sonic beam
D Inside pipe diameter
t t Difference between upstream 
downstream transit times
and
I f Difference between the upstream and 
downstream frequencies
Ft Frequency of the transmitted signal
Angle of attack
E Electronic force in volts
B Magnetic field in gauss
L Electrode diameter in cm.
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S Y M B O L S  (cont.)
g Non - d i m e n s i o n a l  gain
a Overheat ratio (R-R0)/R0
R Resistance
s Se r v o - a m p l i f i e r  transconductance
^S' ^i Unit vectors of the scattered and 
incident beams
^  Wave length of laser light
V Particle velocity vector
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DISCUSSION
V. Goldschmidt, Purdue: A r e  you planning any 
un i q u e  new developments?
Humphrey: I w o u l d  say that one of the major
areas of d e v e l o p m e n t  will b e  in the devoted 
m i n i - c o m p u t e r  interface.
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ABSTRACT
Measurements were made of the turbulence in te n s ity  
of blood of vario us hematocrits (volume percentage of 
red c e l ls  in blood) flowing through an o r i f ic e .  The 
maximum re la t iv e  turbulence in te n s ity  was found to oc­
cur in the hematocrit range of 20% - 30*.
INTRODUCTION
I t  is  well known that some m ateria ls  ( i . e .  long 
chain polymers) when added to liq u id s  may diminish the 
turbulence w hile  other m ateria ls  may increase the tu r­
bulence. Up u n t il th is  present research , l i t t l e  was 
knok»n about the e ffe c ts  of red blood c e l ls  (e ry thro­
cytes) on turbulence in blood.
The e ffe c ts  that red blood c e l l s  have upon the 
turbulence of flow may be of p ra c tica l s ig n ifica n ce .
We have found h igh ly d isturbed , prcbably turbulent flow 
*nthe thorac ic  aorta of normal p a tie n ts , and d e f­
in i t e ly  turbulent flow occurs downstream to stenotic 
a o rt ic  valves of p a tie n ts , Ste in  and Sabbah (1975). A 
v a r ie ty  of pathophysiological conditions appear to be 
a ffected  by turbulent flo w . The present authors have 
previously shown that turbulent flo w , under laboratory 
cond itions, contributes to thrombus formation, Stein 
and Sabbah (1975) and Sm ith, B l ic k ,  Coalson, and S te in
(1972 ). Others have produced evidence that hydraulic 
fa c to rs , H irphy, e t . a l .  (1962) and turbulence, Sako 
(1962 ), may contribute to a th e ro sc le ro s is . D istu r­
bances of flow also  have been shown to produce intim al 
damage of blood ve sse ls . F ry v '?C 8 ). Turbulent blood 
flow in v it ro  appears to augment the s ic k lin g  process 
of blood taken from p atien ts with s ic k le - c e ll d isease, 
Ste in  and Sabbah (1974).
In the present study a determination Mas made of 
the contribution to the in te n s ity  of turbulence of the
volume percentage of red blood c e l ls  in blood. I t  wao 
hoped that th is  study may add information concerning 
the re la tio n sh ip  between turbulence and diseases of the 
c irc u la to ry  system.
METHODS
The in v e s tig a t ive  methods can be briefly summar­
ized as fo llo w s : Blood of various hematocrits, and 
plasma of comparable v is c o s ity  and density was caused 
to flow in  a turbu lent fashion through an in vitro 
flow  system (F ig . 1 ) . The v is c o s ity  of the plasma was 
made equal to th at of blood by the addition of dextrose. 
The density of the mixture of plasma and dextrose was 
w ith in  0.5% of the blood. The in te n s ity  of turbulence 
of the blood was compared to that of the plasma at equal 
Reynolds nunbers. The contribution to turbulent flow 
produced by red blood c e l ls  thatv;as independent of vis­
c o s ity  and density was therby determined.
The in v it ro  flow  system consisted o ' a plexiglas 
re se rv o ir  attached to a smooth tube of 0.6 cm internal 
diameter and 180 on in  length (F ig . 1 ). Since the first 
pressure port was over 100 diameters from the in le t ,  a 
f u l l y  developed v e lo c ity  p ro file  should be present at 
t h is  point fo r conditions of flow with Reynolds numbers 
below 2 ,000, Langhaar (1942). Aturbulence producing 
o r i f ic e  0 .2  cm diameter was inserted at the downstream 
end of the tube. Turbulent flowoccurred downstream 
from the o r i f ic e .  Thus, at appropriate Reynolds numbers, 
there was laminar flow  upstream from the o r i f ic e ,  and 
turbu lent flow  downstream from the o r i f ic e .  The random, 
flu c tu a tin g  v e lo c it ie s  associated with the turbulent 
flo w  were measured w ith a ho t-film  anemometer. The 
sensing element of the hot-film  transducer was 4 .0  cm 
downstream from the turbulence producing o r i f ic e ,  and 
along the m idline of the a x ia l stream of flow . The 
blood or equally viscous plasma flowed past the hot-film  
transducer through a cannulatlng electromagnetic flow 
transducer and into a co lle c tin g  chamber.
Constant flow through the te s t  device was produced 
by a high pressure oxygen and va lve  system. Pressures 
were adjusted to cause flows w ith in  the upstream portion 
o f the tube to be laminar (below a Reynolds nunber of 
2 ,0 0 0 ). Flow downstream from the o r if ic e  was found to 
be turbulent at Reynolds numbers as low as 250. The 
Reynolds number at the o r if ic e  was calcu lated on the 
basis of the diameter of the tube and the mean cross 
sectiona l v e lo c ity .
The apparent v is c o s ity  of the flowing blood o*- 
plasma was ca lcu la ted  by the P o ise u ille  equation 
(v is c o s ity  s iP r.r*/8LF where ^ p re ssu re , r*tube rad i- .s i 
l *  tube length and F*flow rate).
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A mlnature wedge type probe (1232-NACL) with a 
quartz coating was used with a TSI In c . 1050 constant 
temperature anemometer and a lin e a r iz e r  to analyze the 
turbulent flu ctu atin g  v e lo c it ie s . The probe was dipped 
In a s ilico n e  so lu tio n , washed with w ater, and allowed 
to dry overnight. Th is minimized adhesion of red blood 
c e l ls .  No signal d r i f t  was experienced. The base of 
the probe occupied 6 percent of the cross sectional area 
of the tube. The sensor o f the h o t- f i ln  probe was placed 
at a distance of twenty diameters from the o r if ic e  and 
on the ax is  of flow in order to measure flu ctuating  
v e lo c it ie s  w ith in  the region of f u l ly  developed turbu­
lence. The existence of turbulence was documented by 
measurement of the longitudinal components of the ran­
dom flu ctuating  v e lo c it ie s  w ith in the turbulent je t .
The instantaneous ve lo c ity  along the cen te rline  of the 
ax ia l stream of flow was defined as U + u where U rep­
resents the time-mean ve lo c ity  at the point of measure­
ment and u represents the flu ctu a tin g  component. The 
violence of the random flu c tu a t io n s , u ' ,  was measured 
as the root-mean-square value o f the flu ctuating  compon­
ent o f v e lo c ity , Hinze (1959 ),and thus defined the ab­
solute in te n s ity  of turbulence. The re la t iv e  in te n s ity  
of turbulence (dim ensionless) was defined as u '/U , the 
ra tio  of turbulence in te n s ity  to time-averaged mean 
ve lo c ity  Hinze, 0959 ). The hot-film  probe was c a l i ­
brated at only the lowest blood hemotocrit.
Flow w ith in  the system was measured by attaching 
the flow tube to a cannulating electromagnetic tran s­
ducer. The transducer was ca lib ra ted  with each of the 
various liq u id s by u t i l iz a t io n  of a stopwatch and a 
graduated c y lin d e r . Average v e lo c ity  along the cross 
section of the tube was ca lcu lated  as the ra t io  o f flow 
to the cross sectional area .
A ll studies were performed on heparinized human 
blood. Blood of hematocrits 10, 20, 30, and 40 percent 
was prepared by combining the red c e l ls  and plasma at 
appropriate concentrations. The red c e lls  were c e n tr i­
fuged out of whole blood taken from a blood bank. The 
v is c o s ity  of the te st samples of plasma was made equal 
to the v is c o s ity  o f the corresponding samples o f blood 
by the addition of a so lution of dextrose 1n sa lin e .
A cone-1n-plate viscometer was u t il iz e d  fo r the prepara­
tion of these samples. However, the v is c o s ity  as c a l­
culated from the P o ise u ille  equation under the condi­
tions of the study, was u t il iz e d  fo r the ca lcu la tio n  of 
the Reynolds mxnber. The d ensitie s of both the blood and 
plasma were measured w ith a hydrometer. The density of 
plasma d iffe red  from the blood by le ss  than 0 .5  percent.
RESULTS
The random longitud inal flu ctu a tio n s of ve lo c ity  
along the cen te rline  of the a x ia l stream of flow are 
il lu s tra te d  fo r a blood w ith a 30* hematocrit (30* red 
c e l ls  by volume) (F ig . 2 ) . The magnitude of the f lu c ­
tu a tio n s , which correspond to the absolute in te n s ity  of 
turbulence is  noticeably greater with the sample of 
blood than with the plasma at a comparable Reynolds 
number.
The absolute in te n s ity  of turbulence, shown as a 
function of the Reynolds number, is  shown fo r  30* hemat­
o c r it  blood and plasma (F ig . 3 ) . As shown, a t a hemat­
o c r it  of 30 percent, the in te n s ity  o f turbulence o f the 
blood was about twice as great as that of plasma. The 
addition of more c e l l s ,  (hematocrit 40*) caused a re ­
duction of the d iffe rence  of the in te n s ity  of turbulence 
between blood and plasma.
The re la t iv e  in te n s ity  of turbulence (u '/U ) reached 
a maximum fo r a l l  Reynolds numbers tested a t a hemato­
c r i t  of about 20* (F ig . 4 ) . With fu rth e r increments or 
reductions of the hematocrit the re la t iv e  in te n s ity  of 
turbulence diminished.
DISCUSSION
The v is c o s ity  of blood a t the condition of flow 
w ith in  the te st system was ca lcu la ted  by u t i l iz a t io n  of 
the P o ise u ille  equation. This permitted a more accurate 
estim ation of v is c o s ity  than could be obtained by u t i l ­
iza tio n  of a viscometer because the shear rate in the 
region of the o r if ic e  was not re ad ily  ca lcu la b le . Since 
plasma 1s a Newtonian f lu id ,  v is c o s ity  measured a t any 
shear rate  would be constant. U t i l iz a t io n  of a viscom­
eter for measurement o f the v is c o s ity  of the plasma 
served as a check of the accuracy o f the v is c o s ity  as 
ca lcu lated  by the P o ise u ille  equation. The d ifference 
of v is c o s it y , as measured by the two techniques, was 
le ss  than one percent.
The c h a ra c te r is t ic s  of flow in the region o f an o r i­
f ic e  have been studied in d e ta i l ,  Pai (1954), Hinze (1959) 
For th is  reason, an o r i f ic e  was u t il iz e d  1n th is  system 
in order to produce turbulence. In the region o f turbu­
lence, the local minimus ve lo c ity  along the cen terline  
of the a x is  of flow does not disappear before an ax ia l 
d istance of about 20 diameters of the j e t ,  Pai (1954). 
Although a s im ila r ity  of mean ve lo c ity  p ro file s  is  e ffe c ­
t iv e ly  reached at 8 or 10 diam eters, real kinematic sim­
i la r i t y  is  not reached u n til about 20 diam eters, Pai 
(1954). In th is  study, the longitud inal ve lo c ity  compon­
ents of the random flu ctu a tio n s in d ica tiv e  of turbulence
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were measured. Measurements were made at a distance 
of 20 o r if ic e  diameters along the centerline of the 
axis of flow , which was in the region of fu l ly  devel­
oped turbulence.
Density varia tio ns a ffe ct the ch a ra cte ris t ic s  of 
je ts  only s l ig h t ly , Hinze (1959). The density of blood 
was w ithin 0.5% of the samples of plasma u t iliz e d  in 
th is  study.
Although the lite ra tu re  is  sparce, we are aware of 
two studies of turbulence in tensity  in  f lu id s  contain­
ing p a r t ic le s , Michael (1964) and Pfe ffe r and Kane
(1974). Glass beads of 36y diameter were shown to in ­
crease the re la t iv e  in tensity  of turbulence in a gaseous 
stream flowing a t high Reynolds numbers, P fe ffe r and 
Kane (1974). The e ffe c ts  however appear to be dependent 
upon the s ize  of the p artic le s  Michael (1964).
The mechanism of the peak e ffect of turbulence fo l­
lowed by a suppression of turbulence at higher hemato­
c r i t s ,  as observed in th is  study, may be explained by 
the obervations of Soo (1967). With re la t iv e ly  few 
p a rt ic le s , there are large fluctuations of ve lo c ity  in 
the wakes of the p a rt ic le s , which resu lt in  a high in ­
tensity  of turbulence. For a larger concentration of 
p a rt ic le s , the dense cloud of partic les s ta rts  to be­
have more as a continuum or f i l t e r  which dampens the 
motion of the f lu id . Hence, i t  would seem reasonable 
that as the hematocrit was increased beyond a certa in  
value, the in ten sity  of turbulence would probably s ta rt  
to decrease.
In sumnary the concentration of red blood c e lls  
appears to a ffe c t the in ten sity  of turbulence of blood. 
Blood of hematocrits 10% to 40% shows more turbulence 
than does plasma of v ir tu a l ly  equal v isco s ity  and density 
flowing at equal Reynolds numbers. The presence of 
c e l ls  1n suspension tends to increase the turbulence.
A maximum re la tiv e  turbulence in tensity  was found to oc­
cur with blood containing approximately 20% red c e l ls .
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DISCUSSION
E. M. Moffat, United A ircraft Corp.: What sort of 
probe were you using?
Blick: The probe was a hot-film wedge 1232 NACL with 
a quartz coating and we used a TS1 1050 constant 
temperature anemometer.
Moffat: Did you examine the probe and see whether 
or not this varying increase in intensity might be 
due to some fouling on the probe?
Blick: Yes they were examined and no evidence of 
fouling was seen.
Moffat: The reason i t  came to mind is that the shape 
of the curve you showed here is the same as the shape 
of the curve that Tom Morrow produced in his study of 
fouling on wires. I don't recall what Tom did on 
wedge probes, but he found the f ir s t  incidence of 
fouling is to increase the sensitiv ity and cause 
faulty high readings, and then as the layer of sedi­
ment and stuff on the wire bu ilt up, i t  would decrease 
the sensitiv ity again and f in a lly  would fa ll below 
the clean calibrations.
G. K. Patterson, UMR: In response to Dr. Moffat's 
conments, i t  seems as i f  he may be confusing an un­
steady state effect (flapping l in t  causing high 
intensity, for instance) with a steady-state fouling 
effect. That leads me to ask whether equilibrium was 
rea lly established on these probes. When turbulence 
intensity was being measured, was that constant for a 
good length of time?
Blick: Yes the signal remained constant for a long 
period of time. We had some experience in using the 
probes in live  dogs and had the electric signal fade- 
out due to material collecting on the probe tip . We 
la te r injected heparin in the dog's blood and no tip 
fouling nor signal fade-out was experienced. In this 
present study the blood had been heparinized. Heparin 
is an anti-coagulant additive.
Patterson: I t  seems to me that what Dr. Moffatt was 
talking about is really something that should change 
with time rather than with concentration of particles 
of the red blood cells. The other thing is that in 
everything that I have seen for the fouling of wedge
probes, and we've used them a lo t, the turbulence 
intensity has always gone down but I think that might 
have a l i t t le  b it to do with size of particles that 
are coating out on i t ,  and whether secondary tu r­
bulence is generated on the sensor surface its e lf  or 
not. Another thing different between wedge probes and 
cylindrical probes is that for the wedge,sensing takes 
place primarily in a stagnation region whereas in 
cylindrical probes sensing is also influenced by the 
heat transfer that's occurring a ll around the cylinder. 
This can cause their behavior to be quite different 
under fouling conditions.
Lindon Thomas, Univ. of Akron: We have made measure­
ments in v itro  and in vivo blood with conical and 
flush-mounted probes and found that, f irs t  of a ll,  
periodicity is increased with the addition of polymer. 
You're talking about an effect that is sim ilar to the 
drag reducing effect that you find with the addition 
of polymer. Also, you made comments about the poten­
tia l helpfulness of the use of increased hematocrit 
in connection with the decrease of atherosclerosis, 
perhaps the relationship between turbulence and the 
generation of that disease. I want to mention b rie fly  
that we have run an experiment where we fed rabbits 
high cholesterol diets. One of the groups was in­
jected with drag reducing additives and there were 
enormous differences in the fatty deposits in the 
arte ria l system. I believe that these findings of 
ours supplement what you're reporting here.
Ronald Humphrey, Disa Electronics: What overheat 
ratio  did you use?
Blick: The overheat ratio  was 1.2.
Humphrey: You would get this fouling or coating i f  
you tried to get too hot, like  using i t  in plain 
water above 1.05 or 1.08.
R. V. Edwards, Case Western Reserve: Have you tried 
the same measurements with rig id  red blood cells?
There may be a difference in the results compared 
with those for flex ib le red blood cells.
Blick: These were red blood cells taken from the blood 
bank and added to the plasma and as far as I under­
stand they are s t i l l  flexible. I t  might be interesting 
to run the tests with rig id cells. We may do this.
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THE LASER ANEMOMETER SIGNAL
CHARACTERISTICS OF  LASER ANEMOMETER SIGNALS AND 
FREQUENCY DEMODULATORS FOR HIGHLY SEEDED FLOWS
Robert V. Edwards
Department of Chemical Engineering 
Case Western Reserve University 
Cleveland, Ohio 44106
ABSTRACT
An analysis of the general characteristics of 
laser anemometer signals for liquid flows is made. 
Three detection schemes are analyzed:
(1) Spectral analysis of the photodetector 
output,
(2) frequency trackers, and
(3) counters
Where known, the strengths and weakness of each method 
are analyzed.
INTRODUCTION
There have been many analyses of the signal from 
laser anemometers. However, not much has been written 
on the behavior of real detectors of the signals. It 
is our Intention here to outline the basic charac­
teristics of the laser anemometer signal and to illus­
trate the effect of those characteristics on the 
behavior of various detectors. Mathematical and 
physical rigor will occasionally be sacrificed in the 
interest of clarity of the presentation. It is hoped, 
however, that enough details and references are 
Included to enable the reader to perform a detailed 
analysis of any particular problem of interest. The 
discussion will be restricted to systems with high 
scattering particle densities such as are encountered 
in liquid flows.
Most motion measurements by light scattering take 
direct advantage of the coherent properties of laser 
light. In this context, coherence can be defined as 
the ability of the light to form sharp diffraction 
patterns. Other light sources can be used to generate 
diffraction patterns, indeed diffraction patterns have 
been studied for decades, even centuries before the 
advent of the laser. However, the laser is an intense 
source of coherent light and "more coherent'' than 
thermal light sources or even line sources such as 
filtered hollow cathode lamps. It is for this reason 
lasers are used in practical systems.
Let us reconsider Young's Double Diaphragm Experi­
ment. (See Figure 1.) A coherent source of light 
impinges on a screen with two slits in it. A diffrac­
tion pattern consisting of alternating rows of bright 
lines and dark lines is formed on another screen placed 
beyond the slits. The dark lines are where the light 
from the two slits arrives out of phase and canel. The 
bright lines are where the light from the two slits 
arrive at the second screen in phase. It is a simple 
matter to compute the position of the bright lines (y) 
if one knows:
(1) The light wavelength,( X )
(2) the slit spacing (d), and
(3) the distance between the screens (R)
"> = 1 , 1
To get an idea of the fringe spacing, let
X =. 6 . 3 2 8  x I0“ S cm 
d  = 0 * 2 *  c  ™
R  = 100 cm
-  io o „  =
0  0 . 2
Suppose one removes the second screen and substi­
tutes a moving point scatterer (such as a small dust 
particle) and lets it move in the plane of the screen. 
Let the light from the scatterer be detected by a light 
detector placed in a position out of direct illumination 
by the slits but able to see the scatterer. (See 
Figure 2.)
The detector sees light from both slits scattered 
from the particle. In the travel from the particle to 
the detector, there is no relative phase shift of the 
light from the two sources, so that the particle is
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perceived to be bright or dim depending on whether the 
light arriving at the particle from the two slits is 
in phase or not. Let the particle now move vertically 
at a steady velocity V. As long as the particle is 
visible, it v;ill generate a sinusoidal signal of 
frequency V.^- , where all the symbols have the same
meaning as before. A signal has been generated at the 
detector whose frequency is proportional to the 
velocity of the particle.
The above simple experiment describes the funda­
mental operation of laser anemometers and was pre­
sented in order to set the stage for the following 
presentation that will not use the notion of a 
"Doppler" shift, nor the terminology that accompanies 
that notion.
Consider now a more practical version of Young's 
Double Diaphragm Experiment. (See Figure 3.) These 
two configurations are the most popular for laser 
anemometers. In both configurations, the signal at 
the detector is determined by the interaction of two 
mutually coherent light beams from the same source.
At the detector, a bright particle is seen if the 
particle is in a position where the beams are in phase 
and dark if the beams are out of phase.
Now, let's consider the E-field at a detector 
from a collection of particles whose positions at time 
t are given by r^Ct).
For a dual beam system (Figure 3a), the total 
E-field at the detector is the sum of the E-fields 
Scattered from the two beams incident on the measure­
ment volume.
£d(*) = L  Rtf»«)e
‘• (k I - K jH - . w
e
The functions and ? 2 are amplitude weighting 
functions for the beams E^ and E2 . The phases of the 
beams aocriving at the particle n is given by the terms 
g 1*'* n and g  . The additional phase
change of the Jieaa. down to the detector is given by 
terms
The photodetector current is proportional to the 
intensity which is the square of the E-field, i.e., 
EE*. For the dual beam system:
r.
C /  >1 *•»
n
where R *  is real part.
The first two terms are not determined by inter­
ference between the two incident beams. They are 
determined by interference of the light from one beam 
scattered by two or more particles. When computing the 
autocorrelation or spectrum of the photodetector 
current, one finds that these terms are dependent on 
the relative motion of the particles and thus under 
normal circumstances (a small measurement volume), 
represents velocities much lower than the velocity of 
a particle. The spectrum for these terms is centered
at 0 Hz and thus is not of interest to this discus-
(2)sion . It is normally filtered out of the signal 
before detection. We will neglect it. The third term 
can be rewritten,
L C t )  =.
' ' C  »
Y j  R  !<,)• £ , -  i  ( K i  K j)  • .
h + n
The first term is the so-called "incoherent" term 
and essentially the vector sum of the signals from each 
individual particle. The second term is the so-called 
"coherent" term and it represents the interference 
between the E-field from pairs of particles scattered 
from two input beams (K^ and Kj). Normally, laser 
anemometers operate with rather low f number optics and 
under these circumstances, the coherence term is 
negligible compared to the incoherent term (3). So, we 
have left:
k  f L  R t f . rM)}
n
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» R efe PRPfc(t))e "^y^whereP3 f** and R ~  j(,"K»
•A f  ^1The vector K is referred to as the scattering 
vector. It is a vector perpendicular to the planes of 
the interference pattern and its magnitude is given
by: l*l = a?  7 Sin®. , where TJ
is the refractive index of the medium where the beams 
intersect and d  is the angle between!^ and K^, and
is the vacuum wavelength of the laser.
For a reference beam system (Figure 3b), the
E-field at the detector can be written
£ / * ) = £  p (5 w )e ‘^ ' ^ ' r" w  +  A
n
where A is the amplitude of the second beam (K^) at 
the detector since it is not scattered. The phase of 
this beam has been assumed to be zero at the detector.
r .Z  \ ^ ^  . j.
. V  ,, i ( f t -* ,)-& »>  {■ + A L  f?(r»w) e v 1 J
The first term A is a constant since we assume the 
one beam is not scattered (a reference beam). The 
second term, as in the previous section, represents a 
low frequency term due to interference of the light 
from pairs of particles scattered from one beam.
Again, this term will be discarded. The reference 
beam system thus results in a similar expression to 
that of the dual beam system. ^
; £ ( ? ( & * ) )  e i K ' * w
h
We now have, for both configurations of the laser 
anemometer, a similar expression for the instantaneous 
intensity at the photodetector as a function of the 
particle positions.
It is instructive to compute the spectrum or 
autocorrelation function of the photodetector current. 
By the Ueiner-Khintchine theorem, the autocorrelation 
is the temporal Fourier transform of the spectrum and, 
of course, vice v e r s a A s  we will see later, one 
can learn much about the expected behavior of various 
detectors from these functions.
The photodetector current can be rewritten:
■ / j\  o V " p> d  a ■* / \\ ^  A  ^ )?e>, P ( r ne+ e  e
n
where r»e the initial position of the nch particle 
and is the change in position of the nc^ particle
in time t. This format allows for the possibility
that the particles may accelerate during the time thev 
are observed.
We will assume that the flow field is such that a 
particle does not accelerate appreciably in the time it 
takes the particle to traverse one fringe spacing. 
Indeed, if this condition isn't fulfilled, one can no 
longer speak of "Doppler shifts" or velocity measure­
ments (5).
With the above assumption, the autocorrelation 
R(T) can be written(5)
R ( r ) = 5 5 1 R = f
c ] ( .V (r ) t
R f ) p ( r .5 ( ^ ) Y ( v ( 0 ) e  df dir
-Oo
where P( ) is the amplitude weighting function for the 
detected E - f i e l d , ) is the velocity probability' _k
density for a velocity V  , and p  is the density of 
particles.
The spectrum, S(Hl), of the signal is the temporal 
Fourier transform of R ( T ) ^ .
The mean,CO , and variance, A W 1, of the spectrum 
can be computed from the autocorrelation^^
a w ’  =  -  I & L / r ^  _ ^
Since it is our purpose here to elucidate the 
general principles of laser anemometer detector, some 
assumptions will be made to simplify the mathematical 
expressions while retaining the essential behavior of 
the system. We assume:
(1) The K vector points in the direction of the 
mean flow which is lined up in the x-direc- 
tion.
(2) The velocity fluctuations probability is 
independent of position.
(3) The contribution to the autocorrelation from 
particles moving perpendicular to K is neg­
ligible (see Equations 35 and 36 in reference 
5).
(4) The gradient in velocity is perpendicular to 
the direction of the mean flow.
(5) The amplitude weighting function can be 
written:
P(f)= fjj(*) P ^) PT (i)
None of the assumptions above are necessary to do the 
analysis, however, they approximate accurately many 
physical situations. With the above assumptions, the 
velocity component in the x-direction can be written:
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w h e r e• U i  =  ;  h e r e  , * )
INSTRUMENT RESPONSE
is the mean velocity as a function of y and z, and
is the fluctuating component of the velocity. 
X lThe time average of is zero. Now,oO *
RW = f|| Qjfo
where “ Q ^ T )  = f R W  S ( *  ♦ V i ' O d x
The spectrum S(G)) for positive^, can now be computed 
(See Figure A).
SM= f K f e  ^
Awhere Qx is the spatial Fourier transform of Qx .
The first two moments of the spectrum can be 
computed.
•o
»  = £  [ff(K^ +i V * <,«'
- ao
Since Px is square integrable, it can be shown that 
Q , ( o ) ^ o ,  thus
S=4)jflKW'0*.1) ; r » ) d* di Jv»
= + j  Kifc’lfo a **
By definition,
J  viYiv.) dirj = V x' -  0  , thus
The quantity VJJ is the amplitude weighted mean 
velocity seen by the laser anemometer (2,11)
- £ , j  * - V - t f )  -  * * *
••
Q~(o) has been approximated by —  -JC, where 0^
is the characteristic length of the measurement
A<o* s  ( ^ ( V - v / )  +• « V
volume in the flow direct ion(~^ .
where Vif' is the amplitude weighted mean square 
velocity seen by the velocimeter.
Spectrum Analysis (Autocorrelograph)
There exist instruments that will measure directly 
the autocorrelation or spectrum of a signal. At 
present, the most popular form of spectrum analyzer is 
a tunable filter with an amplitude detector attached.
As the filter is tuned through a given frequency range, 
the output is a signal proportional to the square root 
of the power in the filter bandwidth. If this signal 
is squared and stored, an accurate representation of 
spectrum of the signal can be obtained(13). The opera­
tion of this type of spectrum analyzer is akin to that 
of a standard AM radio. These devices are relatively 
slow in that the filter can only see a small part of 
the signal at a time.
Another type of device used to obtain the auto­
correlation or spectrum of a signal is parallel 
processors that use all of the signal from a given time 
period to construct the spectrum. A computer Fast 
Fourier Transform routine or commercial correlation 
computer are typical devices of this kind. These 
machines can measure the spectrum to a given degree of 
accuracy two or three magnitudes faster than can a 
tunable filter type. Any instrument corrections to 
spectrum obtained in this fashion are well known and so 
will be ignored in this analysis.
As was shown above, the mean frequency of the spec­
trum obtained by direct spectral analysis of the photo­
detector output is the amplitude weighted mean of 
velocity in the sample region. This measured velocity 
is not necessarily the velocity at the center of the 
measurement volume. However, the correction is caused 
chiefly by the curvature of the velocity(H) and is 
only on the order Q25 where <Tt is
the characteristic dimension of the measurement volume 
in the direction of the gradient. Measurement volumes 
are usually too small to sample much of the curvature 
in most flow profiles, so that the correction in the 
measured mean due to gradients is usually less than 1Z 
of the measured velocity. Many examples have appeared 
in the literature of velocity measurements using a 
spectrum analyzer in the presence of gradients.
Figure 5 shows the results of mean velocity measure­
ments near the wall of a 2" pipe in turbulent flow 
using a spectrum analyzer. The solid line is the "Law 
of the wall" plot, s r o b t a i n e d  from the volu­
metric flow rate. As one can see from the data, quite 
accurate measurements of mean velocity can be made.
The width of the spectrum has three components:
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(1) -vJx/a#1 This term has been called the
"finite transit time ambiguity". This is 
unfortunate terminology, since there is no 
real ambiguity caused by this term. All 
that is required is that a smooth enough 
spectrum be obtained to get a good statisti­
cal measure of the mean and variance of the 
spectrum.^
(2) K T h i s  term is the broadening due 
to a mean velocity gradient in the flow seen 
by the laser anemometer. This term is on 
the order q ' o iY h  where a is the gradi­
ent of the mean velocity.
(3) K ' V *  This term is the broadening 
due to fluctuations in velocity. It is pro­
portional to the local variance of the fluc­
tuating velocity.
The turbulence intensity can be obtained from a 
measurement of the second central moment of the spec­
trum.
The term is a measure of the number of fringes
in the measurement volume. The more fringes, the 
smaller the finite transit time correction.
A gradient broadening term can be computed from 
a plot of the mean velocity(^). Figure 6 shows 
measurements of turbulence intensity as function of 
position in a 2" pipe. The measurements have about 
i 10% error in them. More accurate measurements 
could have been made by averaging longer.
Signal to Noise Ratio
The primary noise component of a laser anemometer 
signal is the shot noise due to the essential par­
ticulate nature of the photons arriving at the 
detector^). The spectrum of the noise is "white" 
(i.e., a flat spectrum) and the power/unit bandwidth 
of the noise is proportional to the photodetector
current(3).
The power/unit bandwidth of the spectrum is pro­
portional to the square of photodetector current.
For a given averaging time, the area under a signal 
spectrum is constant(2) independent of velocity; 
however, the width of the spectrum
increases as the velocity increases. Therefore, the 
power/unit bandwidth of the signal decreases as the 
velocity increases.
Fortunately, the shot noise spectrum appears as
a flat baseline under the signal spectrum, and can 
usually be subtracted. Thus, signal to noise ratios 
less than one, on a peak signal power/unit bandwidth 
to noise power/unit bandwidth basis, can be tolerated.
TRACKERS
To a crude approximation, a laser anemometer signal 
has a frequency proportional to the velocity in the 
measurement volume. There are many types of detectors 
that attempt to measure the instantaneous frequency of 
the anemometer signal. The most popular type of 
frequency detector is the tracker. The tracker is a 
phase lock or frequency lock loop, where a local 
oscillator is continually controlled to track the 
frequency of the incoming laser anemometer signal. 
These devices can be viewed as tracking filters as the 
bandwidth seen by the device is approximately the 
speed of the control sytem for the local oscillator^ \ 
Before discussing frequency detectors in detail, 
it is necessary to examine the frequency content of 
the signal. By the previous analysis, the signal 
clearly contains more than one frequency.
If the signal is written in the form:
<(+)= A « e » s ( e w )
an ideal frequency detector gives an output
e (+ )  = H  a  6 .
Initially, we will assume that the flow is laminar 
and steady with no mean gradient.
The phase of the laser signal can be written:
—i• ^
0  =  K * v t  +  a r c t o n
IZ P (W vt)Cos K
where rno is the initial position of particle n.
The phase of the signal contains two terms:
(1) A linear phase term "fcvt
(2) A fluctuating term that is a function of the 
shape of the measuring volume and the initial 
positions of the particles
One can visualize the behavior of this second term 
by means of a vector picture (see Fig. 7). The resul­
tant vector R is made by adding vectors with compo­
nents (P(rno + vt)sin K*rno» P(rn0 + vt)cos K-rno).
As time evolves, some particles enter or leave the 
measurement volume causing the vector R to change 
length and direction. Indeed, when the resultant 
vector is very small due to cancellation, one can see 
how the angle of the resultant vector could very
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quickly change from Tf/2 to - Z t / 2 . Since the output
of an ideal detector is the time derivative of the
total phase, this type of occurrence can cause large «
fluctuations in 0 .
L  Z j L P (^ ,rt^ )c 0 5  f t  (f^c
m ih
Figure 8 shows an oscillograph of: 1) a care­
fully simulated laser anemometer signal for steady 
laminar flow, 2) the output of a 0  detector, detec­
ting that signal. Note the large fluctuations in the 
output, even though the flow is steady. These fluc­
tuations have been termined "ambiguity noise".
If the device is locked to the signal (i.e., the 
phase error is less than /2 radians), the output is 
indeed 0  . It can be shown (8) that
0 = 0 .
Thus, a tracker can give as accurate a measure of the
mean velocity as does a spectrum analyzer.
In principle, therefore, the "ambiguity noise"
is no hindrance to measurements of velocities; however
this term can cause problems for real devices - such
as phase lock or frequency lock loops. Real devices
cannot handle arbitrarily large or arbitrarily fast
fluctuations. The fluctuations have a spectrum whose
bandwidth is on the order of the finite transit time
ambiguity (7). If the response speed of the detector
is slower than this, it will not be "locked" much of
the time and its output will not correspond to the 
0
desired output, 0  . In the measurement of cross flows 
this width can be a substantial fraction of the signal 
frequency, and the detector's bandwidth should be 
adjusted accordingly.
In velocity gradients, due to the intrinsic non­
linearity of the tracker, beat frequencies will be 
generated in the tracker corresponding to the dif­
ference in frequency generated by particles in dif­
ferent positions in the measurement volume*. The 
width of the signal due to the gradient is
£  •
The maximum beat frequency the tracker must follow is 
approximately this width. These beat frequencies can 
be a significant fraction of the signal frequency, 
expecially in measurements near walls. In order to 
give a correct output, a tracker must have a response 
frequency higher than beat frequencies encountered.
In many measurements of mean velocity in the presence
*One can convince onself of this by simply computing 
0 for the case of two particles moving at a dif­
ferent velocity going through the sample volume.
of gradients, the tracker speed has apparently been 
too low and erroneous measurements have resulted. 
Apparently, the tracker loses lock rather often and 
only samples the signal. Since the scattering parti­
cles are randomly positioned in space, more fast 
moving particles go through the measurement volume/unit 
time than the slow particles. The tracker thus seems 
to weigh the fast measurements more than the slow 
measurements. Erroneously high velocities are 
obtained. Since the tracker is clearly not locked and, 
thus, it is not a 0  detector, no rigorous theory 
exists for correction of this bias. The experimenta­
list should be sure that his (or her) tracker is fast 
enough to accurately detect the signal.
If the frequency fluctuations are primarily due 
to turbulent velocity fluctuations, the situation is 
somewhat less severe. The turbulence scale is usually 
larger than the measurement volume, so large gradients 
are usually not observed. Further frequency changes 
due to turbulence velocity changes are far slower than 
the fluctuations due to ambiguity noise. As long as 
the tracker is fast enough to track the "ambiguity 
noise", the mean frequency should be 6J as computed 
above.
Since the "ambiguity noise" fluctuations occur in 
the output of trackers even with no velocity fluc­
tuations, it is impossible to "instantaneously" measure 
velocity with a tracker. Further, it can be shown 
that the theoretical power in the "ambiguity noise" is 
infinite (7). However, any real system has a limited 
output bandwidth. Consequently, a large, but finite, 
RMS power can be measured in the complete absence of 
turbulence.
Figure 9 illustrates the ability of various types 
of detectors to track turbulence fluctuations. There 
are four tracks on the oscillograph:
(1) The turbulence velocity (turbulence inten­
sity = 4.4%)
(2) The output of a wide band second order phase- 
lock loop (a 0 detector)
(3) The output of a counter (zero crossing 
detector)
(4) The output of a frequency lock loop (a 0 
detector)
Note that all the detectors follow the general trends 
in the turbulence but they all are noisy. The noise 
is the "ambiguity noise". Under these conditions, the 
output spectrum of any of the devices appears to con­
sist of the low frequency turbulence spectrum, plus a 
flat wide band spectrum. (See Figure 10.) At the low
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frequencies, the power/unit bandwidth of the turbu­
lence is much higher than the power/unit bandwidth 
of the noise and the noise spectrum can be approxi­
mated by a flat spectrum. A  measure of the 
quality of the recovery of the turbulence signal 
is the ratio of the height of turbulence spectrum to 
the height of the noise. If one assumes that the tur­
bulence spectrum can be approximated by a Lorentzian 
of width (Hz), one finds the approximate ratio is
(7)p ^ 5.1 If?___________________
Kat,0' / ( ^  -  ^
The presence of a velocity gradient can cause 
fluctuations in the output of a tracker or a counter. 
To m y  knowledge, the width of the spectrum of these 
fluctuations ha s  never been measured in detail, al­
though the power density has been shown to be propor­
tional to the strength of the gradient (7,13). This 
effect has b e e n  included in the above expression.
If there is no mean velocity gradient,
Ratio*  5.H . "here ls
the signal frequency.
Note that the ratio is higher for large measurement 
volumes. L e t ’s compute the ratio for a realistic 
case of interest - turbulent pipe flow,
and i  r JO.000
A.
^ 2  0 .0 H  
R a t io 3 , i 5 5
Despite the problems of the "ambiguity noise", quite 
good resolution can be obtained of the turbulence 
fluctuations spectra.
A word should be said about the fidelity of the 
measured spectra to the velocity spectrum of the 
particles. Lars Lading and I have measured the cross 
correlation of the output of a 0  detector with the 
"turbulence signal" on a laser anemometer simulator 
(14). At average particle densities from 
300 particles/measurement volume to 3 particles/ 
measurement volume and w i t h  measurement volumes 10 
fringes long to 100 fringes long, we found the output 
to be accurately represented by the true turbulence 
spectrum plus the ambiguity noise. The simulations 
were run under conditions where the turbulence scales 
are large compared to the fringe spacing. George & 
Lumley (7) have shown that a distortion of the 
apparent turbulence spectrum occurs when the measure­
ment volume size can contain appreciable portions of 
the turbulence scale. Essentially the spectrum looks
low pass filtered, and an attenuation of the high wave 
number portion of the spectrum is predicted. To my 
knowledge, this last result has not been experimen­
tally tested; however, the prediction is a strong 
signal to the experimentalist to be careful in this 
flo w  regime.
Since the output of tracker consists of a wide 
b a n d  signal plus a n a r r o w b a n d  signal, the probability 
density of the output is a function of the output ba n d ­
width. A  narrow bandwidth will primarily sample the 
statistics of the low frequency signal and a w i d e b a n d -  
w i d t h  wil l  primarily sample the statistics of the wide 
bandwidth signal. If one wishes to measure the RMS 
turbulence intensity, one can use two output filters 
w i t h  different bandwidths, both wid e  enough to contain 
at  least 90% of the turbulence spectral power. The 
RM S  output is then measured for both filters and then 
plotted on a graph of RMS vs. filter bandwidth. If 
the line determined by  the two points is extrapolated 
to 0 Hz, the intercept is the RMS of the turbulence 
(9). To be more accurate, one should use 3 or more 
filter bandwidths.
Signal to Noise
As was discussed previously, in order to work 
correctly, the filter bandwidth of the tracker must be 
larger than the signal bandwidth. The minimum allowed 
filter bandwidth must increase as the signal frequency 
increases since the signal's bandwidth also increases. 
This means that the minimum amount of noise seen by 
the tracker necessarily increases as the frequency 
increases. Since the total signal power is constant, 
the detected signal to noise ratio decreases with 
increasing frequency (velocity).
Some preliminary results of ours from simulator 
experiments show that shot noise affects the output of 
a tracker in the same way as ambiguity noise. A broad, 
flat spectrum is generated in the output. The effect 
of shot noise is very small as long as the total 
signal power is greater than the noise power seen by 
the tracker.
COUNTERS
In liquid flows, where there are usually many 
particles, counters are zero crossing detectors. In 
steady flow, the number of zero crossings per second 
also fluctuates due to particles entering and leaving 
the measurement volume. The me a n  number of zero 
crossings, unfortunately, does contain a bias. The
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In general, the mean output will be biased toward 
higher frequencies. I refer the reader to references 
8, 10 and 15 for a detailed exposition of the behavior 
of the number of zero crossings detected per second as 
a function of signal bandwidth and threshold level. A 
bias should appear in the output of counters used in 
high scattering particle densities such as liquid 
flows. However, to my knowledge, this relation has 
never been experimentally tested for laser anemometers.
Our simulator experiments indicate that for large 
measurement volumes ( K ^ i  > 3 o )  the counter out­
put has an identical spectrum to that of the phase 
lock loop. Under these circumstances, RMS turbulence 
intensities should be measured in the same manner as 
for trackers as was outlined in the previous section.
Signal to Noise
Counters are usually designed with a fixed filter 
in front of the zero crossing detector. The filter 
has a bandwidth that covers the entire range of sig­
nals expected. For instance, in a highly turbulent 
wake flow a velocity ratio of 10 to 1 may be en­
countered, and thus the filter would have at least a 
10 to 1 ratio between the low pass cutoff and the high 
pass cutoff frequencies. A tracker could detect the 
same signal with a bandwidth only on the order of 3% 
of the bandwidth of the counter's filter. The band­
width of the tracker only determines how fast it can 
move over a range of 10 to 1 in frequency. Conse­
quently, the zero crossing counter will see a higher 
noise power than the tracker and a given shot noise 
level will result in a much higher noise level in the 
output of a counter (8).
SUMMARY
Spectral analysis of the photodetector output can 
yield very accurate (<1%) mean velocities and turbu­
lence intensities. There are no intrinsic biases in 
these measurements. Accuracy can be retained at very 
low signal to noise ratios. The method is usually 
slow.
A properly designed tracker (one whose bandwidth
is wider than the bandwidth of the detected signal) 
can make accurate, non-biased mean velocities and, so 
long as the turbulent scales are bigger than the 
measurement volume, accurate turbulence spectra can be 
obtained. Moderate (4:1) signal to noise ratios can 
be tolerated with little degradation of performance.
Counters can make accurate mean velocity measure­
ments; however, a bias can be presented in the data. 
Turbulence spectra can also be measured using them if 
the measurement volume is large ( K « S > 3 ° ) .
Counters are only good when the signal to noise ratio 
is very high.
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DISCUSSION
B i l l  Tiederman, Oklahoma State U niversity : F ir s t  of 
a l l ,  congratulations, you did a wonderful job of 
te llin g  us what spectrum analyzers do, and in empha­
siz ing  that we need to look very ca re fu lly  at the 
processing of the s ignal. I would lik e  to make one 
comment and get your reaction to i t  about zero cross­
ing counters. I don't believe that a zero crossing 
counter is  any good unless i t  includes some method 
fo r verify ing  the s ig n a l. I f  you have only one v e r if i­
cation then you don't re je c t very much noise. But i f  
you have a s lid ing  phase comparison or some other 
mechanism by which you have sequentially say 10 valida­
tions that you are measuring the proper frequency or 
that the frequency is  repeating i t s e l f ,  I believe you 
can re je c t the noise. The essential point is  that 
fo r re jecting noise i t  is  the number of comparisons 
that matter.
Edwards: V erificatio n  c irc u its  do help to mitigate 
some of the problems with noise encountered with zero 
crossing counters. People's experience certa in ly  has 
been that the more ve r if ica t io n  (more cycles sampled), 
the better the performance of the counter.
Lars Lading, Danish Atomic Energy Commission: I would 
lik e  to make one comment about th is  business about 
tracks and validation c ir c u it s . I f  you introduce 
validation c irc u its  in counters i t  seems to me that 
you t ry  to approach what phase lock loops do, but I 
have seen no counter which can do i t  as well as the 
phase lock loop.
Edwards: In liqu id  flows with high seeding density, 
our experience has been that trackers are fa r more 
re lia b le  than counters. This apparently can be 
attributed to the a b i l i t y  of the tracker to f i l t e r  
noise to a higher degree than does the counter.
B i l l  Willmarth, U n ive rs ity  of Michigan: How long 
w il l  i t  be, i f  ever, before we can get a laser 
anemometer to make measurements of individual velocity 
traces in turbulent flows and look at individual 
events without a lo t of noise in the signal? How 
small can the sensing volume be made for research in 
boundary layers?
Edwards: With proper low pass f ilte r in g  in a tracker 
output, signals that are almost indistinguishable from 
hot-wire signals can be attained even with sample 
volumes on the order o f 30 microns. P a rtic le s  have 
to be matched to sample volume. R eca ll, the power 
in the "ambiguity noise" can be very large , however, 
i t  is  spread over a much larger frequency range than 
the turbulence. Therefore, in the low frequency range, 
the signal is  p rim arily  due to the flu id  notion.
There are several research groups working on laser 
anemometer design and commercial equipment is  a v a il­
ab le .
D. McLaughlin, Oklahoma State U n iversity : I have a 
comment with regard to using individual rea lizatio n  
(counter) type LDA's in water flows. We use th is 
system with a high degree of success simply by managing 
the seed and ve rify ing  the signal which is  counted.
Our data has agreed very well with the trad itiona l 
hot-wire and hot-film  data ( i . e . ,  Laufer, Eckelman and 
R e ichart, e t c . ) .
Comparison of the Reischman-Tiederman resu lts 
using a counting technique in a two-dimensional 
channel with data o f Rudd in square ducts using 
tracking techniques shows disagreements of about 50% 
in  turbulence in te n s ity . We don't know i f  th is  is  be­
cause o f the use of the square duct or i f  i t  is  a 
problem with the tracker or the drop out.
What would be extremely useful is  a d irect compari­
son in a standard flow (highly turbulent) between the 
tracking system and the individual rea lizatio n  system. 
We need to know how well trackers perform and how drop­
out influences the important re su lts . I f  the errors 
are small we can forget about them and put the in s tru ­
ment to use.
Edwards: In the complete absence of noise, we have 
demonstrated that trackers and counters give essen­
t ia l l y  the same output. However, in the presence of 
noise (fo r the counter) or i f  the s ig n a l's  bandwidth 
is  too wide for the tracker, neither one is  working 
correctly so i t ' s  not surprising they give d iffe ren t 
answers. I t  is  not a conclusive comparison to operate 
one or both of the devices where they aren 't working 
correctly .
R. Adrian, University of I l l in o is :  I would like  to 
address myself to the question on comparisons because 
one has to be extremely careful in finding new c r ite r ia
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Adrian (co n t.) : and in describing what you mean when 
you say something compares well or not. There are a 
great number of e ffects that are operative in one type 
of frequency demodulating system or another. I have 
done some work with Whitelaw at Imperial College, where 
we examined the e ffe c t of signal to noise ra t io , as 
determined by how signal to noise ra tio  affected the 
measurement of mean ve lo c ity , not simply fluctuating 
ve lo c itie s , but the simple mean ve lo c ity  measurement.
We found that using either simulated signals or real 
measurements i t  was possible with counting systems to 
have errors in mean ve locity measurement up to 2-300% 
i f  you have low enough signal to noise ra tio . And 
ty p ica lly  the signal to noise ratio s required to give 
adequate accuracy was something lik e  10 to 1, higher 
than you were ind icating . That is  a very high signal 
to noise ra tio . This is  the power ra tio . With the 
tracker we could go down to a signal to noise ra tio  of 
1 to 1 and get the same accuracy. Now that's simply 
the signal to noise ratio  e ffe c t . I think, on the 
other hand, that the tracker does have a problem in 
that i t  can l ie  to you sometimes. What we did in 
those experiments was to make sure that the tracker 
was always working co rrectly . Any general comparison 
must be made on the basis of whether or not the tracker 
is locking on to the signals and is  locking on to the 
right signals. And there, I th in k , the counter does 
offer some advantage and i t ' s  d i f f ic u lt  to quantify 
that sort of comparison.
Edwards: As a p ractica l matter, trackers continue to 
work correctly at lower signal to noise ratios than 
would a counter. We (Lading and I )  have noticed no 
mean error in the tracker's  ve lo c ity  measurements due 
to noise. At low signal to noise ra t io s , and i f  the 
f i l t e r  in front of the tracker has a peak, the tracker 
w ill tend to bias the measured ve loc ity  toward the 
peak of the p re f i lt e r .
J . Hornkohl, Spectrum Development Labs: Counter 
processors work best when only a single p a rtic le  is  in 
the probe volume at any given time. Signal trackers 
work best when many p artic le s  are simultaneously 
passing through the probe volume. There is  a range of 
p artic le  concentration over which both counter and 
tracker processors w ill operate. This fuzzy region 
i s ,  at the present time, ill-d e fin e d  and fu rther work 
is  required.
Edwards: In the range from 10 parti cles/volume and 
up, the tracker seems to be le ss  trouble to run than 
a counter.
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MEASUREMENT OF TURBULENCE POWER SPECTRA 
IN AGITATED VESSELS OF DIFFERENT SIZE 
WITH A LASER-DOPPLER VELOCIMETER




We have used the laser-Doppler velocimeter with a 
new noise reduction technique for measurements in 
water-filled, turbine-agitated vessels of several 
sizes, but of the same geometry. Mean velocities, tur­
bulence intensities and turbulence power spectra were 
obtained in the impeller stream region.
With these results we hope, in the future, to put 
scaling rules for mixing vessels on a sounder basis.
INTRODUCTION
Agitated vessels are used in the chemical industry 
for a wide variety of processes, e.g. mixing, disper­
sion and suspension of solid particles. In most appli­
cations the characteristics of the (turbulent) fluid 
flow are crucial for the performance of the stirred 
tank. Measurements done in the past mainly concerned 
mean velocities and turbulence intensities1-®. However, 
turbulence intensities reported should be considered 
with some reserve since they might contain the period­
ically fluctuating component as well as the (random) 
turbulence. Data on the spectral distribution of the 
velocity fluctuations are scarce in any case®*®*^, 
because the lack of an appropriate measuring technique. 
For, the insertion of a hot-film/wire probe or a Pitot 
tube disturbs the circulating flow. Moreover, although 
measurements were done in vessels of different sizes, 
their geometry was different too and no unambiguous 
scaling rul^s can be derived from them.
Hitherto, a basic limitation to the usefulness of 
the laser-Doppler velocimeter as a turbulence measuring 
device was the so-called Doppler ambiguity. Its influ­
ence on the power spectrum of the turbulent velocity
fluctuations is shown in Figure 1, where it can be seen 
that for wave numbers higher than a certain value the 
turbulence power spectrum is completely obscured by the 
presence of the ambiguity noise. We therefore used a 
laser-Doppler velocimeter which was specially designed 
for measuring highly turbulent liquid flows and had the 
advantage of producing hardly any ambiguity noise in 
the turbulence power spectrum. With the improved equip­
ment we measured mean and periodic velocities and tur­
bulence power spectra and obtained from the investigated 
spectra the root mean square values (RMS) of the random 
fluctuations. We conducted the measurements at various 
points in the impeller stream region and repeated them 
in vessels of two other sizes but of exactly the same 
geometry.
EXPERIMENTAL ARRANGEMENT
The Laser-Doppler Velocimeter (LDV)
As the laser-Doppler technique has been discussed 
in detail elsewhere1®*11, we confine ourselves to a 
short review of our set-up. Some attention will be paid 
to aspects which are important in connection with our 
application of the technique to flows with high turbu­
lence intensities.
The optical configuration used in our experiments 
is shown in Figure 2. As a beam splitter we used a 
radial grating, manufactured to provide high intensities 
in the first-order beams. By rotating the grating around 
an axis perpendicular to it, a frequency preshift of the 
laser beams was obtained. It is essential to remove the 
directional ambiguity from the Doppler signal.
The scheme of the signal processing of the Doppler 
signal is given in Figure 3. The Doppler signal is fed 
to a frequency tracker of which the output is a voltage 
proportional to the instantaneous velocity. The mean 
velocity is determined from the tine-averaged frequency
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of the internal oscillator of the tracker. The power 
spectrum is calculated via autocorrelation of the 
tracker output and Fourier transformation of the auto­
correlation function in the spectrum display.
Finally, it should be remarked that the scattering 
particle density was increased by addition of some milk 
to the water. This served a double purpose. The strong 
accelerations occurring in the flow under consideration 
might lead to too large frequency jumps after a drop­
out period (in which no signal is received, for 
instance because no particle is present in the measur­
ing volume). By increasing the particle density, we 
decreased the number of drop-outs as well as their dura­
tion, which minimises the frequency jumps. Moreover, a 
high particle density improves the frequency response 
of the system, so that higher turbulence frequencies 
can be observed.
Description of the Noise Reduction Technique
The basic idea is that a reduction in the noise 
level could be obtained if we were able to simultan­
eously produce two signals, s-|(t) and sp(t), both 
representing the velocity, v(t), at the same point in 
space, but with different and uncorrelated noise sig­
nals. Thus:
s i (t ) = v(t) + n-| (t)
s2(t) = v(t) + n2(t)
In such a case, cross-correlation of the two signals 
(instead of autocorrelation of one signal) would elimi­
nate the ambiguity noise completely12.
To apply this idea we placed photodiodes in beams 
1 and 2 (see Figure 2), and the signals from these were 
fed into separate frequency trackers. In this set-up, 
which we call a twin-detector LDV, each laser beam 
acts as both a reference and a scattering beam. The 
ambiguity noises in the two photodiode signals were 
then uncorrelated, as can easily be understood from the 
following reasoning: Configurations of particles or 
irregularly shaped particles will give different inten­
sities of scattered light in the directions of beams 1 
ar\d 2. Hence the signal from the photodiode in beam 1 
might be above the drop-out level of the tracker con­
nected to it, while the signal from the photodiode in 
beam 2 is below the drop-out level of its tracker, and 
vice versa. This hypothesis was confirmed by a measure­
ment of the cross-correlation between the drop-out sig­
nals (a binary signal whether there is a Doppler signal 
or not) from the two frequency trackers. The cross-cor­
relation appeared to be very small (see Figure M ,  
which can be regarded as proving that the two frequency 
trackers react to different particles or particle 
configurations.
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Further confirmation was obtained by measuring the 
noise reduction as a function of the angle between the 
two laser beams. Since the configurations of particles 
in the measuring volume as seen by the different detec­
tors are more different at larger angles, the noise 
reduction should increase with increasing scattering 
angle; this was indeed the case.
Completely uncorrelated phase changes can be 
expected when the two signals come from totally differ­
ent particles. In the measurement of longitudinal 
velocity fluctuations, this can easily be achieved by 
displacing one beam somewhat (about one beam width) out 
of the plane of measurement. As the beam width in the 
focal plane is usually much smaller than the length of 
the volume of measurement, a reduction in spatial reso­
lution need not be feared; in addition, alignment prob­
lems do not arise since the shift can be easily accom­
plished by inserting a microscope slide in one of the 
beams.
Figure 1 is an example concerned with turbulent 
pipe flow of water, where the noise is mainly caused by 
the finite residence time of the particles in the scat­
tering volume. The three spectra of the longitudinal 
velocity component were all measured under identical 
circumstances; only the techniques used were different. 
This demonstrates the degree of noise reduction that 
can be obtained.
The Tank Geometry
As our first aim was to study scaling effects, no 
attempts were made to obtain an exact copy of an exist­
ing tank. The geometry of the Perspex tanks and the 
impellers, shown in Figure 5> was chosen mainly because 
of its ease of construction. It was covered with a 
Perspex disk to prevent air bubbles from being sucked in 
stnd to enable us to measure also the tangential velocity 
component.
All linear sizes were scaled up using the ratios 
between the tank diameters (D), which were 0.12, 0.29 
and 0.90 m, while in operation the power per unit mass, 
averaged over the vessel volume, was kept constant:
— _o p _ o .e = 5*7 x 10 m . s-:>. So the impeller frequency was 
inversely proportional to the -2/3-power of the scale 
factor, unless stated otherwise.
RESULTS AND DISCUSSION
In our first measurements we determined the mean 
velocities. Radial as well as axial cross-sections of 
the impeller stream were determined. Our results were in 
close agreement with those of Cooper and Wolf1*, thus 
confirming the commonly used scaling rule in the case of
constant average power per unit mass, viz. mean velocity- 
proportional to D 1/3. From the tangential and radial 
components the total mean velocity was calculated and 
used later to convert the observed frequency of turbu­
lence into wave number.
By using the signal recovery mode of the correla­
tor, the time-averaged amplitudes of the periodic 
radial and axial components were measured as a function 
of both radial and axial positions. The results for the 
axial dependence are given in Figure 6. As triggering 
occurred at a fixed position of the impeller with 
respect to the vessel, the relative phase, too, could 
be determined. Both results agree with the picture? of 
two trailing vortices, one above and one below the 
impeller centre plane, rotating in opposite directions. 
Measurement of the radial decrease in amplitude shows 
that at a radial position of twice the impeller radius 
the vortices have disappeared.
Some representative turbulence power spectra 
observed are given in Figures 7, 8 and 9- These spectra 
were measured at equivalent positions in the impeller 
stream regions of the differently sized vessels. The 
shape of the spectra agrees roughly with the expected 
form. There is a, somewhat anisotropic, part at low 
wave numbers and a high-wave-number part showing local 
isotropy, the dividing wave number being inversely 
proportional to the scale of the vessel (see Figures 7 
and 8). The high-wave-number part is a straight line 
over several decades of the spectrum, and is determined 
by e only (see Figures 7 and 9). However, although the 
Reynolds number of turbulence in the biggest vessel is 
of the order of 10^, which is rather high13, the slope 
is not -5/3, but rather -5/2. This value was not only 
observed in all spectra of the turbine impeller, but we 
also measured it in the jet of a propeller. It agrees 
with a few spectra known from the literature^’? and 
recent laser-Doppler measurements in the wake of a 
cylinder1^, showing a slope of -5/2 to -2 at high wave 
numbers. Up to now no explanation has been found for 
this observation.
About the low-wave-number parts for the different 
scales, it should be remarked that the ratios between 
their spectral levels are larger than d 5/3} as expected 
from a -5/3-slope of the high-wave-number part. A low- 
wave-number level proportional to D^/3 would give rise 
to an increase in the RMS value of the velocity fluctu­
ations by D1/^, so proportional to the mean velocity. 
However, our measurements show that these RMS values, 
calculated from the integrated power spectra, appear to
increase by rather than by D1/3_ This implies that
• ■ 2 •the low-wave-number level is proportional to D , which
is in better agreement with our results than a propor­
tionality to d 5/3. So we are confronted with the para­
doxical situation that the relative turbulence intensity 
in the impeller stream region increases by D1/^, at 
least for vessels with D smaller than 1 m. Our results . 
show a tendency to a smaller increase in the bigger 
vessels. On the other hand, integration of the curves 
of Figure 8 shows too small an RMS value for the low- 
velocity curve. So we might think that we had operated 
at too low Reynolds number. But all our experiments were 
performed at Reynolds numbers well above 10^, a value 
which is commonly considered high enough for scaling 
rules to be applicable.
CONCLUSIONS
As far as the laser-Doppler velocimetry is con­
cerned, we conclude that
- a large reduction in ambiguity noise in the turbulence 
power spectrum can be achieved by cross-correlation of 
two signals obtained at the same measuring points.
This can be achieved because the noise in the signals 
is not correlated.
- when the velocity fluctuations in the direction of the 
mean flow are measured, an additional reduction in the 
noise level can be obtained if at their focal points 
the beams are one team diameter apart. Since the 
length of the measuring control volume is generally 
larger than its width, this technique does not imply
a reduction in spatial resolution.
For the turbulence in the impeller stream region of 
mixing vessels of equal geometry and operating at equal 
e, the following scaling rules can be derived from our 
measurements:
- The mean velocity scales as D 1^.
- The RMS value of the turbulent fluctuations increases 
more steeply than the mean velocity; the turbulence 
intensity is roughly proportional to D1^.
- The low-wave-number level of the power spectrum is 
proportional to rather than to
- The high-wave-number part falls off by roughly the 
wave-number to the power -5/2, its value being deter­
mined by the local dissipation.
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FIGURE 1. NOISE REDUCTION IN A TURBULENCE POWER 
SPECTRUM OF PIPE FLOW OF WATER
Some data: Pipe diameter = 5.0 cm, Re % 3 x 10^ , 
optical constants as in Fig. 2. Longitudinal 
component of velocity measured at centre line 
of pipe. The wave number k-| is defined as 
frequency 
mean velocity ’
FIGURE 2. OPTICAL SYSTEM OF LASER-DOPPLER VELOCIMETER
For a focal length of lens L = 120 mm,
9 = 1L°38', A = 632.8 nm and ux = 1 m/s the 
Doppler shift is i+02.5 kHz. Dimensions of 
measuring volume (in air): in y direction:
1 .U5 mm; in x direction: 0 . 1 9  nun.
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FIGURE 3. FLOW SCHEME OF THE DOPPLER SIGNAL 
PROCESSING
The second branch of band filter and tracker 
is only used when the spectrum is measured 
with the cross-correlation technique.
FIGURE 5- SCHEMATIC DRAWING OF THE MIXING VESSEL 
GEOMETRY





AMPLITUDE DISTRIBUTION OF THE PERIODIC r AND 
z COMPONENTS IN TWO AXIAL CROSS-SECTIONS 
THROUGH THE 1’IPELLER STREAM OF THE SMALLEST 
VESSEL, WITH D = 0.12 m
POWER SPECTRA OF THE RADIAL COMPONENT
Position: impeller centre plane at D/l* from 
the axis.
D = 0..90 m
D = 0..20 m
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FIGURE 8. POWER SPECTRA OF THE RADIAL COMPONENT AT TWO 
IMPELLER VELOCITIES FOR D = 0.90 m
Position: impeller centre plane at D/3 from 
the axis.
• : Impeller frequency N = 1.30 Hz, the
frequency used for the spectra of 
Figures 7 and 9*
* : N = 0.18 Hz.
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FIGURE 9. POWER SPECTRA OF THE AXIAL COMPONENT
Position: impeller centre plane at D/3 from 
the axis.










Phil McConnell, Westinghouse, Washington: First of 
all have you correlated the power spectra with "the 
degree of mixing or mixing effectiveness"?
van der Molen: No, I didn't correlate the mixing 
quantities with my velocity measurements. We only 
measured the turbulence characteristics.
McConnell: Could your measuring technique be applied 
to a continuous flow mixing reactor in which flow is 
coming in and exiting from a vessel so there is a 
finite residence time of the fluid particles? This 
is a very important problem for me. I am working 
with liquid sodium mixing in a nuclear reactor inlet 
plenum, and we would like to be able to predict some 
of the mixing properties a priori by knowing just 
the geometry and the flow rates. Right now I know 
of no viable way of attacking this problem other 
than experimental.
van der Molen: I agree with you. After this work we 
should go into the theory of mixing or suspending 
small particles or making emulsions in some mixing 
vessel. I told you already, we started this work 
because we had to check some new scaling rules 
for the pelletizing of particles with a second 
immiscible liquid in it. Colleagues of mine found 
scaling rules different from what they had expected 
and they asked us to use our laser equipment to look at 
the fluid flow and the turbulence structure.
G. Comte-Bellot, Ecole-Centrale de Lyon, Ecully, 
France: What is the prevalent Reynolds number of 
your turbulent field?
van der Molen: We did make our spectra dimensionless 
with the Kolmogoroff scale. We did not present them 
as it could also be done with the outer scale of the 
vessel and u '.
Comte-Bellot: I think this turbulent Reynolds number 
is too small to get a large -5/3 slope region.
van der Molen: It is remarkable that we found such 
straight lines over several decades in this spectrum. 
When you find such a straight spectrum you would 
expect it to be a -5/3 slope.
Robert S. Brodkey, Ohio State IJniv.: There is work 
goinq on at the Technical Univ. at Zurich on a similar 
problem using laser Doppler in a mixinq tank. I think 
the gentleman working on it is Reed. You may not be 
aware of it because it has not been published yet.
van der Molen: I did not.
Brodkey: What was your impeller SDeed?
van der Molen: The impeller speed was 5 revolutions 
per second in the smallest vessel and in the biggest 
it was 1.3.
Brodkey: I aqree with Dr. Comte-Bellot that the 
Reynolds number seems low because in our measurements 
in roughly the same size vessels, we have several 
hundred based on the Taylor microscale using u'. One 
would expect, and we did observe, a -5/3 region in our 
spectra, but the Reynolds numbers of the turbulence 
were maybe a factor of 3 larger, 300 to 400.
U 1 X
van der Molen: I calculated Re, = ---  from e =
— o ? x 'L
15 v u 'c/\c using the average value of e. For the biggest
vessel we then find Re5 of several hundreds.
Gary K. Patterson, llniv. of Missouri: With reqard to 
the energy spectra measured in the tank, they could 
be very important in determining the rate of turbulence 
energy dissipation because the dissipation rate seems 
to be the most important variable determining the 
small scale mixing rates. Corrsin has in his work 
shown that this is true. So if the enerqy spectra 
could be used to calculate reliable rates of dissipa­
tion, they would be very important in our efforts to 
model mixinq rates.
van der Molen: I want to mention two points. We 
hope to measure the turbulence dissipation rates 
from these spectra when we have found this -5/3 slope 
and we can be sure that we have the inertial sub-range 
with the dissipation to the 2/3 power in it. Then 
you can use the spectra to determine local dissipation.
But from the other side I would say to those 
people working in this mixing problem, you are going 
the reverse way. In the past they could only measure 
the average dissipation and from that they deter­
mined mixing quality. But now we are able to measure 
the true local velocities and these are the important 
quantities to use in modelling the mixing process. So
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van der Molen (c o n t .) : you don't have to use the 
d iss ip a tio n , you should make a theory to re la te  your 
f lu id  flow ve lo c it ie s  to your mixing q u a lit ie s .
Patterson: I re a l ly  feel that the ve loc ity  measurements 
are important in m ixing, but in a p articu la r regard.
I t ' s  helpful to look at what's going on in any kind 
of mixing vessel or je t  or anything e lse  as being 
divided into two processes. In one you've got a blend­
ing e ffe c t  or a gross large-sca le  mixing of components, 
or whatever happens to be in the system, and th is  can 
be defined based on the large scales and the ve lo c itie s  
associated with them in the turbulence. On the other 
hand, you have the small scale mixing processes which 
bring things together down to molecular scales and i t  
is  at the small scales that the rate of turbulence 
energy d iss ipation  becomes important in determining 
the f in a l rate of the mixing. I f  you have processes 
which involve chemical reactions or s im ila r in te r­
actions between mixed components, th is  is  probably 
the most important consideration in the mixing process.
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SPATIAL FILTERING IN LASER 
ANEMOMETRY
L. Lading
Danish Atomic Energy Commission 




The concept of spatial filtering is 
treated in relation to laser anemometry. The 
basic techniques are analyzed. Recommenda­
tions for specific set-ups are given.
INTRODUCTION
In laser anemometry it is of primary im­
portance to know from where in space the ex­
tracted signals originate, and it is espec­
ially important to know how to minimize sig­
nals carrying information alien to the object 
of the measurement. Failure to do this can 
often explain why a set-up gives erroneous 
results or completely fails to work.
Spatial filtering is the process of re­
trieving light of given spatial properties 
and rejecting other kinds of light. Three 
methods (which are somewhat interrelated) 
are treated: (1) Filtered images and apo- 
dization [1], (2) the heterodyning process 
as a spatial filter, (3) limiting the field 
of* view; their implementation is shown. The 
effect of spatial filtering on signals gen­
erated outside the measuring volume and on 
signal statistics is mentioned. The last 
point is relevant when one wants to evaluate 
how large a fraction of the photocurrent 
power carries the desired information, and 
also when evaluating the effect of velocity 
gradients within the measuring volume.
Finally, some practical examples are 
given where these concepts are incorporated.
The analysis is of particular relevance 
to the Doppler anemometer, but some of the 
results are applicable to the "correlation" 
or "time-of-flight" anemometer as well [2],
BASIC OPTICAL SET-UP
The basic optical model is essentially 
an extended version of that given in refer­
ence 3 . Figure 1 shows the optical set-up 
in the form of a laser Doppler anemometer.
The transmitter incorporates the light source 
(laser), some beam shaping device (perhaps 
a beam splitter), and a transmitting lens.
This lens generates the spatial Fourier 
transform in the right focal plane of the 
scalar field distribution in the left focal 
plane. The right focal point is the centre of 
the measuring volume. The receiver incorpor­
ates two lenses which perform a double 
Fourier transform, i.e. they generate an im­
age in the pinhole plane of the measuring 
plane convoluted with the Fourier transform 
of the aperture pupil function [3]. The pos­
ition and size of the aperture determine the 
operational mode of the anemometer (i.e. 
reference-beam; dual-beam or differential, 
coherent or incoherent). The distance between 
and diameters of the two lenses determine the 
field of view. The pinhole will only allow 
light within the ideal image of the measuring 
volume to be passed to the photodetector.
In figure 1 the set-up is shown in a 
forward scattering configuration. By "folding 





Figure 1. Basic optical set-up for a laser Doppler anemometer. The position and 
diameter of the aperture determines the operational mode.
plane the configuration is converted into a 
back-scattering set-up. In such a set-up one 
lens may be common to both receiver and 
transmitter.
Now, information about the velocity is, 
of course, derived from light scattered in 
the measuring volume. However, light is 
scattered (or reflected/refracted) from 
other parts of space too. These "parasitic" 
signals will generally reduce our ability to 
obtain the desired velocity information.
This can be because of the "extra" shot 
noise induced, or because a parasitic beam 
heterodynes with scattered light, or because 
the parasitic signal itself possesses dynam­
ic components not easily separable from the 
Doppler signal itself.
Let us try to identify some of the 
(possible) parasitic signals:
(a) Particle scattering from the vicin­
ity of the measuring volume (which 
gives the familiar "bow-tie" im­
age).
(b) Scattering caused by contamination 
on windows and optical components; 
reflections and/or scattering from 
enclosing walls.
(c) "Parasitic" beams caused by higher 
order reflections.
(d) Background radiation (remote at­
mospheric measurements with vis­
ible light).
We shall now consider the function of 
the various components of the receiver with
regard to their spatial filtering ability 
and impact on the statistics of the Doppler 
signal.
FILTERED IMAGES AND APODIZATION
Let the field in the measuring plane be 
Uq and let the scattering particles be rep­
resented by a sum of weighted delta func­
tions ,
G = £ m 6(r-r.) (1)u p — —l
where r^ is the position of the i'th particle. 
The pupil function of the aperture is h(x,y). 
The field at the left side of the pinhole 
plane (fig. 1) is [3],
U = 1 m <S(r-r. ) * ^ { h }  (2 )p o u p — —i 1
where ^ {h} = H is the Fourier transform of h
evaluated at the frequencies f = x/XF andx
fy = y/XF. It is assumed that the directly 
transmitted beams are blocked (differential 
mode ). /
Now, the effect of the aperture - as can 
be seen from equation 2 - is to blur the im­
ages of the point particles. If the diameter 
of the aperture is very large, then the blur 
will be very small (of the order of one di­
vided by the aperture diameter); the par­
ticles are distinguishable and the photo­
current will contain no contributions caused 
by mixing of beams scattered by different
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particles (non-coherent detection). The pin­
hole will in this case act as an efficient 
spatial filter. As the aperture diameter de­
creases the blur increases; when the blurred 
images of two particles overlap, beat notes 
caused by mixing of beams from the two par­
ticles will occur. In the limit of blurred 
images larger than the pinhole, we get het­
erodyning between all beams [4] [3] (coher­
ent detection), but the spatial filtering 
ability of the pinhole has vanished: there 
is a trade-off between resolution and "het­
erodyning". (In this context it can be men­
tioned that it is indeed possible to get a 
Doppler signal in a differential mode set-up 
although the two incident beams do not in­
tersect ).
Another point related to the aperture 
size is the modulation depth of the photocur­
rent. A non-coherent set-up will give a low 
modulation depth (assuming many particles in 
the measuring volume), i.e. an inefficient use 
of the collected light power. A coherent set­
up will give a high modulation depth, but the 
amount of power which can be collected from 
the measuring volume is limited; at the same 
time the rejection of light originating from 
outside the measuring volume is poor.
It is an apodization problem to design 
transmission functions to be located in the 
aperture and pinhole planes, respectively, 
under the constraint of a certain maximum 
aperture so as to maximize the amount of 
collected light power containing the desired 
information and at the same time minimize the 
power of all other "kinds" of light. It may 
be possible to solve the problem rigorously 
in a few cases; we shall not try to do this, 
but rather consider some measures that allow 
for improved performances.
In appendix I is computed the ratio be­
tween the power collected from a point par­
ticle placed in the middle of the focal 
volume and the power collected from an 
equivalent particle placed at some other 
point in space. It is assumed that the width 
of H = {h} is much smaller than the pin­
hole of radius r . On the optical axis (z- 
axis), for a circular aperture, we get a 
"transmission" T:
T 1 _2z (a/F)2
z > z  = r (a/F) . (3)o o
z = 0 at the center of the measuring volume. 
Equation (3) is sketched in figure 2a. Block­
ing the central part of the aperture with a 
disc of radius a^ implies an attenuation 
curve as shown in figure 2 b .
Figure 2. The relative power received 
by the photodetector from a 
point source (particle) 
versus the position of the 
source, a. A circular aper­
ture. b. An annular aperture.
We note that curve (b) "takes off" at 
the same point as (a), but goes down to zero 
at z = rQF/a^. So in principle it should be 
possible to retain a given length of the 
measuring volume and at the same time get
an arbitrarily sharp cut-off. Naturally this 
is impossible. Diffraction will in any case 
make the sharp cut-offs in fig. 2 less pro­
nounced than predicted by geometrical optics 
- the smaller the aperture opening the larger 
the diffraction effects. An annular aperture 
does in general have less "pleasant" diffrac­
tion effects than a simple circular aperture 
(Appendix II).
In a Doppler set-up it is especially 
relevant to look at the attenuation along 
the directions of the laser beams, i.e. for 
a position vector
r = (z tg a , 0, z)
where a is half the angle between the in­
cident beams. Figure 3 shows from which 
parts of space no light will go through the 
pinhole. A central stop is less efficient in 
rejecting light from particles off the z- 
axis than from those on the z-axis (figure 
3a). Figure 3b shows the effect of an annular 
ring (the aperture is an "inverted" version 
of that in figure 3a). However, an infinite 
aperture is not possible so figure 3c rep­
resents a more realistic approach: There is 
a total rejection of light within specific 
angular directions - which, of course, should 
include the directions of the incident laser 
beams. The diffraction effects have a smaller 
unwanted effect on the spatial filtering 
ability than in figure 3a. For optimum fil­
tering the area of the central opening should 
be equal to that of the annular (see refer­
ence [5] and appendix II ). If the width of 
the apertures is chosen to match the co­
herence criteria, then we also obtain a large 
modulation depth [13]. Further reduction will 
reduce both the collected light power and the 
spatial filtering ability of the receiver.
a.
Figure 3. The shaded areas indicate from
which parts of space no light will 
reach the photodetector with (a) 
an annular aperture, (b) an annu­
lar stop, and (c) an annular and 
central aperture.150
THE HETERODYNING PROCESS AS A 
SPATIAL FILTER
As mentioned in the preceding section, 
there is a trade-off between heterodyning and 
resolution. If the aperture is so large that 
heterodyning is only performed between beams 
scattered from the same particle, then we 
will only get a Donpler signal from particles 
illuminated by both beams. In itself this 
will not reduce shot noise caused by scatter­
ing outside the measuring volume. In a refer­
ence beam set-up the power of the reference 
beam is usually much larger than the power of 
the scattered light, so also in this case it 
is sensible to use the heterodyning process 
to select the measuring volume.
In this context it may be worth while to 
briefly review how the contributions from the 
particles are superposed.
A dual-beam (differential) set-up can 
either be coherent or incoherent. In a co­
herent set-up there are contributions from 
both the individual particles and from beat- 
notes caused by mixing of beams from differ­
ent particles. In an incoherent set-up con­
tributions from individual particles will 
dominate; although "coherent" contributions 
can be made by particles with roughly the 
same (x,y )-posit ion, but different z-posi- 
tions, since the condition for heterodyning 
between beams from particles separated along 
the z-axis is generally weaker than for sep­
aration in the x-y plane [6] .
In a reference beam set-up - which 
necessarily has to be "coherent" - only con­
tributions caused'by the mixing of beams 
from "individual" particles with the refer­
ence beam will be significant (i.e. no cross­
part icle terms).
If no velocity gradients are present 
within the measuring volume, the question of 
set-up mode will primarily be a question of 
signal-to-noise ratios (detector shot noise 
and amplifier noise) [7j and of (most im­
portant) what is practically feasible. How­
ever, if velocity gradients are present, 
cross-particle contributions will cause an 
extra broadening (extra with respect to the 
broadening that would be encountered with no
cross-terms), which in the case of "instan­
taneous" detection will give a larger "am­
biguity noise" level [8], and in the case of 
spectral analysis can give additional compu­
tational problems, but also reveal gradients 
which otherwise might be hidden. (See appen­
dix III).
THE FIELD OF VIEW
According to equation 3 the attenuation 
of a point source on the z-axis is propor­
tional to the square of the distance from the 
measuring volume. Introducing an apodized 
aperture can improve the filtering ability 
but only for certain directions. There will 
always be directions for which the attenu­
ation is proportional to (no more than) the 
distance squared.
If the number of particles within a 
. 2given solid angle increases with z (i.e. a 
constant density), then the total contribu­
tion to the photocurrent will be independent 
of the distance. This is usually the case for 
background radiation as encountered in the 
atmosphere. Therefore, if one wants to make 
measurements in the atmosphere with visible 
light, it may he mandatory to introduce 
measures other than those already described, 
in order to reduce the effect of background 
radiation. A spectral filter (interference, 
Fabrv-Perot or a combination) will help. To 
stay within the scope of this paper, we shall 
only consider what can be obtained by reduc­
ing the field of view.
Let the two receiver lenses (figure 1) 
be of equal radius, a, and separated by a 
distance d, then the field of view is
i.e. sources in the focal plane will only 
contribute to the photocurrent if they are 
positioned at an angular distance from the 
optical axis of less than 0.
The contribution from an even distribu­
tion of sources at infinity is proportional 
o .to (rQa/F) , if d = 0. A lens spacing of l+F,
where l > 2F, will give an attenuation of 
(r a fc/F)^ , provided £+F << a^/X. If this is
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not the case diffraction effects will come 
into play. That this limitation is without
practical importance can be seen from the
. -3following example: Let A = 0.5*10 mm, a =
EXAM PLES OF SET-UPS
. 210 mm and F = 100 mm, this gives a /A = 200 m 
(meters!). Any kind of field stop between the 
lenses will give the same attenuation of 
signal and background radiation.




Figure 4. Backscattering set-up measuring the time-of-flight between two focal 
spots. The beam spacing and focal diameters are 0.5 mm and 20 pm, 
respectively. The focal length of the two major lenses are 0.5 m 
and the aperture diameter is 0.14 m.
Figure 5. Cross-correlation curve obtained 
by measuring in a free jet (nozzle: 25 mm 
in diameter) with the set-up in Fig. 4. 
Horizontal scale: 100 psec./div.
Count rates: n, = 3.9 * 10 counts/sec.
n0 = 4.2 x 10 counts/sec. 
Integration times for the count-rates:
'v 10 psec.
Averaging time of the correlator: 0.8 sec. 
Transmitted laser power: 2 mW (measured 
right behind the focal plane).
Equipment used: Laser: Spectra-Physics 162, 
Argon ion with A = 488 nm.
Photomultipliers: Philips 150 AVP 
Photoncounter: Brookdeal 501 
Correlator: Hewlett-Packard 3721 A.
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Figure 4 shows a backscattering set-up 
which is able to measure air velocity with 
a low power laser and no artificial seeding.
The anemometer is based on measuring the 
time-of-flight between two small spots by 
cross-correlation [2] [7 ].
In this set-up a central stop is used 
to obtain the transmission curve of figure 2b, 
which is necessary in order to eliminate the 
effect of scattering outside the focal vol­
ume. Figure 5 shows an example of a measure­
ment in a free jet. The transit time broad­
ening is approximately 4% and the broadening 
of the correllogram is - 10%, which gives a 
turbulence intensity of - 9%. We note that 
the correllogram exhibits a skewness, which 
is expected on the basis of the theoretical 
analysis of reference [2].
A set-up for measuring wind velocity in the 
atmospheric boundary layer
We are presently involved in the build­
ing of a dual-beam backscattering Doppler
set-up for measurements in the very lowest 
layer of the atmosphere.The basis of the op­
tical configuration is essentially as de­
scribed in e.g. reference [9]; however, the 
signal processing is significantly different 
[lo] and so is the actual lay-out of the op­
tics.
The transmitter and receiver have no 
common optical components for several reasons
(1) The spacing between the transmitted beams 
should not be limited by the diameter of the 
receiver lens; (2) the (large) collector lens 
(or mirror) can be of poorer quality if no 
laser beams are to be transmitted through it 
(we use a Fresnel lens); (3) it is very dif­
ficult to prevent scattered light from opti­
cal surfaces from entering the receiver if 
components are shared. Figure 6 shows the re­
ceiver. It is seen that no aperture stops are 
incorporated, but the field of view is lim­
ited in order to reduce the effect of back­
ground radiation.
Fresnel lens
Figure 6. Receiver configuration for a backscattering Doppler set-up to be used 
. for measurements in the lowest layer of the atmosphere.
CONCLUSION
This paper treats the concept of spatial 
filtering in relation to laser anemometrv. It 
is shown possible to "tailor" the receiver 
in order to get special spatial filtering 
properties. This can be summarized in the
following very general comments:
Background radiation can be reduced by 
reducing the field of view, but not (rela­
tively) with an apodized aperture.
The depth of focus can be reduced with 
a central stop or an annular stop (usually 
preferable), which provides for a better re
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jection of light from outside the measuring 
volume, and (possibly) also a better resolu­
tion along the optical axis.
The connection between heterodyning and 
resolutions is pointed out,and the impact of 
the mode of the set-up - and specifically the 
receiver configuration - on the statistics of 
the photocurrent is discussed.
APPENDIX I
Let a "point" source be placed at r = 
(0,0,0) (centre of the measuring volume) and 
let it per unit solid angle radiate the power 
I . The power collected by the first receiver 
lens is then
P = I ir(a/F)2 . (1.1)o o *
where rQ is the pinhole radius. The "trans­
mission" T = P /P is then o z
T(z) =
^7 ( I7t) » I Z 1 - ro (F/a) 
Z (I
k 1 » I 2 1 £  r o ( F / a )
Introducing a central stop with radius 




IzI < r (F/a, ) 1 1 — o 1
r2-(a0z/(F-z ) )2 o 2
7~2 2T772 ~ »
(roF/al) £ 1zl £ ro(F/a2 }
( 1 . 8 )
0 » |z| > rQ(F/a2 )
All this power will be transmitted through 
the pinhole to the photodetector.
Let the same point source be placed at 
r = (x,0,z). The power collected by the first 
lens is
T must be equal to zero for:
x . I > r ’ + r 1 1 — 1 o
l * i l  £ r 2 ■ r o
( 1 . 9 )
P = Io*(a/(F-z))2 . Substituting equations 1.4 and 1.5 in 1.9 
yields
(The orientation of the z-axis is from trans­
mitter to receiver. ) From the lens equation 
we get that the image is positioned at
ri = (xi,0,Fz/F-2z) (1.3)
where r^ has its origin in the centre of the 
pinhole. The radius of the "image" in the 
pinhole plane is
r' F-z I
( 1 . 4  )
The centre of the "image" is located at 
^xi*yi* S where
x' = -x F/(F-z) . (1.5)
For x = 
through
P2
0 we get that the power transmitted
the pinhole is 
_2
f P (r* )2
= <
r' > r — o
r*  < r  — o
( 1 . 6 )
| x I >_ (1/F)(a1|z| + rQ |F-z|)
| x | <^ (1/F)(a2 J z | - rQ|F-z)
( 1 .1 0  )
A P P E N D IX  I I
We shall here give some very simple 
properties of the diffraction patterns of the 
central and annular apertures, respectivelv. 
The patterns are given by the two-dimensional 
Fourier transforms of the aperture pupil 
functions (see e.g. equation 2). For a circu­
lar symmetric pupil function given -in polar 
coordinates the transform is given by the 
(one dimensional) Fourier-Bessel transform 
[13] .
For a circular aperture the pupil func­
tion is
h = circ(£)a






J1(27rpa) 2 2 1/2H = ---— --- where p = (x‘ +v )
(II.2)
For large p the envelope of J^(x) is propor­
tional to l//x, so the power will go as
| H | 2 'v 1/p3 . (II.3)
An annular aperture will give a dif­
fraction pattern given by
J^(2irpa^ )/pa-^  - J^( 2irpa2/pa^ ), which also for 
large p will give a (power) behaviour like 
equation II.3, provided comparable
to a^. In the case of a very narrow annular 
aperture where a^ - a0 , the pupil function 
can be represented by a delta function:
h(r) = c6(r-a) (II.4)
In the coherent case the autocorrela­
tion of the photocurrent R(t ) is in general 
related to the photocurrent of the scalar 
field in a rather complex way. For a narrow 
band Gaussian process R(t) is essentially 
given by the square of the autocorrelation 
for the scalar field [12].
In the coherent case R(t ) can be cal­
culated directly on the basis of equation 
(III.2).
An example (two-dimensional):
Let the scalar field be
2 2
UQ(x,y) = exp{- y X ^  ) cos(Kx/2)
r
° (III.*4)
and the velocity v = (vq (1+y/l )»0 ) . If it is 
assumed that the velocity differences are 
small within the measuring volume (i.e.
I  >> rQ ), the total spectral broadening is
where the normalization has to be done so 
that the integral of h equals the area of 
the actual opening.
The transform of II.k is
H(p) = 2TTaJQ( 2nap ) . (II.5)
For large p the envelope of JQ(x) is (also) 
proportional to l//x, so the power will in 
this case go as
(Au>)2 = (Aw d )2 + (y tuD(ro/l))2 (III.5)
in both the coherent and incoherent cases.
is the Doppler frequency and Aujp is the 
transit time broadening.
Now, in the case of larger velocity 
gradients beat notes given by the relative 
velocity differences will play a role in a 
coherent set-up (i.e. extra broadening) but 
not in an incoherent.
|H|2 * 1/p (II.6)
which has to be compared with equation II.3. 
APPENDIX III
In a coherent dual-beam set-up the photo­
current is given by
i ' v | l / o . U ( r . ) | 2 (III.l)1 1 o —1
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In an incoherent set-up 
i % I o.|Uo(ri)|2 (III.2 )
omitting proportionality constants without 
importance for the present discussion, is 
the scattering cross-section of particle i.
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DISCUSSION
John Sullivan, Purdue University: Instead of using an 
annular stop, why not "bend" the optical system and 
"look" from a side direction?
Lading: In many cases that w ill do, but i f  one wants 
to optimize the ratio between lig h t carrying the de­
sired velocity information and lig h t alien to the ob­
jec t of the measurement, more elaborate techniques have 
to be incorporated.
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TURBULENCE EFFECTS UPON LASER 
PROPAGATION IN THE MARINE BOUNDARY LAYER
Kenneth L . Davidson and Thomas M. Houlihan
Naval Postgraduate School 
Monterey, C a lifo rn ia  93940
ABSTRACT
Shipboard measurements of small scale tempera­
ture and ve lo c ity  flu ctuatio ns have been accomplished 
to determine o p tica l wave propagation properties of 
the marine boundary la ye r. Measurements were record­
ed fo r ocean conditions in  Monterey Bay and in the 
confines of the P a c if ic  M iss ile  Range. Laser beam 
propagation measurements were performed in conjunc­
tion with the meteorological measurements.
INTRODUCTION
The propagation of a lig h t beam through the a t ­
mosphere is  affected by the re fra c t iv e  nature of the 
medium. This has Important consequences fo r various 
optical systems applications Including image reso lu­
t io n , optical communications, and la se r radars.
In addition to the regular va ria tio n  of atmos­
pheric re fra c t iv e  Index with a lt itu d e , there e x is t  
small inhomogenelties in the re fra c t iv e  Index asso c i­
ated with flu ctuatio ns 1n the density and the temp­
erature of the a i r .  These cause random phase and 
amplitude d isto rtio n s in propagating wave fronts 
and thus degrade spatia l and temporal coherence 
there in . Hence, there 1s an increase in beam d ive r­
gence which reduces the power density and degrades 
angle reso lu tion . A non-uniformity 1n the Illum ina­
tion f ie ld  1s Induced which Impairs target detection 
s t a t is t ic s  and reduces the e ff ic ie n c y  of detection . 
Moreover, amplitude modulation noise is  Introduced, 
as well as a lte ra tio n  of the frequency d is tr ib u tio n  
and po larization  of the transmitted beam.
The magnitude of these e ffe c ts  place lim ita tio n s 
on optical system performances and must be Included 
1n design considerations. I t  1s desirab le to have a 
theory s u f f ic ie n t ly  wel1-developed to permit deriva­
tion  of propagation c h a ra c te r is t ic s  1n real time from
measurements of meteorological va ria b le s .
Descriptions of small sca le  flu ctuatio ns which 
a ffe c t la se r propagations have not been as complete 
nor 1n the quantity for the overwater regime as fo r 
the overland regime. Overwater descriptions are 
necessary, even though considerable progress has been 
made in overland investigatio ns such as from experi­
ments by AFCRL. (Wyngaard et a l . ,  1971). The neces­
s ity  e x is ts  because of increasing evidence of the 
influence on atmospheric motions by oceanic waves. 
(Davidson, 1974). This wave influence has been ob­
served to be s ig n if ic a n t enough to warrant re-examina 
tion of empirical expressions re la tin g  small scale 
properties to mean wind and temperature p ro f ile s .
I t  is  toward th is  end that the research e ffo rts  
of the Electro-O ptics/Laser Technology Research Group 
at the Naval Postgraduate School have been directed 
in the la s t  two years . A short review of the meteor­
ological program of th is  study is  now presented, to­
gether with some primary find ings of the research.
THEORY
On the basis of the iso trop ic  nature of small 
scale flu c tu a tio n s , only one parameter is  necessary 
to describe the in te n s ity  of the atmospheric re fra c ­
t ive  index flu ctuatio ns over many sca le s . (T a ta rsk i,
1964). I t  is  the re fra c t iv e  index structu re  function
2
parameter, CN , where
CN2 - [n ' ( x ) - n '(x + r ) ]2/ r 2/3 ( 1)
Herein, n ’ (x ) and n '(x+ r) are re fra c t iv e  Index 
flu ctuatio ns at two points on a lin e  oriented normal 
to the mean wind d irectio n  separated by the d istance, 
r .  This d istance , r  , is  le ss  than the outer sc a le , 
Lq - the lower end of the In e r t ia l subrange - and 
greater than the Inner sc a le , t Q - the sm allest sca le  
of n a tu ra lly  occurring turbulence. The brackets 1n 
Eq. (1) designate an RMS evaluation of the quantities 
contained therein .
2
Fo rtunate ly , CN can be related to the tempera­
ture structure  function parameter, Cy2 , 1n the f o l­
lowing manner, i . e . ,
CN2 « [79 x 10‘ 6 (P/T2) ] 2 Ct 2 (2)
where P * barometric pressure
T * atmospheric temperature.
2 2Equally fo rtu n ate ly , both CN and Cy are read ily  
measurable q u a n titie s .
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Since turbulence 1s nearly synonymous with dens­
ity  and temperature fluctuations. 1t 1s ultimately 
necessary to describe mean thermal stratification in 
terms of the atmospheric s tab ility  parameters, Ri 
(Richardson Number) and L (Mon1n-0bukhov Length). In 
this regard, concomitant measurements of both atmos­
pheric mean profiles and flux gradients are necessary 




CN2 = K o2 n7/6 l' 1' 6 (3)
where K = constant dependent upon beam geometry
2
a = log intensity variance 
n = laser wavelength 
L = propagation pathlength 
Since log Intensity variance values are directly 
available from analog processing of phototube signals, 
path!1ne values of refractive Index values are read­
ily  available.
o
Likewise, point measurements of Cy (which ult1-
■ o
mately lead to polntwlse measurements of ) are 
readily accomplished. By definition,
Cy2 = [ T ' ( x )  - T' (x + r)]2/ r2/3 (4)
where T'(x) and T'(x + r) are temperature fluctua­
tions at two points along the propagation path sep­
arated by the distance, r. Obviously, two fast 
response probes 1n conjunction with analog circu itry
configured to yie ld RMS values of the measured tem-
2
perature fluctuation differences can generate Cy 
values directly. Systems using thin platinum wires
as sensors have been developed to achieve such direct
2
Cy measurements 1n a band of 0-1 KHz.
Over the Inertia l subrange, the relation exist­
ent between the temperature structure function parame-
2
te r, Cy , and the Fourier Transform of the tempera­
ture correlation function, *(k) , 1s
Cy2 * 4*(k) k5/3 (5)
where k 1s the temperature spectrum wavenumber. 
(Kolomogorov, 1941) Thus, data obtained from one
fast response temperature sensor can be treated to
2
yield Cy values. Herein, Implicit use is made of 
Taylor's Hypothesis to relate correlation distance 
(r) to wavenumber (k) via the mean wind velocity 
(O’) . Hence, I t  1s necessary to obtain mean velocity
values in conjunction with temperature spectrum 
measurements to arrive at final Cy2 values.
A third approach toward the measurement of the 
temperature structure function parameter Involves i t s  
dependence on the dissipations of turbulent kinetic  
energy (e) and temperature variance ( x ) .  (Corsin, 
1951). Dimensional arguments relate the temperature 
spectrum to these parameters 1n the following manner:
Hence,




where e is an empirically derived constant. Turbu­
lence measurements demand the incorporation of hot 
wire or sonic anemometer gear to record the data 
that results in determinations of the kinetic energy 
dissipation term. Likewise, temperature variance 
measurements require fast response thermal systems 
to record the data that results in determinations of 
the temperature dissipation factor. Again, since 
the Taylor Hypothesis is utilized in conjunction with 
these dissipation data, the presence of a mean wind 
record 1s necessary for final determinations. Such 
a record is , of course, available from the anemometer 
gear used 1n conjunction with turbulence measurements.
I t  is to be noted that these determinations for 
Cy2 hold for scales greater than the atmospheric tu r­
bulence microscale, L , the smallest scale of natur- o
a lly  occurring turbulence. Physically, this micro­
scale affects seeing conditions. Now, when equilib­
rium exists, the atmospheric turbulence spectrum is 
dependent only upon the rate of dissipation of turbu­
lent kinetic energy (e ) and the kinematic viscosity 
of the constituent atmosphere ( v ) .  (Lumley and 
Panofsky, 1964). Dimensional analysis yields,
l Q - (v3/e )1/4 (8)
Now, over the Inertia l subrange, l.e .,  the 
range 1n turbulent velocity spectrum wavenumber 
space between the Input of energy (large scales, 
small wavenumbers) and the dissipation region (small 
scales, large wavenumbers), Kolomogorov postulated 
that
+(k) = * e2/3 k '5/3 (9)
where
*(k) = velocity spectrum
* * empirically derived constant. 
Hence, velocity spectra 1n the vertical subrange can 
be treated to yield optically relevant results, viz..
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values of m icroscale.
As can be expected, the height varia tio ns of 
these optical parameters are of ultim ate Importance. 
Likewise, re la tionsh ips between these turbulent (small 
sca le ) quantities and the mean (large scale) meteor­
ological va riab les (wind speed, temperature gradient) 
are equally important. This la t te r  s im ila r ity  re la ­
tionship is  dependent upon atmospheric s ta b il it y  con­
d itions and is  characterized by re la tionsh ips invo lv­
ing the Richardson Number (R i ) and the Monin-Obukhov 
Length (L ) .
RESULTS
Shipboard observational experiments to describe 
the height and s t a b il i t y  dependence of small scale 
properties of atmospheric turbulence are being per­
formed in Monterey Bay and over the open ocean o ff 
the west coast by a team of NPS investigators from 
the Departments of Meteorology, Oceanography, Physics, 
and Engineering. Simultaneous la se r transmission ex­
periments are being completed in conjuction with these 
meteorology stud ies. The shipboard sensor arrangement 
aboard the NPS Research V esse l, ACANIA, appears in 
Figure 1. Instrumentation consists of hot wire 
anemometers, platinum resistance w ire thermometers, 
and lyman-alpha humldiometers fo r turbulence measure­
ments and cup anemometers, quartz sensor thermometers, 
and lith ium  chloride hygrometers fo r mean determina­
tio n s . Coincident accelerometer measurements 1n early 
experiments supported other re su lts  that Indicated the 
high frequency portion of ve lo c ity  spectra can be In­
terpreted for d iss ipatio n  rates and inner scale deter­
minations.
F ir s t  re su lts  were derived from structure func­
tio n  measurements using separated pairs of sensors.
2These yielded a consistent height dependence fo r Cy 
of z '4/3 over long periods (F ig . 2) during which Cy^  
a t Individual leve ls  changed by a facto r of three
-4/3between minimum and maximum values. Although a z 
dependence was predicted by Wyngaard, 1971, fo r free 
convection re su lts , the overwater re su lts  were observ­
ed 1n only s lig h t ly  unstable conditions.
Several observational periods with near neutral 
s t ra t if ic a t io n  resulted 1n small temperature d if f e r ­
ences between the paired w ires . This led to the use 
of temperature variance spectra using sing le sensors
O
fo r estimating CT . Prelim inary spectra l re su lts  ob-
-4/3talned a t  four levels reveal d ifferences from the z 
re la tio nsh ip  depending on thermal s t ra t if ic a t io n .
The observational experiments required to evalu­
ate ex istin g  predictions with regard to the overwater 
regime emphasized the height dependence of both the
p
temperature structure function parameter (Cy ) and 
the turbulent k ine tic  energy d iss ipatio n  facto r (e) 
that enters d ire c t ly  Into m icroscale ca lcu la tio ns
(Eq. 8 ) .
2
A typ ica l plot of the height va ria tio n  of Cy 
fo r neutral atmospheric conditions 1s shown in Figure 
3 (Lund, 1975). Herein, experimental agreement with 
the predicted -3/2 re la tio nsh ip  is  evident. A sim i­
la r ly  typ ica l plot of the height va ria tio n  fo r e , 
again fo r neutral atmospheric conditions, is  shown in 
Figure 4 . Again, a c lose agreement with the -1 
re la tio nsh ip  determined from overland analyses is  
portrayed.
Typical re su lts  fo r temperature structu re  func­
tion  data recorded in  unstable atmospheric conditions 
( 1 .e . ,  ocean water temperature greater than ambient 
a i r  temperature) are shown in  Figure 5 (Bone, 1974). 
The general slope of th is  p lot agrees very well with 
the -4/3 predictions from overland analyses. One 
might expect s lig h t ly  greater negative slopes fo r 
greater In s ta b il it y  s itu a tio n s . However, -4/3 should
be the lim it in g  slope i f  overland re su lts  are va lid
2
overwater. Since Cy is  a function of both e and x
(Eq. 7 ) , i t  is  possible that wind-wave coupling
2
e ffe c ts  upon e values would Influence Cy va lues.
Results on e height varia tio ns (again , fo r 
unstable atmospheric conditions) are shown In Figure
6. Negative slopes greater than -1 are noted herein. 
Th is 1s In agreement with present boundary laye r 
theory fo r overland re s u lts .
Th is deviation of the slope from -1 was examined 
to determine 1f perhaps 1t could be accounted fo r by 
the Influence of unstable s t ra t if ic a t io n s . A s lig h t 
s h if t  toward a -1 slope was observed. However, com­
plete adjustment to a -1 slope could not be accomp­
lish ed . The fa c t that s t a b i l i t y  corrections did not 
completely restore the -1 slope leads to the specula­
tion that wind-wave coupling e ffe c ts  are present 
(Johnston, 1974).
CONCLUSION
In general, the prelim inary height varia tions of
2
Cy and c observed in th is  study agree well with the 
overland expressions. Th is agreement buttresses the 
constant f lu x  assumption which 1s the cornerstone of 
the developed p red ictive  analyses. However, the
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po ssib le  ex istence  o f wind-wave coupling e ffe c ts  w ill 
remain a matter o f specu lation u n t il a s u f f ic ie n t  data 
base 1s recorded to adequately exp la in  the d iscrep­
ancies evident 1n "corrected" unstable atmospheric 
r e s u l t s .
In g en era l, the present shipboard system 1s pro­
vid ing  re su lts  which provide usefu l d escrip tio n  of 
those small s c a le  tu rbu lent properties which are Im­
portant fo r o p tic a l transm issions 1n the marine en­
vironment.
Future work in  th is  regard w i l l  Include deter­
m inations of Cy u t i l iz in g  the Corsin  re la t io n  (Eq. 7) 
which 1n p ra ctice  Invo lves operations w ith  d iffe re n ­
t ia te d  v e lo c ity  and temperature f lu c tu a t io n  s ig n a ls . 
Furtherm ore, a n a ly s is  of the spectra o f these d i f ­
fe re n tia te d  v e lo c ity  s ig n a ls  w il l  provide a second 
method fo r  estim ating  e by allow ing the upper lim it  
o f the In e r t ia l  subrange o f the v e lo c ity  spectrum to 
be defined . S ince the m icrosca le 1s d ire c t ly  re la ted  
to  the d is s ip a t io n  wavenumber (v ia  the Tay lo r Hypothe­
s i s ) ,  the tu rbu len t k in e t ic  energy d iss ip a tio n  fa cto r 
w i l l  be obtained 1n conjunction w ith  simultaneous 
la s e r  transm issions Invo lv ing  severa l wavelength and 
propagation d is ta n ce s .
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R. S. Brodkey, Ohio State U n ive rs ity : What is  the 
e ffe c t o f the v e rt ic a l s t a b il it y  o f your ship? That 
is  what happens when the boundary layer moves up and 
down due to wave or ship motion?
Davidson: Because the gradient of the measured quan­
t i t ie s  is  not constant with respect to height, a bias 
is  expected in our representation due to the ship 
ve rt ic a l motion. However, our measurements are not 
expected to be sen sitive  enough to detect th is  b ias.
J .  M. Delhaye, Centre d' Etudes Nucleaires de Grenoble: 
I notice in your paper that you are measuring the 
fluctuating  component of the humidity. Could you give 
some information on the lyman alpha humidometer? What 
accuracy can you expect with h is technique?
Davidson: The Lyman-alpha sensor measures humidity as 
a function of the absorption of u lt ra v io le t  lig h t by 
the 1215°A° Lyman-alpha tran s itio n  of hydrogen in water 
vapor. I t  consists simply of a UV source tube and 
detector, separated by an absorbing a i r  gap (1 cm) 
representing the ambient medium. Because water so l­
uble windows (L iF  or MgF )^ are required for transm is­
sion in the u lt ra v io le t , the reference (dry a ir )  
voltage is  highly va riab le . However, the signal versus 
vapor pressure curve has been found to be more stab le , 
enough to obtain sa tis fa c to ry  ca lib ra tio n  fo r flu ctu a­
tion s t a t is t ic s .  We believe the variance spectral 
estimates of sp e c if ic  humidity in the 1 to 20 Hz band 
can be defined w ith in 30%, which we assign to e s t i­
mates of the humidity structure function parameter,
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INTRODUCTORY REMARKS TO SESSION ON 
FLUID-STRUCTURE INTERACTION PHENOMENA
R. J .  Hansen
Ocean Technology D iv ision 
Naval Research Laboratory
INTRODUCTION
Flu id-structure  in te raction  phenomena are assoc i­
ated with numerous problems of engineering and biomedi­
cal s ig n ifican ce . Flow-excited o sc il la t io n s  of cab les, 
smokestacks, and other c y lin d r ica l stru c tu res , fo r ex­
ample, can lead to premature fa i lu re . V ibrations in ­
duced in a submerged structu re  can degrade the perfor­
mance of on-board acoustic sensors. Boundary layer 
flows can in te rac t with compliant surfaces to increase 
o r , in selected circumstances, decrease skin f r ic t io n  
drag. The in teraction of the p u lsa tile  flow produced 
by the human heart with the f le x ib le  w alls of the 
la rger a r te r ie s  is  a prominent c h a ra c te r is t ic  of the 
c ircu la to ry  system.
Because o f the p ra ctica l importance of these and 
other flu id -stru ctu re  in teraction  phenomena, th is  area 
of applied mechanics is  the focus o f a large number of 
past and present research e f fo r t s . Results of th is  
work are abundant 1n the l it e ra tu re , and sessions of 
major conferences recently  have been or soon w il l  be 
devoted to the top ic . These include many recent O ff­
shore Technology Conferences and the 1976 Winter Annual 
Meeting of the American Society o f Mechanical Engineers, 
1n addition to the present Conference.
By way of introduction to the topic the present 
paper b r ie f ly  discusses some types of flu id -stru ctu re  
Interactions o f current In te re s t . Examples of recent 
research on these phenomena are noted, and some of the 
major unresolved problems associated with flu id -  
structu re  Interactions are id e n tif ie d .
CATEGORIES OF FLUID-STRUCTURE INTERACTIONS
The m ajority of f lu id -s tru c tu re  in teraction  phenom­
ena f a l l  Into one of three categories: (1 ) wake-struc­
ture in te rac tio n s ; (2 ) boundary layer-structu re  in te r­
actio n s ; (3) surface wave-structure in te rac tio n s . This 
characterization  according to the type of time-varying 
flow f ie ld  associated with the stru ctu ra l motions 1s 
helpful for purposes of d iscussion , but 1t is  not a l l ­
in c lu s ive . Some phenomena, such as that described by 
Weaver and Adubl 1n the present Symposium re su lt from 
transien t flow e ffe c ts  that are neither wakes.
boundary la y e rs , nor surface waves. In other cases a 
combination of these flow phenomena may be important.
The work of Blake reported in th is  session il lu s t ra te s  
how the re la t iv e  importance of wake and boundary layer 
exc ita tio n  may be determined when both are present, as 
well as the s e n s it iv it y  of th e ir  re la t iv e  importance 
to structu ra l geometry. More elaborate ch a ra c te r is t ic s  
of f lu id -s tru ctu re  in teractions have been developed 
previously by others [1 ] .
1. Wake-Structure In teractions
When a r ig id  cy lind er or other b lu f f body is  o r i­
ented perpendicular to the mean flow d ire c tio n , vo rtices 
are shed at the Strouhal frequency over a wide range of 
Reynolds numbers. Th is periodic wake structure  gives 
r is e  to lo ca lize d , time-varying l i f t  and drag forces on 
the stru ctu re . I f  the structure is  f le x ib le  or f le x ­
ib ly  mounted, i t  can in te rac t with these forces to 
produce o sc il la t io n s  with amplitudes which may be com­
parable to the diameter of the s tru c tu re . The v ib ra­
tion of the structure  increases the coherence length 
of the periodic vortex pattern along the cy linder [2 ] .
As a re s u lt , the periodic 11ft forces are 1n phase over 
a su ff ic ie n t  length o f the structure  to exc ite  the 
cy lin d e r into periodic or nearly periodic motion.
One of the noteworthy c h a ra c te r is t ic s  of th is  wake- 
structure  In teraction  1s that the motion of the struc­
ture can be e ith e r normal to or 1n lin e  with the mean 
flow d ire c tio n , depending upon the magnitudes of the 
re levant flow and stru ctu ra l parameters. Th is 1s c le a r 
from the work reported by King in th is  session . The 
character of the wake 1s quite d iffe re n t for the two 
cases, as 1s evident form the photographic work conduct­
ed at the Naval Research Laboratory at a diameter Rey­
nolds number of about 200 [3 ] .
In some applications the cy lin d e r is  yawed, or 
oriented at an angle less than 90° to the mean flow 
d ire c tio n . As has been shown by King [4 ] ,  fo r angles 
down to 45° the same types of wake-structure in te rac­
tions can be observed in these circumstances as when 
the cy lind er 1s oriented perpendicular to the mean flow 
d ire c tio n . King has suggested that only the component
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of the f lu id  ve lo c ity  normal to the cy linder a ffects 
the wake-structure In teraction  over the range of yaw 
angles which he has examined.
2. Boundary layer-S tructu re  Interactions
A sp a c ia lly  and temporally varying wall stress is  
superimposed on the steady-state stre ss d istrib u tio n  of 
a turbulent boundary la ye r. The root-mean-square nor­
mal component o f th is  perturbation wall s tre ss  is  about 
one order of magnitude la rger than the root-mean-square 
shear component [5 ,6 ] .  An accurate description of the 
spectra l content of the perturbation pressure f ie ld  is  
required in the study of i t s  in teraction with struc­
tu re s , and the paper by Jameson in th is  session de­
scribes an experimental study of the p a rt ic u la r ly  
d ifficu lt-to -m easure  low-wavenumber content. These 
perturbation stresses can cause unwanted o sc illa t io n s  
in cylinders aligned with the mean flow d irectio n , 
such as nuclear reactor fuel rods and counter-flow 
heat exchangers. A review of th is  type of flow-induced 
motion has recently  been given by Paidoussis [7 ] , The 
amplitude of motion 1s very small compared to the bound­
ary layer th ickness. I t  has been assumed in the analy­
sis of such phenomena that the wall stre ss is  unaffected 
by these motions and can therefore be taken d ire c tly  
from experiments with r ig id  w a lls .
A contrasting point o f veiw concerning the possible 
influence of small-amplitude wall motions is  given 1n 
the paper by Ash, et a l .  1n th is  session . I t  is  sug­
gested that ranges of f lu id  and e la s t ic  parameters ex­
is t  over which turbulence generation is  inhibited by 
wall motions that are very small in amplitude compared 
to the boundary layer th ickness. The skin fr ic t io n  
drag should be reduced 1n such circumstances, a pheno­
menon that would have many potential app lications.
Larger-ampHtude deformations and motions of f le x ­
ib le  surfaces can be caused by boundary layers 1n much 
the way Miles [8 ] postulated that wind generates water 
waves. Deformation of the In terface between a flow­
ing liqu id  and an e la s t ic  surface from the sta tic  con­
figuration produces perturbation normal stresses which 
tend to fu rther deform the surface. These perturbation 
normal stresses are about two orders of magnitude la r ­
ger than the corresponding shear stresses [9 ] . When 
these forces become s u f f ic ie n t ly  large compared to the 
e la s t ic  restoring fo rce s , a wave structure is  generated. 
It s  e ffects on the skin f r ic t io n  drag, root-mean-square 
wall pressure flu ctuatio ns and radiated flow noise are 
treated 1n the paper by Brown 1n th is  session. Exten­
sive  research on th is  phenomenon has also been conduc­
ted at the Naval Research Laboratory in rotating disk
and f la t  plate geometries [10, 11, 12]. The onset flow 
ve lo c ity  fo r wave generation has been found in sen sitive  
to flow geometry and liq u id  v is c o e la s t ic ity , but i t  
does increase with increasing liq u id  v isco s ity . The 
geometric ch a ra c te ris t ic s  of the waves depend on both 
liq u id  properties and flow geometry. In a l l cases, 
however, the wave height is  a substantial fraction of 
the boundary layer th ickness.
A comparable interaction can occur between a f le x ­
ib le  structure and a boundary la ye r . For example, a 
bending deformation in  an in i t i a l l y  stra ight cylinder 
aligned with the flow direction causes perturbation 
f lu id  forces which tend to increase the deformation. 
These f lu id  forces give r ise  to flow-induced vibrations 
o f the tube when they are su f f ic ie n t ly  large compared 
to bending and tension restoring fo rces. This type of 
phenomenon has been studied extensive ly by Paidoussis 
[1 3 ] , among others, fo r length-to-diameter ra tio s in 
the 20 to 30 range. Recent work at the Naval Research 
Laboratory [14] has been conducted with th is  ra tio  in 
the 500 to 600 range. Flow-induced vibrations of a 
f le x ib le  cy linder w ith liqu id  flowing through i t  are 
due to the same physical mechanism and have been ob­
served and analyzed by Dodds and Runyan [15] and Weaver 
and Unny [16] among others.
3. Wave-Structure Interactions
Although not the subject o f any papers in the pre­
sent Session, th is  form of flu id -stru ctu re  in teraction 
is  important for the design of offshore structures and 
other ocean engineering problems of current in te re st .
I t  has been addressed in the recent a r t ic le s  of Mercier 
[1 7 ], Isaacson and Maull [1 8 ], and Wiegel [1 9 ], among 
others. The flu id  forces exerted on a rig id  c irc u la r  
cylinder which is  ve rtica l and penetrates the liqu id  
surface depends on the mean flow ve loc ity  (cu rre n t), 
the Reynolds number, and the Keulegan-Carpenter number, 
Kc. For deep water waves Kc may be defined by the ex-
ttH
pression Kc 8 y  , where H is  the wave height and D
the cy linder diameter. Laboratory scale investigations
where no mean flow is  present and the surface Reynolds 
3 4number is  in the 10 to 10 range have established that 
the flu id  forces on the cylinder are in lin e  with the 
wave propagation ve loc ity  when Kc is  less than 2. As 
Kc increases to the 2-3 range, flow separation on the 
downstream side o f the cylinder begins to appear, and 
by Kc = 4 a vortex pattern is  evident. Further in ­
crease in Kc causes the wake on the downstream side of 
the cylinder to become turbulent, and vortices are 
shed in an irreg u la r manner. The forces induced by 
the shed vo rtices are normal to the wave propagation
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ve lo c ity . Their maximum size  at large Kc reaches the 
order of 40% of the maximum forces in the wave propa­
gation d irection . The normal forces may be of greater 
p ractica l s ig n ifican ce , however, because of th e ir 
higher frequency.
The mean current which is  usually  present in the 
ocean environment is  expected to influence the wave- 
induced flu id  fo rces , as is  the flow-induced motion 
of a f le x ib le  or flexibly-mounted cy linder. Quantita­
tive  characterization of the e ffe c ts  of these factors 
on wave-structure interactions is  not complete at pre­
sent. Mercier [17] has inferred that both current and 
cylinder motion can s ig n if ic a n t ly  a ffe c t the wave- 
induced flu id  forces on the basis of studies of fu lly -  
submerged cylinders o sc illa ted  in - lin e  with and trans­
verse to the mean flow d ire c tio n . Th is work suggests 
that current and cylinder motions are important when 
the associated Strouhal number is  in the range where 
vortex shedding is  enhanced.
I t  is  evident from work done to date that wave- 
structure interactions have both s im ila r it ie s  with and 
differences from wake-structure in te ractions. The 
forces normal to the flow d irection (wave propagation 
d irection ) are vortex-induced in both cases. The up­
stream flow in cases such as considered by King in 
the present session is  uniform. In contrast the up­
stream flow f ie ld  for a f le x ib le  cylinder vib rating  
under the action of wave forces during one h a lf cycle 
is e sse n tia lly  the wake created during the previous 
ha lf cycle .
RECOMMENDATIONS FOR FUTURE WORK
A number of sp ec ific  recommendations are offered 
by the authors of the papers in the present Session.
I believe that the following additional research in ­
it ia t iv e s  w ill enhance our understanding of f lu id -  
structure interactions and a b i l i t y  to develop suitable 
design methodologies fo r systems affected by such in te r­
actions:
1. Additional experiments on the wake-induced 
o sc illa t io n s  of yawed cables and cylinders are needed. 
They should estab lish  in deta il the re lationsh ip  of 
yaw angle to wake structu re , time varying l i f t  and 
drag forces, and other relevant ch a ra c te ris t ic s  of th is 
flu id -stru ctu re  in teraction .
2. Experimental work is  needed to estab lish  the 
character of the boundary layer adjacent to a f le x ib le  
cylinder aligned with the mean flow d irec tio n , particu­
la r ly  when the flow-induced motions are large (o f the 
order of the cylinder diameter or la rg e r). Such irreg­
u la r flow phenomena as periodic boundary layer separation
or the shedding of vo rtices of some form may occur in 
these circumstances. The knowledge gained from th is  
work would provide a basis for modelling th is  flu id -  
structure interaction phenomenon.
3. The influence of smal1-amplitude wall motions 
(compared to the boundary layer th ickness) must be 
established over a broad range of flow and wall para­
meters. A reduction in turbulent skin fr ic t io n  drag
by such motions could be of great p ractica l sign ificance, 
and detailed study of the phenomenon would enhance our 
understanding of turbulence generation in the boundary 
layer region.
4. An experimental program to study the wave- 
induced forces and the mechanisms by which they are 
generated in the presence of cy linder motion and mean 
flow should be in it ia te d . Experiments should be con­
ducted with ve rt ica l cy linders which penetrate the 
liq u id  surface. In addition to providing a basis for 
the development of design methods fo r offshore stru c­
tu re s , th is  work would c la r i f y  the in te rre la tio n sh ip  of 
wake and wave-induced fo rces.
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PERIODIC AND RANDOM EXCITATION OF 
STREAMLINED STRUCTURES BY TRAILING EDGE 
FLOWS
William K. Blake




This paper is  an examination of semi-empirical 
techniques which are shown to be e ffe c tive  in p red ict­
ing the response of hydrofoils to flow exc ita tio n . 
Examples are given for buffeting by inflow turbulence, 
excita tion  by the boundary-layer pressures on the 
hyd ro fo il, and lin e a r and non-linear exc ita tion  by 
vortex stree t formation in the wake. Co-ordinated 
aerodynamic and hydrodynamic measurements are used in 
Reynolds number - scaled experiments to determine both 
the flow induced forces and the hydro-elastic behavior 
on can tilever s t ru ts . An an a ly tica l formulation based 
on normal mode theory is  used to combine the re su lts .
INTRODUCTION
The flow excited vib ration of hydrofo ils and 
stru ts  is  controlled by both the nature of the d is ­
turbance in the flow and the bending impedance of the 
structure . This paper summarizes the resu lts  of a 
se ries of investigatibns which were directed at deter­
mining the re la t iv e  importance of various f lu id  forcing 
mechanisms on s tru ts  at small angle of attack. Char­
a c te r is t ic s  of flu ctuating  driving forces and of hydro­
dynamic damping have been measured fo r a range of stru t 
geometries.
Hydrodynamic flu id  loading on a s tru t is  mani­
fested both as added mass and as damping. The in e r t ia l 
loading is  flow-independent as long as the entrained 
mass is  small enough and the mean f lu id  ve loc ity  is  
low enough that the in s ta b il it ie s  leading to f lu t te r  
divergence are unimportant. Velocity-dependent hydro­
dynamic damping arises from f lu id  reaction forces 
which are in phase opposition with the transverse
bending ve lo c ity . These forces are induced by the 
potential flow around the s tru t responding to the small 
o sc illa t in g  angle of attack provided by a superposition 
of the bending ve lo c ity  and the inflow ve lo c ity . Work 
is  done by the s tru t  as i t  generates v o r t ic ity  in the 
wake; Blake and Maqa (l?75a) provide a characterization 
of th is  damping mechanism.
We w il l  consider ch a ra c te ris t ic s  of the unsteady 
excita tion  forces to depend on the structure of inflow 
unsteadiness, on the flow in the boundary layer o f the 
s t ru t , and on the properties of the near-wake behind 
the s t ru t . When the flow leaving the t ra il in g  edge 
does not generate a von Karman vortex s t re e t , as is  
often the case when the edge is  sharp, the fluctuating  
forces are due prim arily  to the boundary layer turbu­
lence and to buffeting by inflow  unsteadiness. These 
disturbances lin e a r ly  excite  the resonant bending inodes 
of the s t ru t ; when the unsteadiness is  random in time 
and space large numbers of modes are excited . In the 
case of exc ita tio n  by inflow turbulence an investiga­
tion by Mugridge (1970) has characterized the unsteady 
forces in terms of the spectrum and macro-length scale 
of the inflow turbulence. The response of the beam to 
it s  own boundary layer depends on the magnitudes and 
the sp a tia l corre lation  area o f the turbulent surface 
pressures.
When a periodic wake vortex exc ita tio n  occurs, as 
is often the case with blunt t ra il in q  edges, the pres­
sures are concentrated w ithin a small region of the 
t ra il in g  edge. The speed dependence of the flow- 
induced vib ration of the s tru t is  ty p ic a lly  character­
ized by ex tra -o rd in a rily  great responses at sp e c if ic  
speeds. At speeds fo r which the frequency of vortex 
formation coincides with a resonance frequency o f the 
h yd ro fo il, the vib ration le ve ls  are dram atically 
greater than when such a coincidence of frequencies does
not e x is t .  Increases of structu ra l damping in the 
s t ru t  reduce the non-linear coupling of the f lu id  and 
structu re  which brings about that v ib ra t io n . The 
problem is  not new; the re lated  problem of the flow- 
excited singing of c irc u la r  cy linders has occupied 
the attention o f numerous authors. The re su lts  of 
those investigatio ns have provided much theoretica l 
and em pirical knowledge of the dynamical constra ints 
on the shedding process. Dimensionless (Strouhal) 
frequencies fo r  shedding, o sc il la to ry  l i f t  c o e ff ic ie n ts , 
vortex co rre la tio n  lengths, and vo rtex-stree t drag 
co e ffic ie n ts  have a l l  been well-documented fo r fixed 
cy lin d e rs . In the case o f hydrofo ils and s tru ts  far 
le ss  published information e x is t s , and th at informa­
tion is  la rg e ly  th e o re tica l.
In th is  paper we w il l  f i r s t  present a b r ie f  review 
o f a modal an a lysis  which provides a framework for 
in terp reting  measured s tru t  responses. Th is analysis 
has been used in  assessing the lin e a r  e xc ita tio n  due 
to inflow  turbulence and boundary layer pressures. 
Following th is  review, new measurements which show the 
the re la tio nsh ip  between the o sc il la to ry  pressures at 
t r a i l in g  edges and the dynamics o f the periodic wakes 
o f r ig id , blunt-edged s tru ts  w il l  be discussed. We 
then consider new measurements of the lin e a r  and non­
lin e a r  flow exc ita tio n s of damped s tru ts  by th e ir 
vortex s t re e ts . These s tru ts  have geometrically 
s im ila r  cross sectio ns, but varying damping and t r a i l ­
ing edge th ickness. F in a lly  we w i l l  apply the 
em pirical modeling techniques to the non-linear prob­
lem o f vortex flow exc ita tio n
LINEAR RESPONSE TO TURBULENT FLOW EXCITATION
The necessary a n a ly tica l formulations fo r f lu id -  
driven stru ts  have been presented by Blake and Maga 
(1975a) (1975b) We w i l l  summarize the ana ly tica l 
treatment in  order to form a foundation fo r the con­
s is te n t  examination of the measured responses of s tru ts  
to various f lu id  e xc ita tio n s . The can tile ve r p late­
lik e  stru t which is  i l lu s tra te d  in Figure 1 is  driven 
by exc ita tio n  pressures p 6 ( x , t ) and i t  is  loaded by 
f lu id  reaction pressures p^Cx.-r). The quantities 
x = (x ,z )  and t  are position and time coordinates. The 
reaction pressures include both in e r t ia l and hydro­
dynamic damping e f fe c ts ; they are d if fe re n t ia ls  between 
pressures on the upper and lower surface . Exc ita tion  
pressures on the upper and lower surfaces are
» V
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Figure 1 - Co-ordinate System for a Strut Immersed in a 
Flow Field
corre lated in the cases of e ither buffeting or vortex 
e x c ita t io n , and uncorrelated in the case of boundary 
la ye r e xc ita t io n . The transverse vib ration ve lo c ity  is  
expandable in the normal modes of the stru t
v <x .*> ■ 1 \nn(T ) ’ mn(7)
where
«x = As
i s  the area (Lw) of the s t ru t . The plate motion is  
then expressed as
v»n( ’ > * 6 imn(T >+"mnvmn(T)=(mpr lC p e ' ' K  ( '>
mn mn
where B is  a m aterial damping c o e ff ic ie n t , umn is  the 
in-vacuo resonance frequency of the m,n mode, and rrip 
is  the area density of the p la te . The modal exc ita tio n  
pressure is
>e <T> s - r  I  pe(x>T) W 10 dx 
mn s A
s
and s im ila r ly  for p0 (t ) which depends on vmn(-r). The 
pressure is  considered to be amnmodal exc ita tio n  
random variab le  and independent of vmn(t )  f ° r  lin e a r 
turbulence e xc ita t io n , but in cases involving vortex 
shedding i t  may depend on the bending ve lo c ity  and i t  
may not be sto ch astic . For any lin ea r turbulence 
excita tion  the spectra l density of transverse acce le r­
ation at a point x . a^U ^ .w), has been shown in 
Reference 5, to be given by a summation over resonant 
bending modes;
♦ A < V “ )ms = z 
m
\ ,n (xo>




$n(x ,x , 
__E__ 1___2_ Y Xmnv j mn ' V ■) d( A .
s s
where x^, and are locations in the plane of the 
strut. In this expression q=pU^/2 where p is the fluid 
density, is the mean velocity, mg is the wetted mass 
per unit area of the strut, and n-j- is the total loss 
factor of the m,n mode; it includes both hydrodynamic 
and hysteretic damping. The resonance frequency now 
applies to the cantilever plate in water. The cross­
spectral density of the pressure on the strut, 
♦p CV *- }. has a particular form depending on the type 
of excitation. The integral in equation (2) expresses 
the spatial matching of the chordwise (x) and spanwise 
(z) correlation length scales typical of the fluid 
pressure say (*x >*z )> with the characteristic wave­
lengths of bending motion, say (x ,x ). In Reference
r v HZ
6 it was assumed that the correlation area of the 
fluid pressure satisfied the inequality (*x*z ) < <
(Xp Xp ) for both boundary-layer and inflow-turbulence 
excitation. The cases of both linear and non-linear 
vortex-excitation will be treated subsequently. In 
any of these cases the integral is considered as a 
mean-square modal force (or oscillatory lift) coeffi­
cient, for the flow-excited strut.
Equation (2) has been evaluated in Reference 6 
for comparison to the measured acceleration levels of 
specific modes of a 2.75 x 20 x 0.25 inch thick stain­
less steel cantilever strut in flowing water. The 
strut had the same section shape with a sharp trailing 
edge as shown in Figure 1. Measurements* were obtained 
for the uniform beam modes (1 ,0 ) , (2,0), (3 ,0 ) , and 
(4,0) illustrated in Table I. The experimental and
TABLE I
RESONANCE FREQUENCIES (Hz) OF BEAMS** IN WATER
Shape Order Brass, L=18" Steel L=18 7/16
T-----T 1.0 • 70 115
0,1 170 260
f ! n 2,0 186 298
n  i n 3,0 375 580
r . ......i 1.1 520 850
•IT : : :| 4,0 630 987
2,1 870
-it ? • • a 5,0 940
theoretical evaluation of the acceleration was made
only at frequencies corresponding to u = u>m Q . The
* A fu ll description of the procedure and instrumenta­
tion is  given by Blake and Maga (1973) and i t  is  sim- 
marized in References 5 and 6.
**w = 2.5 inch , t = 0.072 inch
integral in equation (2) was evaluated for boundary 
layer excitation using measured cross-spectral densi­
ties in a wind tunnel on a two-dimensional, Reynolds 
number-scaled version of the strut and the measured 
mode shapes Ym Q(x)■ Buffeting response was estimated 
by using the measured free-stream turbulence spectra 
in the water tunnel and Mugridge's (1970) theoretical 
oscillatory lift coefficient. Figure 2 shows the
Figure 2 - Comparison of Theoretical and Measured
Modal Acceleration Spectra for a Stainless 
Steel Strut. Taken from Blake and Maga 
(1975b)
measured dimensionless acceleration spectral density 
with frequency normalized as uih/U .^ The dimensionless 
acceleration spectral density is  seen to be compatible 
with equation (2) when “  = <*>m 0- Theo retica lly  c a l­
culated leve ls of the integral in equation (2) are 
shown as dotted lin e s . Boundary layer excita tion  
accounts for the high frequency acceleration while 
buffeting by inflow turbulence (which has a root- 
mean-square level of 2% of U )^ causes low frequency 
acceleration . The boundary layer excita tion  for 
uih/U^  > 2 is  dominated by the pressure fluctuations 
exerted in  the downstream portion of the stru t surface. 
These pressures are highest due to the adverse s ta t ic  
pressure gradient ex isting  there. At lower frequen­
c ie s , the calculated boundary layer excita tion  is  con­
tro lled  by a la rge-sca le eddy structure which is  gen­
erated at the c ir c u la r  leading edge of the s t ru t . 
Separation of the laminar boundary layer at the lead­
ing edge generated th is  unsteadiness. The aerodynamic 
measurements disclosed that the large-sca le pressure 
f ie ld  induced by the separation increased as the angle 
of attack increased. The higher frequency boundary 
layer pressures were unaffected by the small angle of 
attack. The theoretical model fo r the calculated 
buffeting response is  va lid  for uh/U  ^ < 1. For 
1 < uh/U  ^ < 3 i t  is  d i f f ic u l t  to distinguish physica lly  
between the e ffects  o f in-flow turbulence and the 
e ffects of separation because both disturbances are
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of the same sp a tia l s c a le , and both are convected at 
speeds near U_. This re su lt  is  typ ica l of those 
which were obtained on a se rie s  o f beams with varying 
chord and length. I t  is  to be noted that values of 
the to ta l loss factors fo r each node were required in 
the normalization of Figure 2. For the s tru t  of th is  
example the loss factors were dominated by speed- 
dependent hydrodynamic damping throughout most of the 
speed range. This loss mechanism w il l  be fu rther 
examined in section 4. The kinematic basis fo r s c a l­
ing the aerodynamic pressures to ca lcu late  the hydro­
dynamically-induced bending response was provided by 
wake measurements. In experiments in both media mean 
ve lo c ity  p ro file s  and turbulence in ten sity  spectra were 
obtained at corresponding locations in the wakes ju s t  
downstream of the t ra i l in g  edges.
CHARACTERISTICS OF THE OSCILLATORY LOADING ON STRUTS 
WITH FIXED EDGES
The remainder o f the paper is  concerned with the 
exc ita tion  of the s tru ts  by periodic vortex s t re e ts .
The s tru ts  have the same basic section shape as that 
diagrammed in Figure 1, but in  these cases the t r a i l ­
ing edge was blunted ( s lig h t ly  reducing the chord 
from 2.75 inches to 2.5 inches) as shown in Figure 3.
Figure 3 - Cross-Section Shape and Pressure Distri­
bution of the Strut with t/w-0.0266, h/v- 
0.091 at Zero Angle of Attack
As in References 5 and 6 the flu id  exc ita tio n  forces 
were determined aerodynamically and the flow-induced 
bending response was determined in a water tunnel. The 
procedures were the same as those in References 5 and
6. These resu lts  are new and w il l  be considered in 
more d e ta il than in the la s t  section. Although two 
t ra il in g  edge thicknesses were used in the water tun­
nel experiments, t = 0.036 inch (t/w = 0.0133) and 
t = 0.072 inch (t/w=0.0266), only the scaled-up version 
of the la rger thickness edge was examined in a i r .  The 
aerodynamic measurements of the wake structure as well 
as of the chordwise dependence of the o sc il la t in g  pres­
sure were made on a two-dimensional r ig id  s tru t  with 
w = 21 inches; hydrodynamic measurements of the flow- 
excited acceleration were made on damped can tilever 
s tru ts  with a chord of w = 2.5 inches. The a i r  measure­
ments on the rig id  s tru t  are expected to apply to the 
lin e a r flow excita tion  of s t ru ts .
This section is  concerned with the resu lts  of the 
measurements in a ir  which were performed in the David W. 
Taylo r Naval Ship Research and Development Center 
(DTNSRDC) Anechoic Flow F a c i l i t y  (AFF). The s ta t ic  
pressure d istrib u tio n  fo r the stru t is  shown in Figure 
3. Over most of the chord and except fo r x/w > 0.8 i t  
is  id en tica l to that given previously in Reference 6. 
The pressure co e ffic ie n t is  defined as (P-P^/q where 
P and P  ^ are the s ta t ic  pressures on and fa r from the 
s tru t re sp ective ly . The base pressure co e ffic ie n t is  
designated as (Cp)^. The boundary layer development 
on the s tru t is  the same as that described in 
Reference 6.
The frequency spectra of fluctuating  pressures at 
the t r a i l in g  edge of the stru t with t/w = 0.0266 were 
dominated by a tone at frequencies f $ = w$/2tt which 
s a t is fy  a Strouhal number which is  most conveniently 
defined as
L  = f t/U = 0.148.
SC S “
(This frequency may be put in the perspective of the 
la st section and Figure 2 by noting that i t  corresponds 
to a dimensionless frequency, u h/U = 3 .6 ) . This form
S 00
of nondimensionaliza tio n  fo r the frequency is  not 
u n ive rsa l, see Beaman (1967) and Blake (1975), but i t  
is  a constant for the a i r  and the water experiments 
considered here. The wake structure behind the r ig id  
s tru t at the Reynolds number U t/v = 2.92 x 104 (U *oc oc
100 f t / s e c , t = 0.56 inch) is  shown in Figure 4. The 
method of data acqu is ition  is  described by Blake (1975). 
The cross-stream varia tio n  of the periodic ve loc ity  
flu c tu a tio n s , u ' ( f s )/U^, measured in a 7% frequency 
band centered on f = f  , is  seen to have local maxima, 
u ' ( f s )m/U<t, at distances yQ apart. This wake dimension 
f i r s t  decreases then increases with increasing distance 
downstream of the edqe while the local maxima in the
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Figure 4 - Composite Diagram of Near-Vake Dynamical Properties Showing Filtered Wake 
Intensity, u'(f )/U^, Width Parameter, y , and Static Pressure Coefficient 
Distribution, (-C ). Note that the Streamwise Co-ordinate Scale has been 
Expanded for x >0^.
wake in tensity  disp lay an absolute maximum near the 
point of minimum y . This point has been defined by 
Bearman (1965) as the end of the formation region of 
the vortex which occurs a distance x = downstream 
of the edge. The spatia l growth of the disturbances 
shown in Figure 4 is  demonstrative of the in s ta b il it ie s  
which occur in free shear la ye rs ; the observed forma­
tion length, = 0 .9 t , is  comparable to that observed 
by Beaman (1965) and Blake (1 975) fo r t ra il in g  edges 
without s p l it t e r  p lates.
A narrowband, 3 Hz bandwidth, spectra l analysis 
of the flu ctuating  pressures at the t ra il in g  edqe 
showed the dominant periodic component to be super­
imposed on the boundary layer pressure that would have 
existed i f  the edge had been sharp. However, as we 
sh a ll presently see, the periodic component of pressure 
dominated the exc ita tio n  of the s t ru t . The narrowband, 
mean-square leve ls  of periodic pressure on the surface 
of the rig id  s tru t  at the t ra il in g  edge are shown 
normalized on the free-stream dynamic head, in Figure
5. The bandwidth of analysis was greater than that of 
the pressure fluctuations at speeds below = 100 f t /  




Figure 5 - Mean-Square Fluctuating Pressure on Rigid 
Strut at |x |/t“0.11 (x/lf-0.13) and t/c« 
0.0266 Shown as a Function of Trailing F.dge 
Reynolds Number. Measured Directly in Air 
( _ _ _ ) ;  Indirectly Determined from Wake
Survey of Vibrating Beam (------ ); Total
Mean-Square Values (--- ). Values of U /
ft/sec Pertaining to the Data are shown in 
P a r enthesis.
where v is  the kinematic v isco s ity  of the f lu id . The 
pressure was measured at a distance |x |/ t  = 0.11 up­
stream of the t ra il in g  edge. The locus of le ve ls  
described by the dotted l in e , p  ^ ( f $ )/q 2, are the total 
mean square pressure leve ls which reach a maximum value 
at a frequency f t 2/ Ns tv = 31700. For lower Reynolds 
numbers, the level of o sc il la t in g  pressure appears to
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Increase roughly as the square of Reynolds number. The 
dotted spectra were deduced from the water-tunnel wake 
survey using a method which w il l  be described la te r  in 
th is  paper. The measured chordwise d is trib u tio n  of 
flu ctuating  pressure showed maximum leve ls  at the 
t ra i l in g  edge. For th is  s t ru t  the experimentally- 
determined chordwise pressure d istrib u tio n  can be 
expressed for our convenience by the equation
(p j(x / tf=0.3,fs)|'/q2=2 J p jT Y r  <«>1 co co y
where U$ is  the mean ve loc ity  at the separation points 
which is  defined as
U /U = s » /nr .Pb
p2( | x I/ t , f s )/q 2 = p£ ( |x |/ £ f = 0 .3 ,fs )/q2[1 0 |x |/ t ] _1
_  (3)
which is  va lid  for 0.11 < x / t  < 20. Here p2 is  theo
mean square pressure evaluated at x = 0 .3  i A more 
un iversa l form of equation (3) in which t  is  replaced 
by t^wasshown by Blake (1975) to apply fo r d iffe ren t 
edge shapes. The chordwise pressure d is trib u tio n  is  
d e te rm in is tic , while the spanwise sp atia l varia tion  is  
random. At th is  point i t  is  worth noting that the 
magnitude of the base pressure c o e ff ic ie n t , -C =0.11 
(see Figures 3 and 4 ) ,  of the current experiment, is  
somewhat la rger than that measured for la rger t ra il in g  
edge th icknesses. Although we are gaining some 
experience in  re la ting  the fluctuating pressure levels 
with mean-flow parameters, a_complete se t of data 
which gives the behavior o f p2/q2 for various base 
pressure co e ffic ien ts  is  not yet ava ilab le . However, 
as shown in Figure 6 there appears to be a re lationsh ip
Figure 6 - Variation of Mean-Square Pressure, on Blunt 
Edged Struts at x - 0.3 1^, with Static Base 
Pressure Coefficient
between the base pressure co e ffic ien t and fluctuating 
pressure, at least fo r the blunt edges examined so fa r .
The fluctuating  pressure at the edge of the stru t 
has been related to the strength and structure of the 
wake v o rt ic ity  by Blake (1975) through an empirical 
function
The root-mean-square vortex strength < is  given by
k = u ' ( f $ ) r Q (5)
m
where u ' ( f s ) is  given in Figure 4 and r Q = yQ/4.
Th is d e fin itio n  is  predicated on the assumption that 
the vortex cores of the upper and lower vortex rows 
occupy the cross-wake regions 0 < y < yQ/2 and 
-y 0/2 < y < 0 resp ective ly . A s im ila r assumption has 
been made by both Schaefer and Eskinazi (1959) and 
Fage and Johanson (1927). The local maxima in the 
ve lo c ity  flu ctuations are therefore interpreted as 
the peripheral v e lo c it ie s  at the extrem ities of the 
vortex cores. Equations (4) and (5) give a means of 
estimating the leve l of fluctuating  pressures given 
the measured in ten s ity  d istribu tio ns of the ve lo c ity  
fluctuations in the wake of a s t ru t .
MEASURED HYDRO-ELASTIC MOTIONS OF CANTILEVER STRUTS
The second, hydrodynamic, phase of the character­
iza tio n  of singing and non-singing hydrofo ils has been 
conducted in an open-jet water tunnel on can tilever 
s tru ts  which were nominally 18 inches in length and 
protruded into the flow from a 200 lb . block of s ta in ­
less s te e l. In th is  investigation a l l  the stru ts  had 
nearly the same chord but they had varying degrees of 
mechanical damping which was incorporated by using 
constrained-layer constructions. For most damping 
treatments the base structu re , element 1 in Figure 7, 
was 0.191 inch th ic k , the v isco -e la s tic  damping layer 
was .021 inch th ic k , and the constraining layer was
0.035 inch th ick . The nominal overall thickness of 
the stru ts  was h = 0.25 inch. By constructing the 
base and constraining portions of the stru ts  with 
combinations of brass and s te e l, the damping of the 
composite could be varied. The v isco -e la s tic  material 
was the sane for a l l  damped s tru ts  with one exception. 
That stru t was damped with a layer of damping tape, 
Scotch Brand (3M) 4428A UAX R 5182. Fiqure 7 shows 
the measured loss facto rs, n , of the cantilever stru ts
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Figure 7 - Total Loss Factors for All Cantilever Struts 
used in the Study. Measurements were 
Obtained at U =0 using Reverberation Times 
of Structural Vibration Following an Impact
in s t i l l  water fo r most of the beams considered in  the 
experimental program. The damping in the p la in brass 
and stee l stru ts  was controlled by d iss ipation  in the 
clamp and losses in the composite s tru ts  was contro l­
led by the v isco e la s tic  la ye r . The high loss factors 
for the brass-steel stru t are made possible by the 
high modulus of the steel constrain ing layer compared 
to that of the brass base p la te . I t  is  noteworthy 
that the measured loss factors o f the can tilever stru ts 
agreed with calcu lated values obtained with the theory 
of Ross et a l .  (1959) for sandwich constructions to 
w ithin 20%.
The stru t v ib ration was characterized by both 
simple beam and torsion modes as demonstrated by the 
mode shapes and resonance frequencies in Table I .  The 
mean-square acce le ra tio n , ,a2, of the stru t was measured 
near the mid-chord and so that the torsion response 
could not be examined in d e ta il . A lso , the loss 
factors were obtained following an impact which was 
applied also near the mid-chord so that only the simple 
beam modes could be examined. Figure 8 shows the fre ­
quency dependence of the flow-excited mean-square, 
narrowband, acceleration measured in a 2.5 Hz frequency 
bandwidth fo r the sta in le ss  stee l s tru t with t = 0.072 
inch. The responses of two bending modes and the 
forced non-resonant response at f  s f  are a l l  shown, 
the torsion mode response is  suppressed. The acce ler­
ation has been made dimensionless using the to ta l 
wetted mass per unit area of the s t ru t , m$ , and the
Figure 8 - Dimensionless Acceleration in 2.5 Hz Bands 
of Steel Strut with t=0.072" at 11^=10.4 
ft/sec Showing both Resonant Mode Response 
and Forced Vibration at f=f . Points (•••) 
are Calculated using Data of Figure 5 and 
equations (6) and (8).
dynamic pressure q. By comparing the spectra of 
Figures 2 and 8, we can account for the re la t iv e  impor­
tance of the three fundamental exc ita tio n  mechanisms.
We f i r s t  re c a ll that 2wf h/U = 3 .6 ; th is  dimensionless
5 ®
frequency corresponds to the lower frequency lim it of
turbulent boundary laye r excita tion  in  Figure 2. Thus
the (2 ,0 ) mode of the s t ru t  is  driven by th is  mechanism.
On the other hand the (1 ,0 ) mode, which occurs at a
frequency f-| gh/U  ^ = 1 .4 , is  excited by a combination
of sources which involve in-flow  buffeting and con-
vected eddies generated by leading edge separation.
From spectra such as th is ,  acceleration leve ls for
each mode were determined as a function of speed.
Figure 9 shows the speed dependence of the acceleration
of each of the modes (1 ,0 ) ,  (2 ,0 ) ,  and (3 ,0 )  of
undamped s ta in le ss  stee l s t ru ts . The open points in
the figure pertain to measured non-s1nging resonant
responses which were determined with t * 0 , and w s
2.75 inches as described in Section 2. The closed
points are for t = 0.072 inch and the e x trao rd in a rily
high values of acceleration occur at those speeds for
which f  - f  the le ve ls  are in excess o f 50 s n ,o
decibels greater than the vib ration le ve ls  with the
sharp edge. The speed dependence of the flow-induced
acceleration of the s te e l-s te e l damped s t ru t  1s shown
in Figure 10. In th is  case, the acceleration le ve ls
are considerably less am plified at coincidence speeds
compared to the cases o f the lig h t ly  damped s t ru t . In
the highly-damped cases, the flow e xc ita tio n  caused by
vortex shedding was very nearly lin ea r in the sense of
Section 2 even when f  » f  . This was established n ,o s
by ca lcu la ting  the ra tio s  of the measured responses of 
each singing stru t to that of the same, non-singing 
s tru t  with vanishing t ra i l in g  edge th ickness. The 
frequency and speed dependence for these ra tio s c lo se ly
resembles the spectra in  Figure 5. Since the
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Figure 9 - Flow-Induced Acceleration from Bending Modes 
of Stainless Steel Cantilever Struts with 
Sharp (open points) and Blunt (closed points) 
Trailing edges. Blunt Edges have Thickness, 
t=0.072 inch, the Frequency Bandwidth of 
Analysis is 5 Hz.
Figure 10 - Speed Dependence of Flow-Induced Acceler­
ation of Steel-Steel Damped Cantilever 
Strut with Blunt Trailing Edge. The 
Edge has Thickness t“0.072 inch, the 
Frequency Bandwidth of Analysis is 5 Hz.
non-singing, lin ea rly -e xc ite d  stru t motion increases
uniformly nearly as U ,^ these ra tio s of singing to
non-singing acceleration provided a q u a lita tive  measure
of the l i f t  c o e ff ic ie n t .
Total loss factors for the singing s t ru ts , ny,
determined as functions of speed, showed anamalous
behavior at speeds fo r which f  » f  . As an example,s n,o r
we examine the data for the (2 ,0 ) mode of the s ta in le ss  
steel stru ts  in Figure 11. While the beam was
Figure 11 - Loss Factors for Damped and Undamped Steel 
Struts Vibrating in (2,0) Mode for both 
Blunt and Sharp Trailing Edges.
flow-excited an impact was remotely applied to the strut 
and the reverberation time of the resu lting  vibration 
was measured. Reductions in the apparent damping 
occurred whenever f  = f^ Q. I t  appears that in the 
mechanism of se lf-e x c ita t io n , the couplinq of the 
structu ra l notion with the vortex formation is  such as 
to completely overcome whatever hydrodynamic damping 
that would have existed i f  the t ra il in g  edge had been 
sharp. This is  seen by comparing the measured loss 
factors with the values of hydrodynamic damping which 
are calculated using re lationsh ips in reference 5.
The total damping co e ffic ien t is  assumed to be a 
superposition of s t ru c tu ra l, n$ , and hydrodynamic, nh ,
e ffe c ts . S tructural damping, shown in Figure 7, is  as­
sumed to dominate at 0 and hydrodynamic se lf- e x c ita ­
tion e ffe c ts  dominate fo r U >5 ft /se c . In the caseao
of the s te e l-ste e l s t ru t , se lf-e xc ita t io n  e ffe c ts  on the 
observed damping were much less pronounced and they were 
most noticable in the immediate region of f  = f  .W e  
also  note that frequency lock-in  was observed to occur 
near f  = f n Q, the range of speeds for which both the 
amplitudes were high and the loss factors were low. The 
root-mean-square displacement amplitudes of motion were
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Figure 12 - Dimensionless Modal Acceleration Levels, in 5 Hz Bands, Shown as a Function of Loss Factor. Data
is shown for t=0.036 in ch and t=0.072 inch for All Struts Tested. Lines (-----) and (- -) are
Calculated Results for Non-Linear Oscillator.
_2
less than 10 t for a l l  modes of a l l  the s t ru ts .
The maximum modal acceleration leve ls for the v a r i­
ous bending modes of the d iffe ren t stru ts  are summar­
ized as functions of damping and dynamic head in Figure 
12. The loss factors are those measured in water at 
11^ =0. The normalization of th is  figure permits the 
acceleration leve ls to be interpreted in an a lte rn a tive  
fashion which expresses the nx)dal amplitude, y2 = 
w a^2 , as a fraction  of t ra i l in g  edge thickness t .  In 
th is  a lte rn a tive  representation we have le t
C = 2 . Ns t .
For the t = 0.072 inch edge the tight collapse of the 
dimensionless acceleration indicates that the hydro­
e la s t ic  coupling is  affected more by the damping than 
by the order of the mode. The acceleration appears to 
decrease as n_i4 for lig h t  damping in the beams and as
n~2 as the damping is  increased above n$ ,-23 x 10
Additional data is  shown fo r the t = 0.036 inch edge. 
For th is edge there is  more sc a tte r , the beam did not 
sing as strongly as i t  did fo r t = 0.072 inch and the 
flow excita tion  was not more than 20 decibels greater 
than the non-singing, sharp-edged response. This data 
does show a dependence on loss facto r in good agree­
ment with that of the th icke r edge. For n$ > 3 x 10 
vortex-induced response cannot be distinguished from 
the non-singing motion of the sharp-edges s t ru t .
-2
MATHEMATICAL MODELS OF HYDRO-ELASTIC BEHAVIOR
The theoretical model fo r the l in e a r ly  excited 
acceleration of the can tile ve r s t ru t , equation (2 ) , 
can be modified s l ig h t ly  to express the mean square 
acceleration leve ls in  narrow bands, A f. In terms of
the dynamic head and m^  we have
a2(x0 .f)m 2
’£ .o < V cL < f >
- r —  —  —2 2 f  2
m . O \ 2 T > 7 , m , O i 2
(6)
[1 - ( - ^ )  ] +n2( - ^ f )
The integral in equation has been represented as 
an o sc il la to ry  l i f t  co e ffic ie n t spectrum, C2 ( f ) ,  which 
may be expressed in terms of a pressure spec?rum and 
co rre la tio n  lengths in  the following manner.
Measurements of the s t a t is t ic a l  nature of the pres­
sures at blunt t ra i l in g  edges, Blake (1975), suggest 
that the cross-spectral density can be approximated, 
using equation (3 ) , as
(x , x , w)= p2[ (
l 2 0
10|x | 10|x |
-)(- r 2— ) ] ' 1/2*(w) R (z -z ) (7 )  t P 1 2
where $(u) is  the auto-spectral density of the pressure 
at any point. R(z -z ) is  the spanwise corre lation
i 2 ~ r t
function of the pressure, and p2=p2 (x = 0.3 l r , f  ) .o o f s
Assuming that the spanwise co rre la tion  length,
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i s  much less than the bending wavelength, equation 
(7 ) a llow s the in te g ra l o f equation (2 ) to be approxi­
mated as
C2 ( f ) (8)
where G (f)A f = 2<j>(w) auj • The term (^-) expresses an 
average of the d e te rm in is tic  chordwise pressure d is ­
t r ib u t io n  over chord, w; i t  is  an average over w of 
equation (3 ) . The term l_w/L is  the fra c t io n  of the 
to ta l length o f the s t ru t  over which the f lu id  is  
flo w in g . In the experimental configuration , the s t ru t  
protruded in to  the open j e t  of a water tunnel so that 
L /L < 1. The spectrum C.2( f )  i s  considered to hold 
fo r  those s itu a t io n s  in  which the hyd ro fo il motion is  
sm all enough to have no in fluence on the shedding 
mechanism. A wake survey s im ila r  to th a t o f Figure 4 
was conducted behind the steel undamped hydrofoil w ith 
t  = 0.072 inch in  the water tunnel* a t  speeds for 
which very strong sing ing  did not occur. These 
surveys yie lded  v e lo c ity  spectra l d e n s it ie s , Gu( f ) 
and wake th ickness parameters, y Q fo r implementation 
in  equations (4 ) and (5 ) in  order to ca lcu la te  
p2 G (f)  according to
Po G(f>
The re su ltin g  pressure spectra fo r  = 7.7  ft/sec  
and = 10.7 f t / s e c  are shown in  Figure 5. These 
spectra are in  e xce lle n t agreement w ith those obtained 
in  the wind tunnel experiment on the geom etrically 
s im ila r  la rg e r s t r u t .
The evaluation o f equation (6 ) was made fo r U =oo
10.4 ft/sec  in  the case o f non-resonant motion of the 
(2 ,0 )  bending mode of the beam. The motion of the 
(0 ,1 )  torsion mode was ignored because the accelero­
meter was not positioned to measure th is  mode.
Equation (6 ) was evaluated using £c = 4t from Blake
(1975) and l_w/L = 0 .7  from the experiment configura­
t io n . The computation, which i s  shown as the h eav ily  
dotted lin e  in F igure 8 , agrees w ell with the measured 
acce le ra tio n . I t  sub stan tia tes the hypothesis o f 
l in e a r  flow e x c ita t io n  of the beam and i t  provides a 
b as is  for our a n a ly s is  of the no n-linear hydro­
e la s t ic  behavior.
We turn now to the non-linear h yd ro -e lastic  coupling 
that can contro l the response to period ic vortex 
s t re e ts . U nfo rtunate ly no f u l l y  s a t is fa c to ry  a n a ly s is  
e x is ts  which c o rre c t ly  portrays the c h a ra c te r is t ic s
•D eta ils  o f the wake survey w i l l  be published in  the 
f in a l report of th is  work.
o f the h yd ro e lastic  coupling. Recently Hartlen and 
C u rrie  (1970) suggested an a n a ly t ic a l descrip tion  of 
the f lu id -s tru c tu re  coupling as s a t is fy in g  the non­
lin e a r  Rayleigh equation. La ter Skop and G r if f in  (1973) 
and G r i f f in ,  Skop, and Koopman (1973) modified the 
model and extended comparisons o f the model with e x is t ­
ing data. The f lu id  o s c il la to r  model of Hartlen and 
C u rrie  (1970) w i l l  be applied to the s tru ts  of the 
cu rren t study. The l i f t  c o e ff ic ie n t  is  postulated as 
s a t is f y i  ng
C." - a (—  )c ; + T J - r—\ (c ; ) 3+(— ) 2 C.=bY' (9 )
L wh L ' “ s ^ V  L V  L n
where C, =C, (oj t ) and C.1 L L n L
dCL U nT )
Here, again , t
- - -- - d(oi t )
i s  tim e, up = 2nfn is  the resonance frequency o f the
s t r u t ,  and Yp = y p(w )/ t  is  the normalized modal d is ­
placement, vp (u) = y p (x). The c o e ff ic ie n ts  a and y 
are assumed to be c h a ra c te r is t ic  of the vortex gen­
eratio n  p rocess; b i s  a coupling parameter. For r ig id  
s t ru ts  Yn1=0 so th a t solution to equation (9) is
C. = C. cos 2irf t 
L Lo 5
where C^  i s  the square root o f the o s c il la to ry  l i f t  
c o e ff ic ie n t spectrum on a r ig id  s t r u t ,  i . e .  w ith 
y n=0, given by equation (8) .  I t  i s  re la ted  to the 
parameters o f equation (9) by
C2 = (— 1
CLq V ( 10)
The c o e ff ic ie n ts  y and b are estimated from the hydro­
e la s t ic  data as described s h o r t ly . The modal o s c i l ­
la tio n  is  assumed sinusoidal and therefore i t  may be 
expressed from equation (1) as
.  A  )
>n + - ' T V" % = L m. n* J ' “ n ' Cl  <">
where we have incorporated the added mass and hydro­
dynamic damping e ffe c ts  in ms and in  n j . We have le t  
n$=B/ |co | , nT = np + n$ and we have le t  p ( t ) = 
qC^  cos ws t . Equations (9 ) and (11) maymBe solved in  
approximate form by assuming steady state  so lu tio ns 
as shown by H artlen and C u rrie  (1970) or may be solved 
more e xa c tly  on an analog computer. In e ith e r case , 
y and b remain the undetermined c o e ff ic ie n ts . An 
examination of possib le so lu tio ns of equations (9 ) 
and (11) d isc lo se s  that b a f fe c ts  the frequency band­
w idth , Af/ f s of the lock-in  region and y a f fe c ts  the 
peak so th a t the maximum amplitude is  l in e a r ly  pro­
portional to y - Figure 13 shows calcu lated  amplitudes 
of motion (Yn) rms fo r the ( 3 , 0 )  mode of the brass
1 7 6
Figure 13 - Modal Displacement Amplitudes for the (2,0) 
Bending Mode of a Cantilever Stainless
Steel Strut. Legend: Measured points ---;
Calculated Values are for ris=0*0028 (- -), 
n s=0 . 0056 (— ), and ns=0.010 (--- ).
undamped stru t as a function of the frequency ra tio
_3
“ s^n* The calcu 'lat1'on f ° r  os = 2.8 x 10 was con­
ducted f i r s t  and i t  served to define y and b by a 
t r ia l-  and -e rro r c u rv e - f it . With the co e ffic ien ts  
thus defined, amplitudes were calculated fo r higher 
values of damping. I t  is  to be noted that an increase 
in damping by a factor of two resulted in an estimated 
reduction in maximum amplitude by a factor of 4. The 
resu lts  of the calcu lations fo r the t=0.072 inch edge 
are shown in Figure 12 as well as additional ca lcu la­
tions for t=0.026 inch. The exce llent agreement between 
the measured and calculated damping dependencies lends 
encouragement to further use of the model. I t  also 
indicates that the co e ffic ien ts  y and b are constant 
over the modest range of Reynolds numbers covered by 
the vibration measurements as well as being independent 
of amplitude.
CLOSURE
The random flow exc ita tio n  of stru ts has been 
a n a ly t ic a lly  predicted using a procedure developed for 
the estimation of modal response. This technique has 
been successful for both boundary layer and inflow
turbulence exc ita tio n . In more recent investig atio ns, 
the methods have been extended to apply to the lin ea r 
and non-linear forcing due to vortex s tre e t formation.
The re lationsh ip  has been shown between the
lin ea r vortex flow exc ita tio n  of hydrofo ils with the
c ircu la to ry  ch a ra cte ris t ic s  of th e ir periodic wakes.
The lin ea r excita tion  occurs with the non-resonant
response of lig h tly  damped modes and with the resonant
response of modes with structu ra l loss factors which 
_o
exceed 3 x 10 . Comparisons of measurements of flow-
induced acceleration on vibrating hydrofo ils and of 
the aerodynamic pressure f ie ld s  induced on rig id  
stru ts  by th e ir wakes have formed the basis of th is  
comparison. In these cases of lin ea r excita tion  of 
hydrofo ils by vortex s t re e ts , a re lia b le  prediction 
method fo r determining response to known o sc illa to ry  
pressures is  shown. Em pirical data fo r these pres­
sures or a semi-empirical re la tionsh ip  between the 
pressures and the wake s t a t is t ic s  appear to be more 
re lia b le  than purely theoretica l estimates in determin­
ing excita tion  functions.
In the case of moving edges, i t  appears that non­
lin e a r empirical models such as that proposed by 
Hartlen and Currie (1970) w i l l  become increasing ly 
important. An experiment which is  d irected at giving 
physical s ign ificance  to the co e ffic ien ts  of the model 
is  currently  underway. The approach is  to determine 
the influence of t r a i l in g  edge motion on the l i f t  
co e ffic ie n t in so fa r  as i t  a lte rs  the strength of 
shed vortices and the phase between the motion of the 
surface of flow-separation and the resu ltin g  vortex at 
i t s  formation point. Prelim inary data shows that the 
motion increases the leve ls  of the pressures as well as 
the strengths and spanwise coherence of the shed 
vo rt ice s . A lso , when f / f s = 1 the pressures are in 
phase with the ve lo c ity  of the edge. Thus the e ffe c t 
of the vortices becomes as a negative damping term in 
equation (1) .  These e ffec ts  were observed to become
_3
apparent when y / t  > 3 x 1 0  and they are dependent 
on Reynolds number.
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DISCUSSION
R. Brown, Naval Underwater Systems Center: Have you 
noticed any coupling between shed vortices and the 
leading edge, laminar portion of the boundary layer?
This has been reported to cause intense, coherent com­
ponents in s tru t v ib ra tio n .
Blake: The formation of disturbances, especia lly  well- 
correlated ones, a t t ra il in g  edges could cause some 
o sc illa t io n  of the potential f lu id  flow . This motion 
could conceivably be coupled to the leading-edge flow 
and thus cause a "wandering"of the stagnation point 
there. In our wind tunnel measurements of the flu ctua­
ting pressures on s t ru ts , we have found no evidence of 
th is .
Cob Ash, Old Dominion U n ivers ity : In your measurements 
of your s tru c tu ra lly  damped experiments how did you 
compensate fo r the a ir  damping that occurs even without 
flow? Did you take that into consideration?
Blake: Yes, we considered these losses. The cantilever 
beams were clamped in a 200 lb . block of sta in le ss s te e l. 
In a i r ,  damping of the beams without damping treatment 
was controlled by losses in the clamp. In stagnant 
water, the damping of the untreated beams (Figure 7) 
was controlled by the losses in the clamp with a small 
contribution at low frequencies due to viscous losses 
in water. (See also Blake, W.K. , "On Damping of Trans­
verse Motion of Free-Free Beams in Dense, Stagnant 
H u id s ,"  Shock and Vibration B u lle tin  No. 42, Jan. 1972.
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AN INVESTIGATION OF THE CRITERIA 
CONTROLLING SUSTAINED SELF-EXCITED 





Cranfield, Bedford, U. K.
ABSTRACT
In this paper, water channel experimental data are dis­
cussed and compared with conventional wind-tunnel data. 
Stability criteria are proposed for the cross-flow  and flow 
directions of oscillation. Fluctuating drag force coefficients 
are deduced from a linear mathematical representation of 
the cylinder located in flowing water and oscillating in the 
flow direction.
INTRODUCTION
Flow-excited oscillations of structures in wind are  
fairly well documented, and design criteria are correspond­
ingly comprehensive. In flowing water (steady currents) 
such oscillations can be considerably more complex.
The purposes of this paper are to define stability cri­
teria which, when developed can be applied to future designs 
of marine structures, and to quantify the fluctuating drag 
force coefficients on a single cylinder undergoing oscillations 
in the flow direction.
When a fluid flows about a stationary cylinder the flow 
separates, vortices are shed and a periodic wake is formed. 
The frequency of shedding of pairs of vortices primarily is a 
function of velocity (V) cylinder diameter (d) and Reynolds 
number (Re). The non-dimensional wake frequency S, the 
Strouhal number, is defined as S = fvd/v , and over a wide 
range of Reynolds numbers 102 <  Re <  10^, S -sr 0.2. The 
overall relationship between S and Re is well documented, 
Morkovin (1964), and it is not proposed to quote details here, 
other than to point out that absolute values of S also depend 
upon cylinder surface roughness, length/diameter ratio and
turbulence levels.
Each time a vortex is shed from the cylinder, it alters 
the local pressure distribution and the cylinder thus experi­
ences periodic pressure-generated forces at frequencies 
fv and 2fv in the cross-flow  and in-line directions respec­
tiv e ly .
If the cylinder is flexible or flexibly mounted, inter­
actions can arise between the vortex shedding mechanism 
and the cylinder deflections. Under certain conditions, sus­
tained oscillations can be excited and the cylinder oscillates 
at a frequency close to or coincident with its natural fre­
quency. Such oscillations are classed as self-excited.
In air flow, chimneys, telegraph wires and pipeline 
suspension bridges almost invariably oscillate in a direction 
normal to the flow of air. These are the so-called cross­
flow oscillations. There have been rare exceptions when cyl­
inders in air flow have oscillated in the direction of flow 
(i.e . in-line motion) but these have been due to features of 
their installation,Auger (1968), Walshe (1972).
In water, marine piles, submarine periscopes and 
braced members of offshore structures can be excited to 
oscillate in both the in-line and cross-flow  directions, King
(1974), and the in-line oscillations can be excited at flow 
velocities considerably lower than the critical velocities for 
cross-flow  motion.
Aerodynamicists usually rank experimental data by 
relating non-dimensional oscillatory amplitudes (y/d) to the 
two non-dimensional groups, Reduced Velocity V/nd 
(n = cylinder natural frequency) and the Stability Parameter
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2 mg £  r
k = -------- -—  (m_ is the equivalent mass/unit length, o
s p  d2
is the logarithmic decrement and p  is the mass density of 
the fluid). This practice will be followed here.
It will be noted that Reduced Velocity and Strouhal num­
ber can be transposed; a Reduced Velocity of 5 is the inverse 
of the Strouhal number S for the condition fy = n. For 
values o f V/nd less than 5, ^  is less than n; conversely 
for V/nd greater than 5, fy is greater than n. Similarly, 
kg can be interpreted as an amalgamation of the mass ratio 
me/p  d2 and the logarithmic decrement 6  . This grouping 
results from consideration of the energy balance at 'reson­
ance*, Scruton (1963). The Stability Parameter of a cylinder 
in water is discussed in the next section.
REVIEW OF RESEARCH AND DEFINITION OF CRITERIA 
Cross-Flow  Oscillations
The excitation range of cross-flow  oscillations in a ir  
extends over 4.75 ^  V/nd ^  8, Wootton (1969), Vickery and 
Watkins (1962), and maximum amplitudes occur in the range 
5.5 <  V/nd <  6.5.
In water, the excitation range of cross-flow oscillations 
can be increased to 4.5 <  V/nd ^  10 with maximum ampli­
tudes falling within the range 6.5 <  V/nd <  8, Glass (1970), 
King et al„(1973).
The differences between the performance in air and 
water probably are caused by differences in mass ratio and 
length/diameter ratio, although test facility details (i.e. 
damping and turbulence levels) could also influence the 
results, Wootton (1969).
The oscillations arise from interactions between the 
cylinders' flexibility and the vortex shedding mechanism, in 
which vortices are shed from alternate sides of the cylinder. 
Fig. 1 shows the wake of a cylinder oscillating in the cross­
flow direction. The circulation in each vortex is augmented 
by the interactions referred to and this makes it possible to 
identify the indivickial vortices by the creation of dimples in 
the water surface, as seen in the photograph. The width of 
the vortex street is a function of the oscillatory amplitudes 
because a vortex is shed at each cross-flow reversal of 
direction, i.e . each half cycle. It should be noted that 
throughout the major part of the excitation range, the fre­
quency of vortex shedding is no longer a function of velocity 
but is approximately constant and equal to the cylinder's 
natural frequency (in the case of a cylinder in water, the
natural frequency measured in still water). This is termed 
synchronization or lock-in.
It will be remembered that the oscillatory amplitudes 
are  dependent not only upon V/nd but also upon the Stability 
Parameter ks . Fig. 2 is an assembly of wind tunnel and 
water channel experimental results and it will be seen that 
the results fall on a sensibly continuous curve of approxi­
mately hyperbolic form. The largest amplitudes are record­
ed for the smaller values of ks and if ks is sufficiently 
large ( >  18) then no significant amplitudes result. The 
amplitudes plotted on the graph are the maximum experienced 
mutually by the cylinder and fluid. These are defined fairly 
easily for cylinders in air flow but for the water channel 
tests with part-immersed cylinders the amplitudes are 
functions of mode shape. For the fundamental (sway) mode 
they are the amplitudes at the water surface whilst for higher 
normal modes they would be the maximum amplitudes of the 
immersed sections. It is not meaningful to quote amplitudes 
of sections of the cylinders not exposed to the fluid forces 
because the essentially non-linear and amplitude-dependent 
flow excitation phenomena are extant only over the common 
immersed length. The form of the Stability Parameter ks 
also allows for the part-immersed effects by re-defining an 
equivalent mass/unit length, me ,o f the cylinder whose length 
is made equal to the water depth.King et al.(1973). King
(1973) demonstrates the application of this Stability Para­
meter at the design stage by a worked example based on 
various modes of oscillation of a mooring dolphin. The 
justification for using this form of me for inclusion in k8 is 
that the in-phase component of fluid force is inertial and 
invariant with fluid velocity (i. e. regarding the added mass 
as constant and 'frozen' to the cylinder). Experimental 
results have confirmed this notion of added mass and its 
invariance with amplitude and frequency. King (1971).
Darwin (1953) points out that in reality added mass cannot 
be regarded rigorously as a collar of fluid surrounding the 
cylinder as the system is actually a continuously changing 
process, involving changes in the 'drift mass' each half 
cycle.
The continuity of the common curve through the 
collected experimental points (Fig. 2) is regarded as confir­
mation of the validity of using this form of kg and y/d for 
both part-immersed and wholly immersed cylinders.
From Fig. 2 it will be observed that the limiting cross­
flow amplitudes are approximately 2 diameters. It is inter­
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esting to note that unlike mechanical oscillations, the ampli­
tudes do not tend to infinity for zero damping, and this 
emphasizes the amplitude-dependence of the self-excited 
oscillations.
In-line oscillations
Oscillations in the in-line direction are contained with­
in two adjacent but separate Instability Regions (see Fig. 3). 
The First Instability Region covers the range 1.25 <  V/nd< 
2.5 and excitation in-line thus is initiated at velocities of 
only one quarter those necessary for cross-flow excitation 
(i.e. V/nd = 1.25 in-line, compared with V/nd 5 cross­
flow). Maximum amplitudes coincide w'ith V/nd o  2.1. The 
Second Instability Region is 2.7 <  V/nd < 3 . 8  with maxi­
mum amplitudes at V/nd — 3.2. These values are influenc­
ed by the magnitude of ks, length/diameter ratio and other 
effects, King (1974). It will be seen that the amplitudes of 
oscillation in the two Instability Regions are approximately
equal for low k , and whereas the crossflow motion was 
s
characterized by alternate vortex shedding, it will be seen 
that the two Instability Regions of in-line motion are asso­
ciated with two types of vortex shedding, King (1973). The 
First Instability Region is identified by symmetric vortex 
shedding and the Second by alternate vortex shedding (see 
Figs. 4, 5). These results are applicable to at least the first 
three normal modes in-line and this allows a composite 
graph of families of Instability Regions of in-line and cross­
flow motion to be drawn to a base of flow velocity.
Fig. 6 shows the oscillatory amplitude versus ks graph 
for the first three normal modes of in-line motion. It is 
similar in shape to Fig. 2 and reveals that significant oscil­
lations in-line will be initiated only if kg <  1.2. Maximum 
amplitudes in-line are approximately 0.2 diameters, or 
about one tenth the corresponding maximum cross-flow  
amplitudes.
Although the graph of Fig. 6 was compiled from labora­
tory experiments. King (1973), the results of a full scale 
test, Wootton et al.(197 2), are also included and these fall 
on the common curve. Hydroelastic model testing. King
(1974), has previously established the validity of small scale 
testing of oscillating marine structures.
ANALYSIS OF THE FLUCTUATING FORCE COEFFICIENTS 
Cd AND CL ‘
In this linear mathematical representation, the cylinder 
material properties (mass, geometry, elasticity and hvster-
etic damping), the added mass of water and the hydrodynamic
damping were converted into matrix form for each element
of the cylinder length. The vortex excitation was represented
by a periodic forcing function dominated by C1 or C ‘ and
d I.
uniformly distributed over the cylinder immersed length.
King (1974), describes the detailed matrix manipulation and 
methods of solution.
First Instability Region of in-line oscillations:
f
Evaluation of C j .  The hydrodynamic forces of exci­
tation and damping exerted on a cylinder oscillating in-line 
are shown in F ig .7. An analysis of the free shear layers in 
the vortex shedding of Fig. 4 shows that during the First 
Instability Region, identified by symmetric shedding, the 
fluctuating force coefficient C '^ should not exceed 0. 86. The 
physical reasoning for this is based on the variation in the 
location of the separation points on the cylinder oscillating 
in-line as shown in Figs. 8a, 8b.
Fig. 8a shows the cylinder oscillating in the downstream 
direction; the free shear layers are similar to those separa­
ting from a very bluff body such as a flat plate, for which 
C,j 2 .1 . In Fig. 8b, the cylinder is oscillating in the up­
stream direction and the flow' separation resembles that 
associated with Critical or Supercritical Reynolds numbers 
for which the steady drag coefficient C^ ^  0.4. When the 
cylinder is stationary with respect to the observer, at the 
ends of each half cycle of motion, the flow patterns are 
similar to those characterizing a stationary cylinder in flow­
ing water. The steady drag coefficient Ccj of the cylinder 
wns measured as 1.26, King (1974): thus the instantaneous 
steady drag coefficient is C j  = 1. 2 61 0. 86 where the fluctu-
f
ating force coefficient is defined as Cd = 0.86.
Fig. 9 shows the results of the analysis of the experi­
mental data for the fundamental and second normal modes 
in-line. For the analysis of the second normal mode, the 
hysteretic damping was increased by an amount determined 
from the logarithmic decrement of that mode. In general, 
the hysteretic damping constant (G) for the first two normal 
modes were approximately G and 1.2G respectively.
It can be seen that the maximum amplitudes of oscil­
lations and the fluctuating force coefficients C j  in Fig. 9 
are related linearly, although there is some scatter in the 
computed values of C j for amplitudes less than the maxima. 
This could be an indication of the varying degrees of vortex 
shedding correlation along the cylinder's length, with the 
amplitudes of oscillation. The greatest departures from the
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straight line through the maxima were recorded at compara­
tively low amplitudes where the results were subject to the 
largest uncertainty.
The calculated C^' values were deduced from the 
assumption that the excitation forces were distributed uni­
formly over the cylinder length; this was an approximation, 
as the force coefficients were almost certainly amplitude- 
dependent and this was demonstrated in a supplementary 
series of flow visualization studies. The vorticity associat­
ed with the larger amplitudes was considerably greater than 
that of the sm aller amplitudes at the same Reduced Velocity, 
V/nd, and at different locations on the same oscillating cylin­
der. Furthermore, the point in the wake at which the alter­
nate street was formed appeared to be a function of amplitude 
and Reduced Velocity, V/nd, and this is consistent with ampli­
tude-dependent variations of exciting forces at various dis­
tances along the cylinder length. Thus, the calculated value
f
of C j  = 0.69 for y/d = 0.15 (the maximum amplitude 
recorded) represented the uniformly distributed equivalent 
of C^' values ranging from 0. 86 at the maximum amplitudes, 
to the pseudo-stationary C ^  near the base.
Hardwick & Wootton (1973), in their analysis of the 
vortex excitation process applied to the fundamental mode of 
in-line oscillations, predicted a limiting amplitude of 
y/d — 0.1 corresponding to a maximum C d' = 0. 8 for the 
First Instability Region. The results of their laboratory 
tests with an elastically supported rigid cylinder, of L/d = 5, 
agreed with their theoretical reasoning although in previous 
full scale tests maximum amplitudes of up to y/d = 0.13 
were recorded, Wootton et al (1972); in the author's tests, 
King (1974), amplitudes of up to y/d = 0.16 also were noted. 
Second Instability Region in-line oscillations:
Evaluation of . The results from tests in the 
Second Instability Region were analyzed by a method similar 
to that employed in the preceding section. The relative mag­
nitudes of the exciting and damping forces of this instability 
region were assumed to be of the same order of magnitude as 
those for the symmetric shedding region. However, the 
magnitude of C d' determined in the preceding section from  
visual observation of the free shear layers obviously was of 
no relevance in this alternate shedding region.
The results of the mathematical analysis, shown in 
Fig. 10 reveal that the maximum amplitudes of the fundamen­
tal and second normal modes are related linearly to the 
fluctuating force coefficient C j'.
By extrapolating the y/d versus Cd' line towards the origin, 
a stationary cylinder value of C^' = 0.08 was obtained. This 
is in agreement with the values recorded during wind tunnel 
tests with stationary cylinders, Wootton (1969), Vickery and 
Watkins (1962), Humphreys (1960). In the present tests, the 
Second Instability Region and the stationary cylinder (null) 
range immediately preceding this instability are both identi­
fied by alternate vortex shedding and the extrapolation there­
fore is considered justified. At the maximum recorded 
amplitude (y/d = 0.14) the fluctuating drag coefficient was 
calculated as C^' = 0.45, compared with C^' = 0.65 at a 
sim ilar amplitude in the First Instability Region. In the 
First Instability Region, the oscillatory velocity (v) included 
in the hydrodynamic damping term, was comparable with the 
flow velocity (V ), the damping was relatively large, and the 
fluctuating force coefficient, C^', correspondingly high. In 
the Second Instability Region, the flow velocity was higher, 
although the oscillatory velocity remained approximately 
constant. The damping term (proportional to Vv) thus in­
creased linearly with flow velocity whilst the excitation force 
increased as the square of the flow velocity. Hence, for 
equal amplitudes in the two Instability Regions, lower force 
coefficients were appropriate to the second of these. Photo­
graphs of vortex shedding in the Second Instability Region 
showed that the vortices separated from the cylinder at 
angles of approximately 130° to 160° from the forward stag­
nation point. The larger angle was observed at the maximum 
amplitude. An analysis of graphs of rms pressure distribu­
tion around a stationary circular cylinder, Surry (1969), gave 
C j = 0.08, at a separation angle of approximately 100 . By 
comparing the in-line components of the two separation 
angles recorded in the photographs, and making the elaborate 
assumption that in the cases considered, the vortex strengths
f |
were similar, the equivalent values of are 0. 22 <  <
0.43. It will be noted that these two values of C j  are close 
to those deduced from the matrix analysis of the oscillating 
cylinder. It is appreciated that these analogies with the 
stationary cylinder C^' were approximate and that the 
results obtained thus, were of a qualitative nature only. 
However, the C^' recorded in tests with stationary cylinders 
usually represented the average experimental reading at the 
instrumented section of the cylinders' length; in view of the 
generally low lengthwise correlation of such cylinders the 
average C j' for the whole cylinder would be considerably
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less than the C^' from the instrumented section. Thus, in 
the present tests, a calculated uniformly distributed C^' 
equal to the stationary cylinder C j from Humphreys (I960), 
could denote well-correlated vortex shedding without neces­
sarily implying a variation in vortex strength. Furthermore, 
although the vortex strengths appeared to be proportional to 
the oscillatory amplitudes of motion, increases in in-line 
force coefficients could also be caused by increases in sep­
aration angle, which in turn probably were functions of amp­
litude, V/nd and oscillatory velocity.
Cross-flow oscillations
Evaluation of C^. The analysis developed for the 
preceding sections was modified for application to the results 
from tests in the cross-flow  direction; in the absence of a 
reasonable description of fluid damping in this direction, only 
the hysteretic damping was considered in the dissipative 
terms of the governing matrix. However, this analysis en­
abled the results to be compared directly with those of 
Vickery & Watkins (1962) who deduced values of C'^ from a 
simplified theory for which h = L; they assumed that the 
cross-flow fluid damping was negligible compared with the 
hysteretic damping.
The results of the present analysis, and those of 
Vickery &- Watkins are shown in Fig. 11. It is seen that for 
amplitudes of y/d < 0 .4 ,  the figure resembles the graphs 
of Figs. 9, 10 in that the calculated force coefficients C j 
increase with increasing y/d.
For y/d > 0 . 6  the collected results demonstrated an 
inverse linear relationship between Cj ;ind y/d. The 
maximum amplitude possible is, from the graph, y/d = 2 
and this is in agreement with the collected results of the 
graph of Fig. 2.
In Fig. 11, the one result from tests with the aluminium 
cylinder II. 1, coincided with, and the results from tests with 
the stainless steel cylinder V.2 King (1974) were slightly 
below the calculated results of Vickery & Watkins (1962).
The collected results of Fig. 11 showed an apparent depend­
ence upon the types of material and, by inference, the mag­
nitudes of hysteretic damping because there were no obvious 
mass ratio effects and the ks values were comparable.
Rather surprisingly, the most highly damped cylinder (the 
P .V .C . cylinder, King (1974)) oscillated consistently with 
the largest amplitudes; however, at the maximum amplitudes, 
the flow velocities and hence excitation forces on this cylin­
der were considerably larger than for the other cylinders
considered. This observation indicates the possible need 
for considering not only kg but also V/nd and <5 when 
comparing amplitude response data from a variety of 
sources.
Extrapolation of the 'well-correlated' parts of the 
graph yielded = 0.75-0.8 for the stationary cylinder 
and this agrees with previous experimental studies, 
Humphreys (1960), Surry (1969).
Vickery & Watkins (1962) explanation o f the increase, 
followed by the decrease, of calculated Cl  with y/d was 
that the total energy of the vortices in the wake was invariant
with y/d and that at the smaller amplitudes, the graph dem­
onstrated a lack of vortex shedding correlation in the presence 
of low damping. As y/d increased, the lengthwise correla­
tion improved, the hydrodynamic damping increased, and the 
steady state limiting conditions, it was argued, were defined 
by c '^  = 0. The (constant) total energy' of the wake was 
dissipated by the hysteretic and hydrodynamic damping. This 
explanation, which implies that complete correlation is 
achieved only' at the larger amplitudes is considered plausible 
and on this basis the y/d versus C* graph (F ig . 11) may be 
analyzed in two parts. The lower part, in which the ampli­
tudes are restricted by the poor lengthwise correlation (and 
the low damping) is followed by the upper part, in which the 
hydrodynamic damping energy increases more rapidly than 
the energy' input from the exciting forces, until the limiting 
amplitude is established at C* = 0. Fig 11 indicates that com­
plete lengthwise correlation is obtained when y/d )  0. 5, and 
presumably persists up to the limiting amplitude y/d = 2.
A comparison of Figs. 10, 11 shows that over a corresponding 
range of amplitudes (y/d <  0.15), the amplitudes and fluctu­
ating force coefficients exhibit sim ilar trends. Probably, 
the vortex shedding was not completely correlated in the 
cross-flow direction, and extrapolation of the lower part of 
Fig. 11 suggested that this was the case. Alternatively, the 
results from the in-line direction (Fig. 10) where consider­
ably higher fluid damping was experienced, were consistent 
with well-correlated vortex shedding, and the maximum
fluctuating force coefficient in - lin e  exceeded by an order o f
»
magnitude the stationary cylinder .
CONCLUSIONS
Sustained self-excited oscillations w'ill only be initiated 
for cylinders satisfying the Stability Parameter and Reduced 
Velocity criteria. The limiting amplitude of cross-flow
183
oscillations is  an o rder of magnitude la rg e r  than for the in­
line direction. S im ilarly , the Stability P a ram eter necessary  
fo r  suppressing the c ro s s -f lo w  oscillations is  over ten tim es 
g rea te r than fo r  in -line motion.
In-line oscillations can be excited at flow  velocities of 
only one quarter those fo r c ro s s -f lo w  motion.
The value of analyzing experim ental resu lts using a  
fa ir ly  crude linear mathematical analogue was illustrated.
It w as shown that the fluctuating d rag  coefficients varied  
linearly  with amplitude and for the m axim um  amplitudes 
w ere  equivalent to C d' = 0. 69 and C d' = 0.44 in the F irs t  
and Second Instability Regions respectively . These represent 
significant deviations from  the stationary cylinder values of 
0.02 <  Cd' 0 .08.
The calculated fluctuating lift coefficients were functions 
of am plitudes of oscillation ; for am plitudes less  than y/d = 
0 .4 , C l  increased  approxim ately linearly  with amplitude 
and for y/d >  0 .6 , C'L  decreased  linearly  with amplitude. 
The explanation of these features was based  on the concept of 
varying degrees of Vortex shedding correlation length and by 
extrapolating the 'w e ll-c o rre la te d ' part of the graph to zero  
amplitude, a  mean value of = 0 .75 -0 .80  was obtained. 
This is com parable with the experim ental results of other 
authors.
In these calculations, the representation of exciting 
fo rces uniform ly distributed along the cy linder's  length is not 
com patible either with visual observations of the flow patterns 
o r  the notion of amplitude-dependent interactions. When the 
exciting fo rces  w ere  m ade linear functions of local am plitude  
the calculated resu lts did not corre late  well with recorded  
data, and it was concluded that m ore com prehensive exp res ­
sions fo r the flu id -cy linder interactions should be developed. 
Many mathematical o r  heuristic models of flow-induced o s c il ­
lations incorporate modified fo rm s o f the Van der P o l equa­
tion: recent publications by G riffin  et al (1973) and Skop and  
Griffin  (1973), have dem onstrated further modifications fo r  
specific application to cylinder oscillations, and it is  suggest­
ed that these be used a s  the b a s is  for extending the present 
method o f calcu lations.
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Fig. 1 SURFACE FLOW PATTERNS. CYLINDER 
OSCILLATING CROSS-FLOW. KING (1974).
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Fig. 2 COLLECTED RESULTS FOR CYLINDER
OSCILLATIONS CROSS- FLOW. KING (1974).
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Fig.3 THE TWO INSTABILITY REGIONS OF IN-LINE 
MOTION. KING (1974).
Fig.4 SYMMETRIC VORTEX SHEDDING FROM A 
CYLINDER OSCILIATING IN-LINE. FIRST 
INSTABILITY REGION. KING (1974)
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Fig. 5 ALTERNATE VORTEX SHEDDING,CYLINDER
OSCILLATING IN-LINE. SECOND INSTABILITY 
REGION. KING (1974)
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Fig. 6 COLLECTED RESULTS FOR CYLINDER 




(a) CYLINDER OSCILLATING UPSTREAM 
F -  ^  F = J jX C j-C ^ ) (V + v )2d.dx
v— ©
(b) CYLINDER OSCILLATING DOWNSTREAM
, 2 
F ♦ A F  = iP IC j+CJj) (V -  v) d. dx
F = mean force, unit length 
A  F = fluctuating component of force F 
v = oscillatory velocity = 2TTny = wy
-  pVd w y C^ dx
First term is excitation force J p  V2d.dx 
Second term is damping force p  d Crf V. v. dx
from  (a). <b) F = J p  V2d.CJj dx
Fig.7 FORCES ON CYLINDER OSCILLATING IN-LINE
(a) Cd<*2 1 (b) Cd~ 0 4
C y l i n d e r  moving Cylinder movi n g  
-ioinmstream u p s t r e a m
Fig. 8 ANALYSIS OF FLOW PATTERNS. FIRST
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Fig. 9 FLUCTUATING FORCE COEFFICIENT C' 
VERSUS REDUCED AMPLITUDE. d
FIRST INSTABILITY REGION IN-LINE. 
KING (1974)
Fluctuating force coefficient C|j
Fig. 10 FLUCTUATING FORCE COEFFICIENT C' 
VERSUS REDUCED AMPLITUDE.
SECOND INSTABILITY REGION IN-LINE. 
KING (1974)
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Fig. 11 CALCULATED FLUCTUATING FORCE 
COEFFICIENT Cj VERSUS REDUCED 
AMPLITUDE. COLLECTED RESULTS 
KING (1974), VICKERY & WATKINS (1962)
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DISCUSSION
Thomas Corke, I IT: At I IT we became involved with 
some work being done at Wood's Hole, Mass, dealing 
with cylindrical cables having hairy protrusions at 
one end. These cables were being used as moors and 
they didn't oscillate and had reduced drag. Our mea­
surements using dyes and water indicate that these 
tra il in g  strings prevent cormunication between vortices 
and our measurements tend to indicate a reduction in 
the drag on the cylinder. The question is: have you 
heard of this type of mooring cable?
King: The e ffe c t of a splitter plate in the near wake 
of a stationary cylinder was investigated by Roshko 
and from what I remember, his results were consistent 
with the behaviors mentioned by you.
W. K. Blake, Department of the Navy: Does the symmet­
r ic  vortex shedding occur on rigit cylinders? Are 
you familiar with the stability calculations of 
Abernathy and Kronauer? Those calculations show 
“ resonant modes" for shear layer motions and they pre­
d ic t the resonance wave-numbers for those motions.
They ignored the symmetric mode on the . umption that 
i t  was stable.
King: Symmetric vo rtice s ,to  my knowledge, have not 
been detected in the wake of stationary cylinders at 
Reynolds numbers greater than about 90. I had not 
realized that symmetric vortex shedding from o s c i l la t ­
ing cylinders had been recorded by researchers prior 
to about 1969-1970. However Laird (C a lifo rn ia ) kindly 
sent me a film  of ju s t  th is , recorded by one of his 
students (Mandini) in 1964. This type of vortex shed­
ding was not pursued or even taken seriously because 
1t was thought un like ly  to lead to sustained in s ta b il­
it y  compared with the well known and exceptionally 
powerful crossflow fo rces. I believe a German researcher 
Rubach also noted in lin e  o sc illa t io n s  in 1916.
A.K.M .Fazle Hussain, U niversity of Houston: I am sur­
prised to see no mention of Koopmann's (JFM 1969) work 
which is  probably one of the e a r l ie s t  comprehensive in ­
vestigations of the e ffect of transverse cylinder o s c il­
lation on vortex shedding; he also investigated the 
threshold amplitude necessary for synchronization or 
lock-1n to occur. I also see no mention of uatanabe 
et a l .  (JFM, 1973) who reported the e ffect of imposed 
in - lin e  o sc illa t io n  on vortex shedding. The survey 
paper by Berger and W111e (Ann. Rev. of F I . Mech. 1972) 
discussed the e ffect of se lf-exc ited  as well as imposed 
cylinder o s c il la t io n . You may also be aware that Ian
Currie (U. of Toronto) has done recent analytical 
studies on this same topic.
Have you studied the effect of imposed in-line 
cylinder oscillation on vortex shedding?
At the Univ. of Houston we have carried out the 
inverse problem viz., the effect of streamwise oscil­
lations of controlled frequencies and amplitudes on 
vortex shedding from a circular cylinder. We have 
also studied the effect of free-stream turbulence, as 
well as mild favorable and adverse pressure gradients 
on vortex shedding. The effect of streamwise oscilla­
tions can be dramatic depending on amplitude and fre­
quency.
King: I am aware of Koopman's work. No, I have never 
tried forcing the cylinder in-line.
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MEASUREMENT OF THE LOW-WAVENUMBER COMPONENT 
OF TURBULENT BOUNDARY LAYER PRESSURE 
SPECTRAL DENSITY
density. Chase (1969) showed that a clamped plate 
responds (kp/kc) 2 le ss  than a membrane to the convec­
t ive  peak, where the wavenumbers k and k re fe r ,
r ^
resp ective ly , to the wavenumber of the plate and the 
wavenumber o f the convective peak.
In th is  paper, we discuss the theory o f re la ting  
plate modal response to the various regions of the 
turbulent boundary la y e r , the design of the experiment, 
and the experimental re su lts .
Paul W. Jameson
Bolt Beranek and Newman Inc.
Cambridge, Massachusetts 02138
ABSTRACT
Th is paper describes an experiment in which the 
turbulent boundary layer (TBL) over a f la t  p late 
excites bending waves in that p late predominantly 
through low-wavenumber components in the pressure f ie ld  
having the same wavenumber as the bending waves of the 
p la te . The p late design is  such that contributions to 
the bending waves from the convective peak o f the TBL 
pressure and from acoustic noise are minimal. The 
level o f response of individual modes o f the plate is  
used to measure the in ten s ity  of these low-wavenumber 
spectra l components in the TBL wall pressure.
INTRODUCTION
There i s  in te re st in  the low-wavenumber region of 
the turbulent boundary layer (TBL) wall-pressure spec­
trum, because pressure spectral components a t an appro­
p r ia te ly  low wavenumber are capable o f resonant in te r­
action with the natural waves o f typ ica l naval s truc­
tures. These pressure components, then, cause a v ib ra­
tional floor fo r a structure  moving through the water.
PLATE MODAL RESPONSE AS A MEASURE OF SPECTRAL DENSITY
The modes of a clamped rectangular p late can be 
expressed in  a product form as a function of x times a 
function of y .  The x dependence of the modes w ill have 
e ither of two forms, depending on whether the mode is  
sp a tia lly  even or odd:
/  2
^ j(x ) *
✓  2
/ cosh kjX
Icos k tx + sin k , 2 L xV sinh kj-^-
/ . L , sinh k tx
Ism kjX - cos k i 2 L j
X cosh kj-^-
even ( la )
odd , ( lb )
where L t i s  the length of the p late in the x d irec tio n , 
and the determinantal equation fo r ^  i s  given by
L i k i L i
tan k-^- ± tanh — = 0 , (2)
the upper sign re ferring  to even modes. The expres­
sions for the modal form and the determinantal equation 
together ensure that
and
Blake and Chase (1969) and Jameson (1970) employed 
a phased array of four condenser microphones to measure 
th is  low-wavenumber region in a wind-tunnel flow . 
Jameson's experiment showed that the low-wavenumber 
spectra l density was very low -  so low that, in  the 
experiment, the presumed contribution to the measured 
re su lts  were only about 5 dB above the estimated con­
trib u tio n  from the convective peak. The experiment was 
then redone to reduce the contaminating contributions 
from the convective peak, the modes of a damped plate 
being used to measure the TBL low-wavenumber spectral
The modes have been approximately normalized by using 
/2~ as a constant m u lt ip lie r . Since a l l  the modes we 
used experimentally are of high order, th is  i s  a 
reasonable estimate.
The lengths of the sides of the plate were chosen 
very ca re fu lly  to separate the frequencies o f modes of 
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where E is  Young's modulus, p is  density of plate ma­
t e r ia l ,  a is  Poisson's ra t io , and h is  the plate th ick­
ness. For high order modes, we treat the determinantal 
equation as the l im it  in which tanh = 1, which physi­
c a lly  corresponds to the e ffe c t of the boundary being 
fe lt  only near the edges of the p late . In th is l im it , 
the clamping introduces an extra eighth of a wave­
length at each edge, and the determinantal equation 
takes the simple form
k2 + k2 + (4)
where n and m are the mode numbers in the downstream 
and cross-stream d irections , respective ly .
appended to a number o f modes the value of the number 
in large brackets in Eq. 5, the number being propor­
tional to frequency. During planning of the experi­
ment, we anticipated concentrating on the 7,3 mode 
having a number 335.25, which leaves i t  approximately 
3% separated in frequency from it s  nearest neighbor, 
the 8,2 mode.
During the experiment, the motion of the p late was 
sensed with a small accelerometer that was placed on 
the plate in such a position as to be in sen s it ive  to 
modes antisymmetric in x. Antisymmetric modes curious­
ly  have even numbers fo r th e ir k x designation. Thus, 
the accelerometer is  in sen s it ive  to the 8 ,2  mode in 
p a r t ic u la r , along with a ll other modes antisymmetric 
in x.
EXPERIMENTAL ARRANGEMENT
We found, through t r ia l  and e rro r, that i f  the 
lengths L i and L 3 were in the ra tio  of 3 to 2 there 
were few modes that had the same frequency as another 
mode and most modes were reasonably fa r apart in  fre ­
quency. For the length ra tio  of 3 to 2, the deter­
mi nantal equation becomes
For n and m on the order o f 3 to 10, the number in 
brackets shows very l i t t l e  redundancy. The locations 
of so lutions to the approximate determinantal equation 
are shown in Figure 1; note that in th is  figure the 
rad ial distance from the o rig in  is  proportional to the 
square root of the frequency of the mode. We have
k 3
The p la te , 22.8 in . in diameter, was flush-mounted 
in a f la t  surface extending from an open-jet wind 
tunnel in the manner shown in Figure 2. The active  
area of the plate is  a rectangle of area 500 sq cm 
with side lengths in the ra tio  of 3 to 2 , the longer 
side in the downstream d irection . The underside of the 
p la te , showing the active  area , is  illu s tra te d  in 
Figure 3; a side view is  given in Figure 4. The out­
side part was glued to wood to provide mechanical sup­
port and damping; large steel bars (1 .5  in . x .75 in .)  
were epoxied to the underside to make a framework de­
fin ing  the active area. The steel bars clamped the 
plate edge, iso la tin g  the active  area. The unsupported 
plate between the wood and the beam, about one quarter 
the length of a bending wave at frequencies of in te rest, 
increased iso lation  from vibrations of the surrounding
FIGURE 1. MODES OF CLAMPED PLATE WITH SIDES OF 3:2 FIGURE 2. EXPERIMENTAL ARRANGEMENT.
LENGTH RATIO.
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surface by acting as a quarter-wave choke. The acce l­
erometer was placed along the m idline o f the p late  at 
an an ti node of a mode having a mode number o f 3 across 
the short side of the p la te .
We used the open-jet tunnel, because previous work 
showed that acoustic noise at the p la te , a major ex­
perimental contaminant, i s  greater in ducted flow . A l­
though flow from an open je t  i s  not uniform, i t  i s  
reasonably so in the v ic in it y  o f the p la te . The 
la te ra l d is tr ib u tio n  of dynamic pressure a t the down­
stream center of the p la te , fo r typ ica l flow speed, is  
shown in Figure 5.
Ca lib ration  o f the P late
A noncontacting shaker was used to d rive  the 
p la te , and the resonant frequency and the damping rate 
o f the p late  modes were measured. The shaker was a 
small iron-core magnetic c o il placed near, but not 
touching, the p la te . Eddy current rep u ls io n , the force 
connecting the p late  and the c o i l ,  was twice the f r e ­
quency o f the current in the c o i l ,  the repulsion being 
a nonlinear e ffe c t .
The applied frequency of the d riv e r was swept 
u n til a large resonant signal was observed a t the ac­
celerometer. We then corre lated the frequency of the 
mode with the predicted value and determined the 
sp a tia l d is tr ib u tio n  by using a pencil to map out nodal 
l in e s . Nodal lin es  were mapped at locations where 
placing the pencil on the p late did not change the 
response o f the accelerometer — i . e . ,  where modal 
motion was zero and the placing of an object produced 
no force at the frequency of the mode.
Relation Between Modal Amplitudes and Pressure Spectral 
Density
We m ultip ly each side of Eq. 6 by a normal mode shape 
ip. , ( x )  and integrate over the surface of the p la te .
I t  follows that
<Dki, j  - V 2' 1“emp)ni . j (“ ,AP =
,+c° dk |-+°° dk ^
" ~2tT j  T ii" Si j ( k)p(k»u) » (8)
FIGURE 3. UNDERSIDE OF PLATE.
3/4"* 1V2* STEEL 
EPOXIED TO STEEL 
PLATE
The equation o f motion of the p late  i s  given by
(d?“ + mp ^ 7  + mpe Jt) ^(x.t) = -P(x,t) , (6)
where we designate D as the plate s t i f fn e s s , mp the 
mass per u n it area , 6 a lo ss c o e ff ic ie n t , and n (x ,t )  
the displacement o f the surface of the p la te . We next 
expand n ( x ,t )  in the normal modes of the p la te  and the 
pressure f ie ld  in i t s  spectral components. Thus,
n (* ’ t > = £ W 1 ’ j  ^  nn ,n/w)e~1Wt <7a>n,m J-oo ’
P(x,t) =
+°° dk ■+“ dk
T IT
>3 f* ” do/ » i(ic*x-u t)
F  -2FP< k "“ )eJ  —CO
(7b)
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FIGURE 5. LATERAL DISTRIBUTION OF DYNAMIC PRESSURE.
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where S. . (k) = dx e ip. A x ) ,  and Ao is  the area1 »J J I P
of the p late . From th is  equation, we can solve for
n- .(w ), the amplitude of the i , j t h  mode.' f j
We next calcu late  the total time-averaged power 
IT. . into the i , j t h  mode of the p late , th is  power being 
obtained by multiplying the negative of the instanta­
neous modal ve locity  at every point on the plate by the 
pressure at that point:
This average of S2 can be obtained by integrating by 
parts to perform the Fourier transform o f the modal 
response function (Chase, 1969). The integra l over k 3 
is  performed using the dominant modal acceptance in 
that region. For a convected peak pressure spectral 
density , we assumed that
M kj ,k 3,u>r ) = <J>(<ur ) ,
*c
ni J  = < ' dx
-dn, ,-(t) _  _
------ ---- il*. i (x )p (x ,t )1dt (9)
where n. . is  the average power into the mode and the 
' »J
brackets represent time averaging. By transforming 
n (t) and p (x ,t )  and using Eq. 8, we a rrive  at the 
intermediate re su lt
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( 10)
We now invoke the assumption that the pressure spectral 
components are elements of an ergodic process and that 
they are independent of each other. Then,
<p(lc,co)p*(i<' ,Q)> $>(£.0)) s ( ^ )  . (11)
The integral over frequency is  read ily performed, be­
cause i t  is  an integral over a pole -  by assumption 
very near the a x is . The resu lt is
<n. .> =
i . j
r  dit- *(i<, ,w, J  + , )i i »j
-°° ( 2tt ) 2 4 A m P P
is o r - j i2 .
( 1 2 )
This re su lt  has a c lea r physical in terpretation . In 
p a rticu la r , the power into the mode resonant near 
±w. . accepts energy from the boundary layer in an 
amount proportional to the square of the overlap func­
tion between the mode and the pressure spectral compo­
nents times the in ten sity  of those components in the 
boundary layer.
Estimates o f the Contribution to <IL j > From the 
Convective Peak and From the Low-Wavenumber Region
We f i r s t  estimate the contribution of the convected 
peak to the in teg ra l. For the case of a perfectly  ^
clamped boundary condition the average value of |S (k ,) |
2at values of k-| near w/Uc is  given by < |S(k-|)| > =
8k A
Pi + terms of higher order in k-j/k  ^ where k^  = w/Uc .
where $(wr ) is  the point pressure spectrum, assumed to 
be dominated by high wavenumbers. The integral over k3 
is  dominated by the major lobe response of the modal 
overlap function. The convected peak does have energy 
a t low values of k 3, even though i t  does not a t low 
values of k j .  The total power into a mode from the 
convected peak is  given by
8k
nn,m(conv) ~ ^ “ r  ^ k 3 2 A m . 6 
c v v *1
Pi (13*)
The part of the integral due to the low-wavenumber 
components is  estimated in a simple way. We treat the 
modal overlap function as i f  i t  were that of a large 
simply supported plate so that the overlap function is  
sharply peaked at the main lobe. The clamped boundary 
condition is  treated as an end e ffe c t that influences 
the overlap function only at high wavenumbers where end 
e ffec ts  are important. Performing these estim ates, we 
a rr ive  at the approximation
!•+«> dk} +^«> dk3 4>(it,cor ) |S(1c) | 2
n(low k) I 2tt I ~2tt 0 .' 1 -°° 1 -oo 2 A m
P P
4>(kj,k3,u)r )
= S  '
(14)
For these ca lcu la tio n s , we have assumed that a l l  func­
tions are double-sided in w and k . We have assumed 
that the spectral density in the low-wavenumber region 
is  symmetric in k j f  k3, and <*>.
The experiment was designed with a clamped boundary 
condition at the edges o f the plate so that the convec­
tive  peak would put a minimum of energy into a plate 
mode leaving the energy in  that mode a good measure of 
the low wavenumber spectral density in the TBL wall 
pressure. I f  the boundary condition at the edge had 
been a simple support instead of a clamp, the contribu­
tion from the convective peak would have been given by 
the expression,
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which fo r our typ ica l experimental conditions would 
have been about 13 dB higher than the re su lt  given by 
Equation 13.
Some estimates have been made fo r the e ffe c t o f 
the less than perfect clamp at the edge of the p late . 
The rotary in e rt ia  o f the bars is  not in f in it e  so that 
the moment applied by a mode at the boundary would 
cause a s lig h t rotation o f the bar. The rotary in e rt ia  
o f the bars is  so large that the non-zero slope at the 
edge gives a contribution from the convective peak at 
least 17 dB sm aller than that predicted using equation
13.
The e ffe c t of compliance in  the epoxy jo in ing the 
plate and the bar is  also a source of a non-zero slope 
at the edge. Very prelim inaryestim ates suggested that 
th is  could be a problem i f  the epoxy junction were not 
very s t i f f .  Great care was taken in bonding the bars 
to the plate to ensure a s t i f f  contact between the two. 
Small rows of teeth were milled into the contact area 
of the bars so that when the bars were pressed and 
epoxied onto the plate there would be s ig n if ic a n t metal 
to metal contact between them, thus guaranteeing a 
s t i f f  contact.
In using the accelerometer output as a measure of 
modal response, we corrected fo r the fact that the ac­
celerometer was at an anti node fo r 2m + 1,3 modes only 
and adjusted the assumed value of energy in other 
modes accordingly. We also made a correction for the 
mass of the accelerometer loading the plate. In this 
correction, we approximated the loading by treating the 
plate as very large so that we could use the point 
impedance Zp of an in f in ite  p la te . Thus, we assumed 
that the ve lo c ity  we would have measured with a mass­
less accelerometer was given by
Z - iuM
V = -  -^---- ^meas * where M is  the
P accelerometer mass.
Combining th is  correction with the correction used for 




where ^(acc) designates the value of the modal shape 
function at the position of the accelerometer.
EXPERIMENTAL RESULTS
Typical experimental re su lts  are shown in  Figure
6. Depicted are the rms modal amplitudes of various 
modes as a function of flow speed over the speed range 
fo r which the modal response was not contaminated by 
acoustic no ise , extraneous v ib ra tio n , or the convected
Experimental Technique for Measuring <n
i.j
>
We experimentally determine <n^  by f i r s t  mea­
suring the energy in a mode with the flow  on. Knowing 
the damping ra te , we then know the power dissipated. 
Since the p late is  passive , the power d issipated must 
be equal to <11. •>.
1 »J
The power dissipated in a mode is  equal to the 
total stored energy in a mode, twice the average 
k in e tic  energy, times the time rate of decay of energy. 
Thus
ndissipated
3 x 1/21" A  ''modal
T 0 5 )
where t 0 is  the time constant of the energy decay rate , 
equal to 1/B. Combining with Eq. 14, we deduce that
2m 2 m 2A V2 . . p p p modal
(16)
We have reduced our data using th is  approximation to 
re la te  the measured modal ve lo c ities  and energy decay 
rate to the low-wavenumber spectral d en s itie s .
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FIGURE 6. TYPICAL EXPERIMENTAL RESULTS
peak. Acoustic noise ty p ic a lly  became a problem only 
at low flow speed, while the convected peak is  
expected to be a problem only at high speed. Estimates 
of the contribution of the convected peak to the modal 
response of the 3 ,2  and 7,3 modes are also shown in 
Figure 6.
The level o f acoustic contamination was estimated 
by recording the acoustic pressures in the room with a 
microphone placed outside the flow . Then, an acoustic 
source was used to insonify the room and measure the 
coupling between sound and plate response. From th is 
re s u lt , the acoustic contribution to modal exc ita tio n  
was estimated. Only those data were kept fo r which the 
acoustic contribution was at le a s t  8 to 10 dB below the 
other contribu to rs. (We found the e ffect on modal 
energies o f the vib ration of the large wooden platform 
used to support the plate to be n e g lig ib le .)
Estimates o f the low-wavenumber spectral d ensity , 
based on measurements with the stee l p late , are given 
in Table I .  The deduced spectral densities have been 
normalized by d iv id ing by the squares of the fre e -  
stream dynamic head and the free-stream v e lo c ity  and 
m ultip lying by the cube of the modal resonant frequency 
in rad ians.
Experiments were also performed using a brass 
p late o f about the same thickness as the s te e l. The 
resonant frequencies for brass were lower. We found 
more acoustic contamination and, ty p ic a lly , more e f­
fe c ts  o f the convective peak in our re su lts . For these 
data , we present re su lts  only for cases in which the
acoustic contamination caused le ss  than about a 2-dB 
contribution to the measured le v e l ; i . e . ,  we corrected 
our measured modal amplitudes fo r the acoustic e f fe c t , 
and i f  the corrected level was c loser than 2 dB to the 
measured level we kept the data. In Table I I ,  we 
provide the o rig ina l data (normalized as i f  there were 
no contam ination), the re su lts  with the acoustic con­
tamination subtracted, the calcu lated  contribution 
from the convected peak, and the corrected re su lt  with 
th is  la t t e r  contribution removed.
Figure 7 presents a l l the retained data normal­
ized  on inner va riab le s v* and co+ = (w v/v*), a normal­
iza tio n  f i r s t  proposed and used by Kronauer (1974).
The f r ic t io n  v e lo c ity  was estimated using the formula 
from Sch lic ting  (1968):
v. 2 1U
(-_ ) = .0296 < ^ 4
where l  is  the distance of the p late center from the 
nozzle — i . e . ,  4 f t  9 in .
The boundary laye r ve lo c ity  p ro file  had been 
measured in a previous se ries o f experiments w ith v i r ­
tu a l ly  the same flow configuration , (Jameson, 1970).
I t  was found in that experiment that the displacement 
th ickness at the location o f the plate was almost con­
s ta n t at 0.35 cm fo r flow speeds over the measured 
speed range from 9 .4  m/sec to 16.5 m/sec. The data 
in  Tables I and I I  have been plotted in Figure 8 using 
outer variab le normalization assuming that the d is­
placement thickness did remain constant a t 0.35 cm
TABLE 1. STEEL PLATE DATA.
* ( k , 7 , k 3if . w7 , , X , w
u <t>' ( 3 ,2  ) x 108 4>'( 5 ,2 ) * 1 0 8
CDOXr^. <J>* ( 7 ,2  ) x 108 <J>' ( 7 ,3 )  x 108 <t> ’ ( 7 ,4  ) x 10 8
m/sec 487 Hz 830 Hz 1205 Hz 1336 Hz 1612 Hz 1970 Hz
1?. 3 h .6 0.1*5
18.0 8.5
18.1 0.56 1.2 2.2 0.57
18.9 1*. 6 M 1.0
19.1 11. 0.92 1.5 l.l* l . L 1.9
23.5 6^. 3.7 0.03 l* .l 1*. 2 1.3
23.8 13. 3.7 6.6 2.0 0.16
26.9 62. 5.3 2.0 2.8 7.0 0.95
31.7 25- 8.5 16.0 3.1 1.8
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TABLE I I .  BRASS PLATE DATA.
<P' ( 7 ,3 )
4>(k. , k ,w .
1 7 J 3
)U) 37,3
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264 Hz
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FIGURE 7. NORMALIZED DATA USING INNER VARIABLE SCALING.
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DISCUSSION
W. K. Blake, Department of the Navy: Did you measure 
the actual mode shape of any of the plate modes? Any 
discontinuity in slope at the edge due to non-ideal 
clamping would provide more convected wave number re­
sponse than you estimated.
•Jameson: We could not measure this directly. However, 
qualitatively the response to the pencil was much less 
sensitive to the pencil near the clamp than near a 
nodal line. In addition the location of nodal lines 
out on the plate was consistent with where they would 
be with a clamp.
J. Laufer, University of Southern California: A 
couple of questions, could you describe in a little 
more detail, exactly how the plate is located with 
respect to the nozzle of the jet? And, how far was 
your plate measuring station located with respect to 
the axis of the jet?
Jameson: The nozzle was a 16-inch square nozzle, and 
the plate was level with the bottom edge of the nozzle. 
It was 26 inches wide, and the center of the plate was 
4 feet, 9 inches downstream from the exit of the nozzle. 
I would say qualitatively that we pushed the plate as 
far downstream as we could while staying in the region 
of flow that was fairly uniform. We wanted to have as 
thick a boundary layer as we could. So we pushed it 
down fairly far. We positioned it so that the flow was 
more or less non-uniform, just beyond the edge of the 
plate.
Laufer: I'd like to inject a point of caution. Since 
one is interested in the low wave number excitation 
produced by the large scale structures, these are con­
siderably different in a jet from those in a boundary 
layer. Would you not expect the low wave number re­
sponse would scale not with the sublayer parameters 
but rather the so-called outer parameters of the 
boundary layer.
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Jameson: I don't r e a l ly  have any strong opinions on 
what the scaling  should be. Scaling on inner va riab les 
was D ick Kronauer's suggestion and he has thought 
about the scaling question much more than I have. I 
w i l l  say p aren the tica lly  that there are some other 
data a va ila b le  taken in  water which Jim Barger has 
looked a t  and compared w ith these data and they did 
sca le  th is  way. These data were taken a t  high values 
of n+ and f i t  f a i r l y  w e ll . But in t u it iv e ly ,  what 
you 're  saying sounds r ig h t , I would expect i t  might 
sca le  on a la rg er dimension. (A p lot o f low wavenumber 
data using outer va ria b le  scaling has been added to 
the revised  paper.)
With respect to the uniform ity of the flo w , I 
agree w ith you i t ' s  too bad we couldn't do the te st 
in an e n t ire ly  uniform flo w . But when we did previous 
te s ts  in  a duct we found that i t  was ju s t  a fa c t  that 
the duct seemed to be ju s t  noiser in an acoustic 
sense. So, in  order to get anything we had to  get r id  
of the acoustic no ise . We might try  t h is  in a much 
la rg e r flow . We now have a wind tunnel with a consid­
erab ly  la rger nozzle , and i t  might make sense to go 
there as i t  i s  also in  a very quiet room.
W. W illm arth , U n ive rs ity  o f Michigan: Could you t e l l  
us a l i t t l e  b it  more about how you determined that the 
aco ustic  inputs and perhaps vibration inputs were not 
important in the experiment.
Jameson: We measured the ambient acoustic noise in  the 
room and found that most o f the noise seemed to come 
from the edges of the nozzle . We placed a microphone 
out in  the room, outside o f the flow so 1t wasn't 
a ffected  by the wind but oriented with respect to the 
no zz le , about the same way that the p la te  was. We 
measured the acoustic noise while we were doing the 
flow experiment. Then we turned on a very  large acous­
t ic  no ise source 1n the room that was oriented s im ila r­
ly  and was located c lose  where the nozzle was and en- 
so n lfled  the room to a very high acoustic  le v e l . We 
measured the response of the p late to that acoustic 
noise and thereby determined the coupling between v i ­
bration of the plate and the acoustic noise o f the 
room. We subtracted that out from our data. We looked 
a t how the acoustic response compared w ith the to ta l 
p la te  response and e ith e r subtracted i t  or only chose 
those data where that e ffe c t  was very sm all. Now, 
t y p ic a l ly  fo r the stee l p late the e f fe c t  was quite 
small as soon as we got to a flow speed greater than 
20 meters per second.
W illm arth: So when you were running with the high 
speed you d id n 't  have to subtract much of the response.
Jameson: No, we d id n 't have to sub tract. I f  we had 
to subtract too much then we threw out the data. And 
we did have to do that with our brass p lates since the 
brass plates o sc illa te d  at lower frequencies and there 
tended to be more acoustic noise a t low frequencies.
W illm arth: How about v ib ratio n  of the set up, that 
w asn 't caused by acoustics that appeared in the tunnel?
Jameson: There was quite a b it  of v ib ratio n  a t the 
edge of the p late re su ltin g  from vo rtice s  coming out. 
What we did there is  more or le ss  the same. We went 
through a very carefu l vib ration  iso la tio n  job . B as ic­
a l l y  most of the v ib ratio n  was coming from where the 
wooden plate was connected to the nozzle . We put a 
v ib ra tio n  break in there , a piece of very compliant 
rubber and we dropped the v ib ration  le v e ls  on the wood­
en p late about 20 db as a re su lt  o f th a t . And we noted 
that the v ib ratio n  le v e ls  on our stee l p late d id n 't 
change at a l l .  So we concluded that the v ib ration  was 
not s ig n if ic a n t .
McConachie: Your measurement sensor, the p la te , per­
forms spatia l f i l t e r in g  of the flow wave numbers but 
the accelerometer output contains contributions from 
a l l  frequencies. An a lte rn a tive  would have been to 
perform sp a tia l co rre la tio n s of the f i l te re d  signals 
from two pressure transducers and Fourier transform the 
re s u lts . What is  the re la t iv e  signal to noise advan­
tage of the method presented?
Jameson: I th ink the sp a tia l response o f two pressure 
transducers has too much response to high wavenumbers. 
Fourier transforms won't get rid  o f high wavenumber re ­
sponse of the ind ividual transucers.
R. L . Ash, NASA Langley Research Center: How did the 
viscous damping s h i f t  your "7 ,3" natural frequency? 
Damping can have a very s ig n if ic a n t  e ffe c t  on membrane­
l ik e  natural frequencies. I wondered how s ig n if ic a n t  
were the frequency s h if ts  on clamped p la te s .
Jameson: We did not observe any change in the Q of the 
resonance w ith the flow on or o f f . We did fin d  a con­
s is te n t  tendency fo r the resonant frequency to increase 
s lig h t ly  w ith the flow on over what i t  was with the flow
U = 0 ,
U = 2000 cm/sec, and
o f f . T y p ic a lly ,
f  ~ 1600 Hz 
f  ~ 1605 Hz 
Q '  2000.
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ABSTRACT
A swing-type hydraulic check valve was found to 
vibrate continuously when a damper was applied to pre­
vent slamming. A research program was conducted to 
develop an understanding of the phenomenon and thereby 
determine a method of alleviation. This paper describes 
the flow phenomena observed during flow visualization 
studies of a two dimensional full scale model of the 
valve. Such observations give insight into the mech­
anism of vibration.
Figure 1: CROSS-SECTION OF CHECK VALVE
Violent slauming of non-return or check valves with 
the attendant water hamner is a comnon problem in 
hydraulic systems. One obvious solution is to attach 
a spring-damper mechanism to the valve clapper arm to 
reduce the rate of closure. However, in the case of 
the swing check valve shown in figure 1, such a damper 
proved ineffective. When the damping was sufficiently 
large to prevent rapid closure, small amplitude limit 
cycle oscillations, and hence multiple slammings, were 
produced. Increasing the spring stiffness served only 
to reduce the frequency and increase the amplitude of 
oscillation (Adubi, 1975).
Interestingly, similar phenomena are found in 
certain mechanically operated sink and bathtub stoppers 
as well as rubber seals on hydraulic gates. These 
vibrations are extremely persistent and accompanied by 
a loud chattering or humming sound. In fact, the 
vibration of J-bulb rubber seals is so commonplace that 
they are often referred to as musical note seals. A 
discussion of such problems as well as a number of 
references is included in the paper by Weaver (1974).
These phenomena are hydroelastic, resulting from 
the mutual interaction of inertia, elastic and hydro­
dynamic forces, the motion being perpetuated by the 
transfer of energy from the flow to the structure.
Our inadequate understanding of this behaviour is 
demonstrated by our apparent inability to design vibra­
tion free components and by numerous abortive attempts 
to alleviate the difficulties; see, for example, 
Schmidgall (1972) and Wonik (1972). While most of the 
literature on seal vibrations has reported field 
observations, at least one paper, Lyssenko and 
Chepajkin (1974), has attempted to model the vibrations 
mathematically. However, the latter is really a nega­
tive damping model based on an assumed linear discharge 
coefficient and does not appear capable of representing 
the unsteady flow phenomena occurring during vibration. 
In particular, it cannot represent the rapid reduction 
in discharge at closure, nor the known effect of vary­
ing spring stiffness. (Increasing the stiffness of a 
damped simple harmonic oscillator, increases the fre­
quency of oscillation which is contrary to experimental 
observations in this case.)
Experiments with the prototype check valves were 
plagued with mechanical failures because of the 
severity of the slamning. In addition, such experi­
ments could only provide limited information regarding 
the flow behaviour during oscillation. As a result, 
a two-dimensional model was constructed which would
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ensure structural integrity during experimentation and 
permit flow visualization. Experiments were then 
conducted in order to determine the fundamental nature 
of the vibration phenomenon and hence ascertain a 
simple method of alleviation. This paper presents the 
results of the flow visualization studies carried out as 
part of this research program.
TWO DIMENSIONAL MODEL
Flow visualization required the construction of a 
model and since both construction and experimentation 
would be a great deal simpler, the model was made two­
dimensional. Of course, this assumes that any three­
dimensional flow effects in the neighbourhood of the 
circular valve disc and seat are not a significant part 
of the vibration phenomenon. It appears that this is 
not an unreasonable assumption as the vertical cross­
section through the valve as shown in figure 1 is also 
a plane of symmetry. Subsequent tests validated the 
use of this model as both the static discharge char­
acteristics and dynamic stability behaviour of the 
model and prototype were very similar.
Details of the model construction are shown in 
figure 2. The width was made 501 greater than the 
nominal 6-inch diameter of the valve being modelled. 
While the upper blocks were made of aluminum, the
bottom section was made of maple (hardwood) to 
facilitate fabrication and inclusion of the 2-inch 
perspex lamination. The use of wood in such applica­
tions is not recommended as, in spite of precautions 
taken to obtain properly dried hardwood and seal out 
the moisture, considerable reinforcement was necessary 
to prevent warping.
The length of the model was 24 inches with a 36- 
inch rectangular 6M x 9" section upstream and down­
stream of the model. Flow straighteners and screens 
were used at the beginning of the upstream duct. The 
front, back and top of the model were constructed of 
1-inch thick perspex, bolted and sealed with silicone 
sealent. In addition, the upstream and downstream 
ducts were drawn together by four tension bolts, 
compressing the model between them. The latter was 
thought necessary to prevent excessive tensile loads 
on the flanges due to the water hammer waves produced 
at each vibration cycle.
The experiments were conducted with the flow in 
the "backflow" direction and sustained by a reservoir 
which held the head constant at about 11 feet. The 
valve disc was held at some small initial angle bet­
ween 1 and 7 degrees by a spring assembly attached to 
the disc arm. This permitted a limited and restrained 











F ig u r e  2: SCHEMVTIC OF FLOW V ISUA LIZA TIO N  MODEL
FLOW TRACER AND ILLUMINATION
Of the many flow visualization techniques avail­
able (see, for example, Merzkirch, 1974), the use of 
aluminum powder as a tracer was considered most 
appropriate in view of the turbulence and unsteady flow. 
The particles used were aluminum flakes A9432 produced 
by Canbro Division of International Bronze Powders Ltd. 
This material is specified to give a 20% retention on 
a Tyler 325 mesh, i.e., most of the particles will be 
a little smaller than 0.043 mm.
The powder was wetted using methyl alcohol and 
then made into an aqueous solution in an injection tank. 
This tank was then pressurized at 15 psig and the 
tracer injected through a series of 3/32-inch diameter 
holes in a 1/4—inch pipe positioned vertically about 
30 inches upstream of the valve disc. A valve was used 
to control the injection rate. This system worked 
quite well and no difficulties with aluminum particles 
adhering to the model surfaces were encountered.
As the direction of maximum light scattering from 
the tracer is at an angle of about 90° from the dir­
ection of the incident light, the flow was illuminated 
from below through the perspex lamination. A plano­
convex cylindrical collimating lens was machined from 
a 5-inch diameter cast acrylic rod. This provided a 
thin vertical sheet of light along the centre of the 
model.
Light was provided by five 300 watt Kodak Carousel 
projector lamps as shown in figure 2. As these also 
produced considerable heat, cooling was provided by 
two perforated cooling pipes connected to a 20 psi 
compressed air supply. In addition, the lens was pro­
tected by a 1/4-inch thick heat resistant glass plate.
Photography was done using a Bolex 16 mm. cine 
camera with a 25 mm., fl.l lens. This camera allowed 
the framing rate to be varied from 1 to 64 frames per 
second. Kodak Plus X negative film was found best for 
:his particular application.
EXPERIMENTAL OBSERVATIONS
Numerous experiments were conducted using differ­
ent initial angles of valve opening and spring stiff­
nesses. During each experiment, the pressure differ­
ence between the upstream and downstream side of the 
valve plate, the angular displacement of the plate and 
the reactive load on the restraining spring were 
monitored. At the same time, films were taken of the 
flow pattern during oscillation.
Precise displacement measurements were made using 
a capacitive probe together with a spring-loaded 
piston operated by a cam on the valve shaft. Pressure 
measurements were obtained using a Pace Engineering Co. 
Model P7D differential pressure transducer. The d i a ­
phragm probes were placed flush with the back wall of 
the model about 1/2" up from the bottom, one about 
1/2" downstream (in the backflow direction) and the 
ether about 2" upstream of the valve seat. All instru­
ments were carefully calibrated, had a flat response 
in the frequency range of interest, and records were 
taken using a U-V strip chart recorder.
Typical results are shown in figure 3. Clearly, 
the motion is not sinusoidal and, incidently, the 
frequency of oscillation is considerably less than the 
natural frequency of the valve-spring assembly in a 
quiescent fluid. The valve closes and remains closed 
until the dynamic pressure difference across the valve 
is sufficiently low to allow opening. The opening 
portion of the cycle is considerably more rapid than 
the closing part. As the valve moves towards the seat, 
the pressure gradually increases until closure occurs 
and the water hammer produces a large pressure differ­
ence across the valve once again. There is some 
extraneous noise on the pressure signal but the large 
spikes occurring while the valve is closed are caused 
by cavitation and movement of the whole test rig due to 
the water hammer waves.
The photographs in figure 4 show the flow pattern 
during a cycle of vibration with emphasis on the flow 
on the upstream side of the valve. The numbers on each
Figure 3: HYDRODYNAMIC PRESSURE DIFFER­
ENCE ACROSS VALVE AND DISC 
DISPLACEMENT RECORDS OVER TWO 
CYCLES OF OSCILLATION
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Figure 4: SAMPLE PHOTOGRAPHS OF FLOW PATTERN OVER CYCLE OF
OSCILLATION (framing rate = 12 frames per second)
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photograph refer to the portion of the cycle noted in 
figure 3. These photographs also illustrate the pro­
blems associated with recording flow patterns when the 
fluid boundaries are moving and large variations in 
flow velocity occur in the field of observation. If 
the flow velocity is of the same order of magnitude as 
that of the valve plate, any exposure time which "stops" 
the valve produces no streak pattern. On the other 
hand, a photograph showing a distinct streak pattern 
may necessarily also show a rather indistinct valve 
plate as seen, for example, in frame 7 of figure 4.
In such cases, the "average" valve location was obtained 
by reference to the synchronized displacement record 
(figure 3) rather than measurements taken from the photo­
graphs. This also explains why it was found more 
instructive to study different parts of the flow field 
separately as is discussed below.
The difference in flow velocity between the open­
ing and closing part of each cycle is evident in these 
and similar photographs. While it was never possible 
to obtain distinct enough particle streaks in the slot 
between the valve and its seat to determine precisely the 
flow velocity there, this was not true upstream of the 
valve. As a result, the average velocity in the apron 
across an arc about 15 degrees upstream of the seat 
was obtained by measuring the streak length in films 
taken at 12, 24 and 48 frames per second. These data 
are shown in figure 5. Clearly, the inertia of the 
fluid produces a much greater flow velocity during the 
closing portion of the cycle than at the same angle 
during the opening part. This hysteretic effect is 
seen in the pressure difference records as well and 
leads to a net energy transfer from the fluid to the 
structure during each cycle.
The flow velocity at zero angle of opening in 
figure 5 is due to leakage, mostly past the sides of 
the valve plate. It was necessary to leave some 
■ clearance between the plate and the sides of the model 
to avoid friction and scratching of the transparent 
perspex.
A series of films were taken closer to the model 
in prder to examine more carefully the flow in the 
slot between the valve and its seat. Examples are 
shown in figure 6 where both the angle of opening is 
given as well as the frame number. The photographs 
are paired at the same angles to facilitate comparison.
It is readily seen that the high velocity jet in the 
slot is more nearly parallel to the valve plate during 
closure than during opening where the jet is seen to 
impinge on the downstream side of the plate. These
local flow effects undoubtedly contribute to the 
difference in hydrodynamic load on the valve between 
opening and closing.
Figure 5: VARIATION OF FLOW VELOCITY IN 
VALVE OVER VIBRATION CYCLE
It was suggested by Wood (1972) that perhaps a 
vortex in the downstream cavity plays an important 
role in the vibration phenomenon similar to that in 
the mammalian antic heart valve. In order to examine 
this possibility, a further close-up series of films 
were taken, an example of which is shown in figure 7. 
This shows that, as the valve begins to close, a 
vortex is formed which rolls up and is swept downstream 
shortly afterward. While this coincides with a 
momentary pause in the valve's motion, it apparently 
plays no significant role in the vibration mechanism.
It is not surprising to see a vortex created as 
the valve plate changes its direction of motion at 
maximum amplitude. However, this vortex is not re ­
sponsible for either opening or closing the valve.
The reflected water hammer waves and the valve spring 
control the initiation and opening portion of each 
oscillation. The momentary pause after full opening 
(frames 14-16) results from the overshoot of the valve 
plate past the zero deflection angle of the r e s t r a i n ­
ing spring and the subsequent settling down. Up to 
this point the maximum flow rate has not yet been
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Figure 6: COMPARISON OF FLOW PATTERN AT VARIOUS .ANGLES
OF DISC DURING OPENING .AND C IDS INC (framing rate = 64 frames per second)
206
Figure 7: SEQUENCE OF PHOTOGRAPHS SHOWING DEVELOPMENT OF VORTEX 
(framing rate = 64 frames per second)
207
established and hence, the behavior is still essen­
tially the natural response of the spring-valve system. 
By frame 17, the flow is sufficiently reestablished 
that it now begins to dominate the behavior of the 
valve which commences to drift shut under the increas­
ing hydrodynamic load. Closure is controlled by the 
increase in pressure drop across the valve as the 
angle of opening decreases and finally by the inertial 
pressure caused by reduction in discharge. In experi­
ments conducted with weaker springs, the overshoot and 
pause seen in this sequence of photographs did not 
occur. In such cases the vortex is still formed but, 
just as shown above., it has long been swept away by 
the time final closure occurs.
Note also that the flow immediately above the 
downstream side of the valve seat is in the upstream 
direction, i.e., right to left. This is best seen by 
the fortuitous appearance of a relatively large piece 
of material at the extreme right of frame 2. In 
frames 4 and 5, this object is seen moving to the left 
until, in frame 6, it is entrained in the jet and 
swept away. An overall view of the downstream side 
of the model shows that this flow is a portion of a 
large recirculating pattern which fills the duct.
CONCLUSIONS
Flow visualization studies of a two-dimensional 
model of a vibrating swing check valve have been carried 
out in order to develop an understanding of its dynamic 
behaviour. These studies have shown that:
1. ) The flow pattern during the opening and closing 
portions of each vibration cycle is quite different.
In particular, the flow velocity during closing is much 
greater than that at the same angle during opening.
This hysteretic effect leads to a net transfer of 
energy from the flow to the valve during each cycle, 
thus perpetuating the motion.
2. ) While a vortex is formed near the downstream side 
of the valve plate during each cycle, it does not play 
any significant role in the vibration phenomenon.
It follows that a modification of the valve geo­
metry which produces a more gradual reduction in dis­
charge in the last few degrees of closure, as well as 
eliminates the hysteretic hydrodynamic pressure effect 
in this region, will prevent this vibration phenomenon. 
These observations led to simple geometric alterations 
to the valve disc and seat which proved successful in 
eliminating the vibration problem completely.
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DISCUSSION
Rober King, BHRA: We had an almost id en tica l problem 
with a large r iv e r  control flap  gate. The operator 
was rather worried about the steady drag forces and 
the discharge c o e ffic ie n t and we tested a model gate 
in the laboratory. Because I was interested in v i ­
brations I put a spring in the operating mechanism to 
simulate the e la s t ic it y  o f the hydraulic l i f t in g  gear. 
Sustained o sc il la t io n s  of the gate were observed at 
small angles of opening. The way I explained i t  at 
the time was that when the gate was cracked open the 
je t  at the back of the gate would cause a low pressure 
bubble to form and th is  tended to close the gate 
s lig h t ly  and the increased heat across the gate caused 
the gate to shut. With the gate shut, the flow ceases 
and the low pressure region behind the gate is  removed. 
Because the spring has been extended, the spring 
snatches the gate back again, to the o rig ina l cracked 
open position and the cycle  is  repeated. We too, 
overcame that in  the same way as Dr. Weaver by re­
designing the flow paths.
Weaver: That's true! The so rt of mechanism that you 
suggest is  q u a lita t iv e ly  what causes the problem. The 
real d if f ic u lt y  is  associated with the fa c t that during 
the opening portion of the cyc le , the flow ve lo c ity  
and there fo re , the pressure d ifference across the 
structu re  is  considerably less than during the closing 
portion. I f  the flow were the same, there would be 
no net energy tran s fe r from the f lu id  to the stru ctu re . 
I haven't seen i t  examined before, but the problem is  
common enough, I th ink . T y p ic a lly , e sp ec ia lly  with 
rubber se a ls , the in tu it iv e  solution has been to in­
crease the s t if fn e s s  which makes the problem worse.
In fa c t , in the case of hydraulic s e a ls , the solution 
is  to make the seal so f le x ib le  that once i t  c lo ses , 
i t  ca n 't  open again. While increased f le x ib i l i t y  works 
fo r hydraulic se a ls , i t  wouldn't be of any help in 
th is  p a rt ic u la r problem.
V. W. Goldschmidt, Purdue U n ive rs ity : Which are the 
proper sca lin g  parameters?
Weaver: Valves such as that modelled here are pro­
duced in several geom etrically s im ila r  s ize s from 6 
inches up to something in excess o f 12 inches. Hence, 
the model is  a two-dimensional fu l l  sca le  re p lica  of 
the sm allest production va lve . The geometric d is to r­
tion resu ltin g  from the two-dimensionalization o f the
model was based on the conjecture that the three­
dimensional flow e ffe c ts  produced by the spherical 
valve body and c ir c u la r  disc valve were unimportant 
to the phenomena being studied. Subsequent compari­
sons of model and prototype discharge c h a ra c te r is t ic s  
and dynamic behavior have borne th is  out.
Other important sca ling  parameters are Reynolds 
number, Strouhal number, and Eu ler number, the la t te r  
being e sse n t ia lly  the ra tio  of hydrodynamic load to 
ve lo c ity  head. With the exception o f the e ffe c t  of 
the geometric d is to rtio n  on Eu ler number, these 
parameters were scaled properly.
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TURBULENT PRES S U R E  SPECTRUM MEASUR E M E N T S  
ON A  COMPLIANT SURFACE
Richard N. Brown
Naval Underwater Systems Center
Newport, Rhode Island 02840
A B S T R A C T
Experimental results o b tained by m e a s u r i n g  the 
drag, wall pressure fluctuations, and radiated 
sound from a compliantly coated cylinder, 21 inches 
in  diameter, and rotating in w a t e r  are described.
Th e  compliant layer was a *t-inch thick closed cell, 
air-filled neoprene which wa s  mounted o n  the 3/8-inch 
thick a l u m i n u m  cylinder walls. Results are presented 
for four speed conditions; one cond i t i o n  is bel o w  the 
speed where a sudden increase in drag is obtained, 
and the other speed conditions are at and above this 
critical speed. I n  general, the results indicate a 
surface which becomes increasingly mor e  roughened as 
the critical speed is exceeded.
INTRODUCTION
Compliant coatings a r e  bei n g  considered for 
application in underwater acoustics p r oblems at an 
ever increasing rate. The s e  coatings, w h i c h  are 
termed compliant because of their low moduli of ela s ­
ticity, are usually some form of elastomer, and 
are generally quite effective acoustically; the major 
hindrance to their application has b e e n  attachment 
problems, an d  the lack of knowledge of their effect 
o n  dra g  coefficients and flow noise. Thi s  paper 
reports the results of an experimental investigation 
w h i c h  studies these latter two effects as produced 
by  a very acoustically e f fective compliant coat.
Experimental measurements of the flow noise 
characteristics are extremely sparse, the w o r k  of Von 
Wink l e  and Barger (Von Wink l e  and Barger, 1961) 
being the o n l y  one known to the author. M u c h  more 
plentiful are experiments measuring the drag reduc­
tions or increases which are possible with compliant 
coatings of various constructions. Presumably, a 
reduction in wall pressure fluctuations would be 
inherent w i t h  reduced ski n  friction. Unfortunately, 
as pointed out in a recent extensive survey of this 
area (Bllck, 1974), the design of a dra g  reducing 
c oating is still in the "hit-or-miss" stage. With 
little knowledge of the effect of the elasticity or 
other properties of the coating on drag, exp e r i ­
menters report uneven results. In fact, a drag 
increasing coating appears as likely to be the outcome 
of a given design as a dra g  reducing c oating would be. 
W h e n  the m o r e  modest approach of a t tempting to design 
a coating which, at least, does not increase drag 
is taken, the results of Han s e n  and H u n s t o n  (Hansen 
and Hunston, 1974) are pertinent. T h e y  found that 
above a certain critical speed, whi c h  is a simple 
function of the coating mod u l u s  only, a hydroelastic 
instability occurs which produces standing waves 
on the coating surface. The deformations associated 
w i t h  these waves drastically Increase drag similarly 
to the effect of surface roughness.
In this work, the flow noise c h a r a cteristics of 
an elastomer coating subjected to o p e r a t i o n  above, 
at, and b e l o w  the above mentioned c ritical speed are 
studied. The wall pressure fluctuations and radiated
sound, w h e n  compared to similar me a s u r e m e n t s  on a 
smooth and a roughened surface, indicate the manner 
of generation of flow noise, and provide corroborative 
evidence for the compliant coating behavior suggested 
b y  the experiments of Han s e n  and Hunston.
APPARATUS A N D  PROCEDURES
The Compliant Coating
Th e  compliant coating m aterial used was an air- 
filled, closed cell rubber (Rubatex G-207-N), commonly 
referred to as "bubble rubber." It is often used as 
a pressure-release material for s h a l l o w  underwater 
acoustical applications, and it wa s  chosen for experi­
ment here as an extreme example of a compliant coating 
for use as a radiated sound mitigator. The m aterial 
is Jj-inch thick. The elastic p r o p e r t i e s  of the 
m aterial are variable, so that it was necessary to 
measure them for the sample used in this experiment. 
Both the modulus of rigidity and the Young's Modulus 
of the material were measured usi n g  the simple scale 
and dial gage arrangement shown in figure 1. For 
measurement of the shear modulus, the coating was 
bonded between two 4 inch by 4 inch, ^ - i n c h  thick 
plywood faces, and the extensions resulting from an 
applied force as measured by  the spring scale were 
recorded. The force was cycled slowly at small and 
at large amplitudes so that any hysteretic effects 
would be noticed. Since it was suspected that the 
material properties would be d i f f e r e n t  under water 
pressure (due to the squeezing of interior air c e l l s ) , 
the modulus of rigidity was measured wi t h  a pressure 
load applied by means of a weight of the appropriate 
magnitude. The Young's modulus was measured by simply 
stretching a sample of material and recording the 
extensions. Again, any hysteresis effects were noted; 
however, this modulus was measured without a pressure 
load, since Young's modulus was assumed to scale with 
pressure similar to modulus of rigidity. It was felt 
that these simple measurements would provide material 
properties of sufficient accuracy for the experiment.
No attempt was made to measure any dynamic modulil 
of the material.
The Rotating Cylinder
The experiments were performed using the rotating 
cylinder apparatus which is s chematically illustrated 
in figure 2. The aluminum cylinder is 21 inches in 
diameter, 18 inches long,.and ha s  3/8-inch thick walls. 
It is suspended by a 2-inch diameter shaft at mid-depth 
in semi-anechoid acoustic tank, 6 feet by 9 feet by 8 
feet deep. This shaft is driven, vi a  a vibration 
isolation mount and rubber b e l t - p u l l y  drive, by a 
40 horsepower, 240 volt shunt w o u n d  DC electric motor 
equipped wit h  tachometer feedback so that a precisely 
controlled speed is available from 75 to over 1000 
rpm. This corresponds to cylinder surface speeds of 
9 to over 100 feet per second. The m aximum torque 
load is about 300 ft-lbs, and the entire motor and 
support frame system is isolated from the floor to 
minimize machinery-induced noise in the tank.
The cylinder rpm was measured b y  a magnetic
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pick-up on the cylinder shaft and displayed on a 
HP2535 Universal Counter. The torque required to 
drive the cylinder was obtained by measuring the 
motor armature and field currents; the torque is 
proportional to the product of these currents minus any 
loss torques due to friction. The torque measurement 
system had been previously calibrated (Brady, 1973) 
using calibrated disks and torque meters. Torque 
differences of less than 4% could easily be measured.
Flow noise related quantities were obtained using 
transducers and preamplifiers mounted inside the 
cylinder and brought out to topside using two sets of 
10 channel slip rings. Noise from the slip rings 
limited the sensitivity of the instrumentation; 
however, adequate data was obtained above 200 rpm.
The transducer used in this study was a flush-mounted 
Jj-inch diameter piezoelectric pressure transducer 
(Kistler Model 202AS). This transducer has internal 
acceleration compensation and its frequency response 
is flat up to and above the 20 kHz upper limit used in 
this experiment. The radiated sound was m easured by 
a W i l c o x o n  model 50 hydrophone suspended four feet 
from the barrel. Signals from these transducers were 
frequency— analyzed using a General Radio Model 1921 
Real Time l/3-0ctave Analyzer. A simplified block 
instrumentation is shown in figure 3.
A  problem which arises whe n  using a compliant 
coating is the arrangement of the flush mounted 
pressure transducer relative to the wall— to-coating 
and the coating-to-water interfaces. Three possible 
arrangements, shown in figure 4, were considered:
(1) The transducer face at the wall-to-coating 
interface wit h  the coating intact above the 
transducer (figure 4(a)). The disadvantage 
of this arrangement is that the elastic and 
inertial properties of the coating will 
modi f y  the coating-to-water pressure field 
characteristics. This arrangement has the 
advantage, however, of not introducing any 
interference with the flow.
(2) The pressure transducer face is mounted 
flush with the coating-water interface 
figure 4(b). If the coating is not bonded 
adequately to the pressure transducer, de­
formation of the coating will produce flow 
interference with the transducer possibly 
protruding or recessed. If the bonding is 
adequate, the coating properties will be 
altered near the transducer.
(3) The transducer face is at the coating-wall 
interface, and a hole is cut in the coating 
above the transducer. In this arrangement, 
the water filled cavity acts as a pressure 
transmitting column. The first acoustic 
resonance of the cavity is estimated at about 
60 kHz, thus, as long as the correlated area 
of the pressure field is greater than the 
face area, the coating-to-water interface 
pressure should be  transmitted. The obvious 
disadvantage of this arrangement is the intro­
duction of flows within the cavity which will 
produce additional pressure levels.
For this experiment, the last arrangement was chosen.
Each arrangement has disadvantages but it was felt 
this arrangement would yield more interpretable results 
because any additional flows internal to the cavity 
would produce higher pressure fluctuation levels. Thus, 
when compared to an uncoated cylinder, any data lower 
in level could definitely be attributed to coating 
effects.
Procedures
All results were compared to a baseline - an 
uncoated cylinder. Thus, the torque vs. rpm, wall 
pressure fluctuations, and radiated noise levels of 
the uncoated cylinder were first determined. Each
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measurement was repeated at least three times to check 
repeatability. Next, torque vs. rpm curves were 
taken for the coated cylinder, and the critical speed 
noted. Wall pressure and radiated noise 1/3-octave 
band levels were then taken at the critical speed, 
below it, and above it.
The method of attaching the coating to the 
cylinder consisted of stretching and gluing. By 
using the measured modulus of elasticity and assuming 
a coating-to-wall coefficient of friction of 0.5, the 
circumferential length of the coating w a s  determined 
so that, when stretched onto the cylinder, there was 
adequate friction to prevent the coating from slip­
ping. The end seam of the coating was then glued and 
the coating stretched over the cylinder. All edges 
wer e  then trinmed and glued to form as smooth bo u n ­
daries as possible. Despite these precautions, the 
coating would detach at high rpms; fortunately, this 
speed was well above any required for measurement.
RESULTS
Coating Properties
The measured properties of "bubble" rubber 
showed that it was a compressible m aterial with high 
internal losses, whose characteristics were a function 
of external pressure. The "small" deformation (less 
than 30% longitudinal strain and less than 10% shear 
strain) properties are listed in table I. These 
values were derived by using force-deflection h ystere­
sis curves measured during the tests. A  typical curve 
is shown in figure 5. The shear storage modulus, G* , 
was calculated by measuring the small d e f lection slope 
of the "backbone" curve (the curve connecting points 
of maximum amplitude), and then applying the formula,
q *  = hs- 1 ( A F / A * ) i - 0  (1)
where h is the material thickness, S is the sectional 
shearing area of the sample and ( A F / a ^ - p i s  the 
small deflection slope of the force versus deflection 
"backbone" curve. Similarly, Young1 s storage modulus,
E', was computed from the experimental results using 
the relation
E ’ - l A " 1 ( A F / A i ) S -0 (2)
where 1 is the tensile sample length, A  is the cross­
sectional area exposed to tension, and ( & F q  1b 
the small deflection slope of the backbone curve, as 
before. From these two moduli, Poisson's ratio could 
be calculated using the equation
G' - 0.5 E ’ (1+V)-1 (3)
where V is Poisson's ratio. The above equations are 
basic relations of elasticity theory (Love, 1927) .
The shear loss modulus, G", was computed by calculating 
the area under the hysteresis loop, w h i c h  is the energy 
dissipated per cycle, and plotting this energy versus 
cycle amplitude. The resulting curve is also shown 
in figure 5. At small amplitudes, and when pres­
surized, the energy dissipated per cycle is propor­
tional to the square of the cycle amplitude. Thus 
the storage modulus is independent of cycle amplitude 
under these conditions and it is given by
G" - h S - 1^ - ^ *  - 2 £ 0
where D 0 is the energy dissipated per cycle and &  is 
the cycle deflection amplitude- This method for 
deriving the storage modulus is similar to those de s ­
cribed by Kolsky (Kolsky, 1953). When there was no 
pressure load, the energy dissipation was proportional 
to the cycle amplitude; thus, the storage modulus is a 
function of amplitude. The loss moduli in tension 
were not calculated.
Torque
The results of the torque vs. rpm tests are plo t ­
ted in figure 6. Each data point for the uncoated con­
figuration is the average of five measurements; for the
coated configuration, three measurements were 
averaged. Data for the uncoated configuration were 
repeatable to +5  ft-lbs; for the coated cylinder, 
the scatter was slightly larger, being about +7 
ft-lbs. At low rpm, the two curves coincide with no 
d i s c e m a b l e  difference. At about 360 r p m  (33 ft/sec), 
the drag on the coated cylinder begins a  sharp 
Increase relative to the uncoated cylinder. This 
increase becomes more pronounced as the cylinder 
speed is increased.
Wall Pressure Fluctuations
The results of the wall pressure fluctuation 
spectrum measurements are shown in figures 7 and 8. 
These curves represent the mean square pressure 
levels in 1/3-octave filter bands from 20 Hz to 8.0 
kHz center frequencies. For the high speed data, 
the upper frequency limit was due to background 
noise and the lower frequency was limited by the 
range of the analyzer. At lower speeds, these 
frequency ranges wer e  reduced further b y  the deterio­
rating signal-to-noise levels. Each curve represents 
the average of two runs at a given rpm. The uncoated 
data had a +2 dB range; the coated data had a larger 
spread (+3 d B ) . The data for the uncoated cylinder 
showed a typical shape and a smooth variation in 
speed. The uncoated data, however, s h o w  a more 
humped spectrum and a more drastic rise in level as 
the speed is increased.
Radiated Noise
Th e  radiated noise measurements a r e  shown in 
figure 9. These curves represent the m e a n  square 
pressure levels, in 1/3-octave bands f r o m  50 Hz to 
20 kHz center frequencies. The units ar e  decibels 
referenced to one micropascal. The predominant 
features of the curves are: (1) the similar levels 
between the coated and uncoated configurations at 
each rpm for frequencies below 2 kHz, (2) the lower 
level of the coated data relative to th e  uncoated 
data at 360 rpm; and, (3) the higher level of the 
coated data relative to the uncoated d a t a  at the 
higher rpm.
DISCUSSION OF  RESULTS
The Critical Speed
The primary reason for measuring the visco­
elastic properties of the coating was to calculate 
the critical speed, observed by Hansen and Hunston 
on a rotating disk, at which the hydroelastic 
instability which causes roughness appears (Hansen 
and Hunston, 1974). These Investigators give the 
following eouatlon for the critical speed;
V c / y c v P T  - 1.4 — > 3 . 5  (5)
where V c is the critical velocity, G' is the storage 
shear modulus, and P e  is the density of the medium 
flowing adjacent to the coating. The lover value in 
equation (5) is determined by theoretical considera­
tions for an incompressible material; the upper value 
is experimentally determined. The "bubble" rubber 
used on the cylinder experiments was not incompres­
sible; however, the theoretical arguments of Hansen 
and Hunston can be easily extended u s i n g  simple c o n ­
siderations from the theory of elasticity for the case 
of compressible materials. Instability will occur 
when the pressure created by the potential flow over 
a sinusoidally corrugated surface equals the pressure 
required to maintain the corrugations on an elastic 
half-space. For a corrugated surface which has a 
wave number given by k, and an amplitude given by W, 
the pressure, p, created by the potential flow is 
p - - p ewv2k 0 # 3 k x  (6)
where x is the position coordinate. The pressure 
required to maintain the corrugation, when the half 
space is compressible. (LOVE, 1927) is given by
p - k C'W (1-v)- ' C O S  kx. (7)
Thus, instability will theoretically occur when
V c/ / C 7 ( l - v )  f e = 1 . (8)
Using this equation, and the measured values of 
shear modulus and Poisson's ratio for the "bubble" 
rubber coat used in the cylinder experiments, a 
critical velocity of 33.2 feet per second, corres­
ponding to 370 rpm, is obtained. This value agrees 
very well with the critical rpm which was measured.
Thus it is assumed that an instability similar in 
form to that observed by Hansen and Hunston is occur­
ring. The loss modulus seems to have little effect 
in determining the critical speed. Further evidence 
that this phenomenon is due to the onset of an ins­
tability is the torque vs. rpm curve for a roughened 
cylinder shown by the dashed curve in figure 6. This 
curve was obtained in another experiment. For this 
curve, the excess torque required increases smoothly 
and is apparent at all speeds. It is interesting to 
note that the coated cylinder torque curve intersects 
the roughened cylinder curve at about 650 rpm. At this 
point, one might expect similar magnitudes of roughness 
on  the coated and "roughened" cylinder. The roughness 
of the coating was about 300 p inches.
Flow Noise
The comparison of the wall pressure fluctuations 
for the two cases is shown in figure 10. In this 
figure, the w a l l  pressure fluctuations have been 
scaled to a speed of 660 rpm in order to facilitate 
comparison. The technique for scaling is based upon 
well known, non-dimensionalization techniques employed 
in the study of turbulent boundary layer pressure 
fluctuations (Foxwell, 1966). According to these 
techniques, the wall pressure spectrum magnitude is 
proportional to the term, T ^ ^ u ^ - l ^  where Tw  is the 
wall shear stress is the boundary layer displace­
ment thickness, and is the free stream velocity.
The frequency dependendence scales with a Strouhal 
number based o n  the displacement thickness, i.e., 
f U ~1, where f is the frequency. For the 
rotating cylinder, there is no accurate information 
regarding the boundary layer thickness; however, some 
information (Cham and Head, 1970) indicates that the 
layer thickness remains approximately constant over 
the speed ranges used in this experiment. Thus, the 
£  * term is neglected, and the experimentally 
measured wall pressure spectrums are scaled using the 
speed, Uw , and the wall shear stress, Tw, wbich is 
proportional to the torque required to drive the 
cylinder. T h e  scaling equations that result are
< P 2>  ' - (T660/T)2(660/RPM) < p2>  (9)
and f' - (660/RPM) f (10)
where ^ p 2 y  is the scaled mean square pressure in 
any filter band corresponding to the measured pressure 
< P 2^  » T$60/T is the ratio of the drive torques at 
660 rpm to the measured torque (after frictional 
torques are subtracted), 660/RPM is the speed ratio 
relative to 660 rpm, and f' is the scaled frequency 
corresponding to f. The data for the uncoated 
cylinder collapsed well as shown in figure 10. The 
coated data did not collapse as well. In the figure, 
the data for 360, 460, and 660 rpm were Included, 
the 280 rpm data did not scale.
Despite the lack of knowledge of the boundary 
layer thickness, it is apparent that the flow was tur­
bulent. First, because the uncoated data collapsed 
well, and also, the Reynold's number based on  "reason­
able estimates of boundary layer thickness and this 
lowest speed (100 rpm equal to about 10 fps) is on the 
order of 10,000 - much greater than critical for flow 
conditions of this sort.
The behavior of the scaled wall pressure levels 
is similar to behavior measured between roughened and 
smooth flat plates (Burton, 1971). The most similar 
features are the higher mid-frequency levels and
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the c l o s e r  l e v e l s  at h i g h  f r e quencies. A l s o  s h o w n  in 
figure 10 is the w a l l  p r e s s u r e  s p e c t r u m  m e a s u r e d  o n  a 
r o u g h e n e d  c y l i n d e r  at 660 rpm; this c u r v e  further elu c ­
idates the s i m i l a r i t y  to f l o w  over a r o u g h e n e d  surface. 
Some c a u t i o n  m u s t  be  u r g e d  in this i n t e r p r e t a t i o n  of 
the data, b e c a u s e  the e x a c t  sha p e  of the m i d - f r e q u e n c y  
lev e l s  ma y  be i n f l u e n c e d  b y  the p r e s s u r e  t r a n s d u c e r  
m o u n t i n g  a r r a n g e m e n t .
T h e  r a d i a t e d  noi s e  d a t a  also i n d i c a t e d  that s u r ­
face r o u g h n e s s  is p resent a b o v e  the c r i t i c a l  speed, 
since the lev e l s  ar e  h i g h e r  rela t i v e  to the u n c o a t e d  
data at  the g r e a t e r  speeds. U n f o r t u n a t e l y ,  no radi a t e d  
n o i s e  from a r o u g h e n e d  c y l i n d e r  is a v a i l a b l e  for c o m ­
parison.
C O N C L U S I O N S
Th e  r e s u l t s  of this e x p e r i m e n t  i n d i c a t e  that a 
c r i t i c a l  speed, w h e r e  d r a g  s u d d e n l y  i n creases, o c c u r s  
for c o m p l i a n t  c o a t i n g s .  Thi s  b e h a v i o r  has been o b ­
s e r v e d  on a r o t a t i n g  c y l i n d e r  wi t h  a c o m p r e s s i b l e ,  
c o m p l i a n t  coat, thus e x t e n d i n g  and c o r r o b o r a t i n g  ro­
t a t i n g  d i s k  r e s u l t s  m a d e  w i t h  an i n c o m p r e s s i b l e  layer. 
The c r i t i c a l  s p e e d  m a t c h e s  v e r y  wel l  w i t h  the t h e o r e t i c ­
ally p r e d i c t e d  speed.
F u r t h e r m o r e ,  the r e s u l t s  i n d i c a t e  that the added 
dra g  comes a b o u t  b e c a u s e  of an  i n c r e a s e  in s u r f a c e  
roughness. The w a l l  p r e s s u r e  s p e c t r u m s  b e h a v e  s i m i l a r l y  
to t h o s e  o b s e r v e d  on r o u g h e n e d  surfaces. R a d i a t e d  noi s e 
l e v e l s  ar e  h i g h e r  as e x p e c t e d  from a r o u g h  surface.
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FIGURE 1. SCHEMATIC ILLUSTRATION OF SIMPLE TESTING ARRANGEMENTS USED TO MEASURE THE SHEAR 
AND TENSILE MODULI OF THE COMPLIANT COATING.
BELT DRIVE DRIVE PULLEY








(c) TRANSDUCE FLUSH TO
WALL - HOLE IN COATING
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FIGURE 5 . COATING MATERIAL 
PROPERTIES
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FIGURE 8. WALL PRESSURE FLUCTUATION 1/3-OCTAVE BAND LEVELS FOR COATED CYLINDER AT VARIOUS RPM.
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FIGURE 9. RADIATED NOISE LEVELS FOR COATED AND UNCOATED CYLINDERS AT VARIOUS RPM.
FIGURE 10. 1/3-OCTAVE WALL PRESSURE LEVELS FOR VARIOUS CONFIGURATIONS SCALED IN 
MAGNITUDE AND FREOUENCY BASED ON RPM AND WALL SHEAR. COATED RESULTS ARE SIMILAR 
TO ROUGHENED WALL RESULTS.
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DISCUSSION
P. McConachie, U n iversity of Queensland: I under­
stand your concern regarding the location of the wall 
pressure transducer. One thing that does worry me 
about th is  e ffe c t  is  that you actually  have c irc u la ­
tion down into or out of the pressure sensing cav ity  
thus implying that the flow streamlines w il l  be bent 
down into the ca v ity . Therefore, how can you re a lly  
claim that you are measuring the pressure at the 
surface plane of the compliant medium?
Brown: As I indicated th is pressure transducer arrange­
ment was not id e a l. Our basic assumption is  that 
water column above the transducer acts as a pressure 
transm itting column and that c ircu la tio n  e ffe c ts  are 
n eg lig ib le .
McConachie: To overcome the surface moved, you must 
have a flow in  and out of that cav ity  which therefore 
means that you're not measuring the pressure at the 
surface o f th a t , you must be measuring some combina­
tion of dynamic pressure and some s ta t ic  pressure.
Brown: This is  very probable. That is  one of the 
disadvantages o f th is  treatment.
E . B l ic k , Univ. of Oklahoma: We also measured th is  
in s ta b il i t y  of the compliant surface on f la t  surfaces. 
We had our compliant coating maybe 10 or 12 inches 
long and 6 or 7 inches wide in a wind tunnel and we 
got up to 120 or so miles per hour. A standing wave 
developed on our compliant coating. I t  was a sine 
wave and was so rt of quasi-steady.
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ABSTRACT
The status of the continuing compliant wall drag 
reduction research at NASA-Langley Research Center is  
d iscussed. Pre lim inary surface motion ca lcu la tio n s 
are reported along with compliant surface design con­
cepts and th e ir  numerical models. A compliant drag 
reduction theory based on s ta b il iz in g  the turbulent 
substructure is  proposed and previous experiments 
have been examined re la t iv e  to that theory . Results 
of recent low speed compliant surface experiments have 
been reported which include in i t ia l  attempts to 
measure loca l compliant surface motion.
1. INTRODUCTION
Ffowcs-Williams (1964) suggested how the motion 
of a f le x ib le  surface beneath a fu l ly  turbulent bound­
ary laye r might reduce the sk in  f r ic t io n  drag. His 
a n a ly s is  was based on the e a r l ie r  work of Kramer 
(1965) who was concerned p rim arily  w ith the a b i l i t y  
of a compliant surface to delay boundary la ye r t ra n s i­
t io n . Kramer's experiments were not c lo se ly  con­
t ro lle d  and only recen tly  have successful t ra n s it io n  
delay experiments been reported (Babenko, 1973). 
Between 1966 and 1969, E .F . B l ic k  and his students at 
the U n ive rs ity  of Oklahoma reported s ig n if ic a n t  drag 
reduction measurements beneath fu l ly  turbulent bound­
ary la y e rs . Most of th e ir  work is  summarized by 
B l ic k ,  et a l .  (1969). Their work, as well as the 
lim ited  number of additional successful experiments, 
have been analyzed by Ash (1974) and F isch e r, e t a l .
(1975). The fa c t that more unsuccessful experiments 
are found in  the lite ra tu re  than successfu l exp eri­
ments is  due p rim arily  to the complexity o f the prob­
lem. S p e c if ic a lly , the problem is  how a pressure 
driven surface motion can in te rac t w ith and modify a
turbulent flow  stru c tu re . The turbulent substructure 
has only recen tly  been id e n t if ie d  and is  s t i l l  not com­
p le te ly  understood. A lso , no detailed  surface motion 
measurements have been obtained during successful drag 
reduction experiments. Therefo re , q u an tita tive  theo­
re t ic a l models of the phenomenon have not been possible 
and, as a r e s u lt , successfu l compliant wall exp eri­
ments have been very d i f f ic u l t  to reproduce.
The la ck  of surface motion measurements has 
created a severe problem in system atica lly  analyzing 
the compliant wall drag reduction mechanism. Obviously, 
the surface motion is  responsible fo r a lte ra tio n  of the 
turbulent s tru c tu re , but u n til the actual surface 
motion is  known neither the type of surface motion re­
quired nor the e ffe c t  of the motion on the turbulent 
structu re  can be p o s it iv e ly  id e n t if ie d . The present 
work has attacked the surface motion problem from 
three d ire c tio n s . F i r s t ,  a numerical ca p a b ility  is  
being developed which w i l l  permit design of compliant 
structu res with sp e c if ic  types o f surface motion.
Second, theore tica l models are being conceptualized 
which id e n t ify  types of f lu id -su rfa ce  in te rac tio n s and 
provide input fo r the surface design. T h ird , surface 
measurement c a p a b ilit ie s  are being developed which can 
monitor surface motion during successful experiments 
as well as v e r ify  the numerical ca lcu la tio n s and per­
mit improved modeling. None of the three phases is  
complete a t th is  time. -
This status report discusses the progress made in 
a l l  three aspects of the a n a ly s is . The s tru c tu ra l c a l­
cu lations are presented f i r s t  because they are re levant 
to the o ve ra ll f lu id -s tru c tu re  in te rac tio n  problem and 
not ju s t  compliant wall drag reduction. Surface motion 
an a lysis  has proceeded from natural frequency or eigen­
value ca lcu la tio n s to tran s ien t motion p red ictions fo r
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a single convected pressure flu ctuatio n . The present 
status of that work is  discussed and future directions 
id e n tified . The most recent theoretical model has 
been presented along with the logic behind its  formu­
la tio n . Following that model, a retrospective examina­
tion of possible surface motions during previous suc­
cessful experiments has been used to evaluate the pro­
posed model. F in a lly , the current status of the exper­
imental program has been discussed and resu lts  of a 
prelim inary surface motion study are presented.
2. DYNAMIC STRUCTURAL CHARACTERISTICS OF COMPLIANT 
SURFACE MOTION
Types of Surface Motion
Past experiments indicate that surface motion must 
be c lose ly  controlled in order to a lte r  favorably the 
structure of the turbulent boundary laye r. Control of 
passive systems driven by turbulent wall pressure f lu c ­
tuations is  extremely d if f ic u lt  and presently can only 
be attempted through general design concepts rather 
than s t r ic t  actual contro l. Design concept control 
means an a b i l i t y  to control in some sense the ampli­
tude, wave length, wave speed, and wave form of the 
surface motion. Two passive design concepts have been 
iden tified  and w ill be discussed in some d e ta il. A 
th ird  "active w all" concept which is  considered of 
less practica l importance w ill also be discussed la te r 
because of it s  re lationsh ip  with passive design re­
quirements.
The two passive design concepts have been c la s s i­
fied  as resonant and flow triggered. A resonant 
motion is  e sse n tia lly  a controlled panel f lu t te r  state . 
Resonating surfaces f i l t e r  from the turbulent spectrum 
those wall pressure fluctuation frequencies which are 
compatible with the ir own ch aracte rist ic  vibration fre ­
quencies. As a re su lt , nodal standing wave patterns 
can be excited and sustained on the surface. By con­
t ra s t , a flow triggered surface is  a tru ly  compliant 
surface. Unlike the resonant w a ll, the flow triggered 
wall motion is  controlled by the instantaneous local 
pressure flu ctuatio ns. In general, the flow triggered 
wall cannot respond in stan tly  to the pressure flu ctua­
tions because of it s  mass and damping, hence there 
w il l  be some phase lag between the driving pressure 
force and the local surface response. In a i r ,  flow 
triggered surfaces are considered un like ly  because of 
the mismatch between a ir  density and the density of 
so lid  m ateria ls .
Design Concepts
An additional constraint on design is  the d esir­
a b il it y  of creating a drag reducing surface which w ill 
be durable enough to have practica l applications (fo r
example, on a CTOL airplane fuselage). As a conse­
quence, the present e ffo rt has not used extensively 
the membrane-like surfaces employed successfu lly  by 
B lic k , et a l . (1969), since they are too fra g ile  to be 
used on transportation veh icles. However, for purposes 
of discussion, the wealth of information ava ilab le  on 
membranes has been used to assess the e ffects of sur­
face motion and damping on the skin f r ic t io n  reduction.
Four primary structura l design configurations have 
been identified  and are shown in Figure 1. (a) Mem­
brane surfaces have been the subject of many previous 
investigatio ns, (b) R ig id ly backed e la s t ic  slabs have 
been tested with l i t t l e  success due to s ta t ic  standing 
wave patterns which are u ltim ately set up on the sur­
face (in  agreement with the previous work of Nonweiler, 
1963 and Hansen and Hunston, 1974). (c ) Laminated
structures have been tested prim arily by the Langley 
Research Center group and have shown some promise as 
viab le drag reducing surfaces, (d) Periodic structures 
have only recently been considered and are s t i l l  in 
prelim inary design stages. As mentioned previously, 
the paucity of experimentally measured surface motion 
data has forced design concepts to re ly  heavily on 
numerically calculated surface motions. The various 
ca lcu lation  techniques employed w ill be discussed 
subsequently.
Restricting  attention to resonant wall motions, 
general v ibration features of the four design concepts 
( f ig . 1) can be discussed without involving numerical 
d e ta ils . An attempt has been made to categorize the 
design configurations as e ither broad band or narrow 
band response systems. A broad band response is  
defined as a system where resonant vibration modes are 
d isc re te ly  spaced, beginning from the fundamental mode, 
in  some uniform manner. Narrow band response means 
large numbers of resonant v ib ration frequencies are 
concentrated in narrow frequency bands followed by a 
frequency in terva l with no ch a ra cte ris t ic  resonant f re ­
quencies. Such a c la s s if ic a t io n  is  important here 
because i t  gives an indication of the ce rta in ty  of 
having a measurable contribution from a p a rticu la r f re ­
quency component in the surface motion (broad band is  
less certa in  than narrow band). Membranes over deep 
cav itie s  and simple e la s t ic  slabs are categorized as 
broad band systems, while the laminated and periodic 
structures can be considered narrow band. Both types 
of systems have advantages and disadvantages. Broad 
band systems allow more control over wave shape and 
wave speed because there are fewer resonant vibration 
modes over a p articu la r frequency range. However, i f  
l i t t l e  damping is  present, several d is t in c t ly  d iffe ren t
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resonant v ib ra tio n  patterns (w ith d iffe re n t  nominal 
frequencies) can be excited by the same turbulent 
boundary la y e r . The narrow band systems o ffe r  f r e ­
quency control because the coupled systems force large 
numbers of v ib ra tio n  modes to be crowded around a 
s in g le  frequency. However, the crowding removes nearly 
a l l  control over wave shape and speed.
A f i f t h  configuration has been id e n t if ie d  which 
is  a hybrid of the membrane with c a v ity  and the lamin­
ated structu re  shown in Figure 1. As suggested by 
Ash (1974), there may have been a small a i r  gap between 
the membrane and e la s t ic  substrate in  the experiments 
of B l ic k , e t a l . (1969). The in fluence of a small a ir  
gap on the membrane surface motion has been modeled 
num erically and those re su lts  help exp la in  why more 
recent experiments by M cA lister and Wynn (1974) did 
not reproduce the measurements of B l ic k , e t a l . (1969) 
as well as how temperature va ria tio n s  could have 
affected the experiments of F isch e r , et a l . (1975). 
A nalysis of that configuration (membrane w ith narrow 
a i r  gap) is  presented a t the end of the numerical 
c a lc u la t io n s .
Numerical Calcu lations
With the exception of simple membranes and s im p li­
fie d  e la s t ic  slab models, a l l  s tru c tu ra l ca lcu la tio n s 
have required numerical a n a ly s is . The development of 
r e a l is t ic  dynamic surface pred ictions has proceeded 
from vib ratio n  (eigenvalue) an a ly s is  through ca lcu ­
la tio n  of the tran s ie n t motion produced by a s ing le  
convected pressure f lu c tu a t io n . Development of a 
simulated turbulent w all pressure has begun but w il l  
not be discussed here.
Eigenvalue or natural frequency ca lcu la tio n s pro­
vide useful p re lim inary information because they allow 
a p a rt ic u la r  design concept to be id e n t if ie d  according 
to it s  v ib ratio n  frequencies thereby ind icating  wide 
band or narrow band response c h a ra c te r is t ic s . How­
eve r, they do not ind icate  e ith e r the amplitude or 
character of a turbulent wall pressure driven su r­
face motion. Rather than present a wide range of 
eigenvalue c a lc u la t io n s , a standard compliant model 
configuration has been employed. Hence, a compari­
son of v ib ratio n  mode d is tr ib u tio n s  can be made for 
the four primary design concepts using the same 
m ateria ls and dimensions. The same standard model 
w il l  a lso  be used in the dynamic c a lc u la t io n s .
Standard Model Properties and Dimensions. Unless 
otherwise noted, a standard membrane and e la s t ic  sub­
stra te  have been used in th is  a n a ly s is . The standard 
model has shown a consistent 10 to 15 percent sk in  
f r ic t io n  reduction. The length in  the flow d irectio n
(L ) is  1.372 m and the width (W) is  0.457 m. When em­
ploying a membrane or s k in , mylar w ith density (ps ) 
1394/Kg/m3 and thickness (h) 0.025 mm is  used. Applied 
tensions in  the flow (T ) and cross-stream  (T z ) d ire c ­
tions are assumed equal (Tx = Tz = T) and a value of 
175 N/m is  used. The e la s t ic  substrate is  compressed 
polyurethane foam (S c o tt fe lt )  with a nominal porosity 
of 35 pores per cm. I t s  modulus of e la s t ic i t y  (E^) 
is  1.38 N/cm2 and density (pf ) is  115 Kg/m3. The 
assumed thickness of the substrate (H) is  6.35 mm.
Eigenvalue C a lcu la tio n s . Membrane: Eigenvalues 
for rectangular membranes can be ca lcu lated  d ire c t ly  
from the a lgebraic  expression:
1 / 2
I / n2T / L 2 + m2T /W2\
w U  ps—  - -) ( i )
The actual v ib ratio n  frequencies w i l l  be sh ifted  from 
the calcu lated values by damping, but since damping 
va ries w ith the p a rt ic u la r environment, the undamped 
values are used fo r reference . The f i r s t  ten eigen­
values fo r the standard membrane are given in Table 1.
E la s t ic  S lab : A wide va r ie ty  of v ib ra tio n  f r e ­
quencies can be calcu lated  fo r a simple e la s t ic  s lab . 
From Kolsky (1953), there are three d is t in c t  types of 
s tre ss  waves which can be propagated along the su r­
face—di la ta tio n a l , shear, and surface (Rayle igh) 
waves—and any or a l l  of them may be important. How­
eve r, in th is  work a s im p lis t ic  e la s t ic  spring ca lcu ­
la tio n  has been used assuming the slab  experiences 
only planar v ib ra t io n s . Under those conditions the 
eigenvalues or natural frequencies are given by:
The f i r s t  ten v ib ra tio n  frequencies for the standard 
e la s t ic  substrate are given in Table 1.
Laminated Structu re : An approximate a n a ly tic  
model and a purely numerical model were used to ca lcu­
la te  the eigenvalues fo r the laminated s tru c tu re .
Both models have neglected the e ffe c t  of bonding 
m a te ria l. Although not included here , the influence 
of bonding m a te ria l, wh,ich can be important, has been 
studied to a lim ited  extent by lumping i t s  properties 
and thickness with e ith e r membrane or the substrate 
depending on which was most s im ila r .
I f  the membrane is  modeled as a pre-stressed
plate of in f in it e  extent and the substrate is  modeled
as a continuous d is tr ib u tio n  of independently acting
v e rt ic a l sp rin gs, the natural radian frequencies
(00 ) are so lutions of the transcendental equation:m,n
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V 2 1/2
(OfEf> V n  cot l > f /Ef> '  V n H]
[(T)2+(t )] {T^[(f)*(^)2]j (3)
V
= pjrh CJm „f  m,n
where D is  the plate s t iffn e ss  given by:
D = Esh3/[12(1 - v2 )] ,
and v„ is  Poisson's ra tio  for the skin (v = 0.3 for s ' s
m ylar). The f i r s t  ten eigenvalues for the standard 
model have been calculated from Equation (3) and are 
given in Table 1.
The other, more complete model included boundary 
conditions at the f in ite  edges and allowed the sub­
stra te  to behave as an e la s t ic  slab rather than the 
continuous e la s t ic  spring model used fo r the e la s t ic  
foundation, used in Equation (3 ) . That model was 
solved by numerical methods. Three structu ra l models 
were used to ca lcu la te  numerically the eigenvalues for 
the laminated structure . A ll three were simulated by 
a f in it e  element NASTRAN (MacNeal, 1972) program. The 
three-dimensionality of the structure was incorporated 
in two of these models and a two-dimensional approxi­
mation was used in the th ird . Details of the models 
are presented in the next section . The two-dimensional 
approximation permitted an increase in the number of 
elements (or nodes), thereby improving the reso lution . 
The exce llent agreement between the d iffe re n t models 
suggested that the two-dimensional model was adequate 
for the present numerical sim ulation. Results of the 
two-dimensional eigenvalue calcu lations are given in 
Table 1.
An important re su lt of both the NASTRAN ca lcu la­
tions and Equation (3) is  that the applied skin tension 
had a very small e ffec t on the eigenvalues fo r the 
laminated or sandwich surfaces.
Periodic Structure: By design, periodic stru c­
tures u t i l iz e  repeating structura l elements to control 
vib ration frequency. As a consequence, the number of 
vibration modes in a p a rticu la r frequency band are 
controlled by the number of repeated elements. Since 
only prelim inary design considerations have been given 
to that stru ctu re , the number of repeated elements has 
not been specified . However, as a computational 
sample, four structura l cycles have been included in 
th is  study. The standard skin is  assumed anchored to
1-mm-wide transverse aluminum r ib s . The spacing 
between the ribs was 1.5 mm and that region was 
assumed f i l le d  with the 35 pores per cm polyurethane 
foam. No algebraic expression is  ava ilab le  fo r that 
system and the two-dimensional model of the structure 
was analyzed using the NASTRAN program to calcu late  
the eigenvalues in Table 1. Because of the previously 
mentioned dependence on the number of stru c tu ra l cycles , 
the f i r s t  ten calculated eigenvalues are not represen­
ta tive  of the desired structure . However, they do show 
where frequency bands w il l  occur as indicated in the 
tab le .
Dynamic Surface Motion Calcu lations. In order to 
iso la te  the compliant wall e ffe c t , e ith e r a simple wave 
motion must be id en tified  from turbulence theory and 
designed into a structure or a simulated surface motion 
predicted fo r a p a rticu la r compliant model must be 
employed in the theory. Lo g ica lly , the surface motion 
should be coupled to any turbulent sim ulation. A ll of 
these approaches require accurate numerical prediction 
techniques and the transien t methods discussed here 
appear capable u ltim ate ly of meeting a l l  requirements.
Recently, Leehey and Davies (1975) have pub­
lished a theoretical analysis of the motion of a 
membrane driven by a turbulent pressure spectrum.
That work does not present instantaneous surface 
pred ictions, but rather cross spectral data. Fur­
thermore, due to the approximations employed, i t  
appears to be lim ited to long narrow membranes.
However, i t  does represent an a lternate  approach 
to the d irect numerical simulation techniques 
which w ill u ltim ately be used in th is  in v e s t i­
gation.
Calculations fo r membrane motions w ill be employed 
only where they are related to the small a i r  gap prob­
lem. Further ca lcu la tio ns w ill be made when the tu r­
bulent pressure sim ulation program has been developed.
No dynamic calcu lations have been made fo r the periodic 
structure because the prelim inary design-eigenvalue 
analysis is  not complete.
Since a simple e la s t ic  slab is  a special case of 
the laminated s tru c tu re , de ta ils  of the laminated 
structure analysis represent both cases. (A ctu a lly , 
the periodic structure is  also a modified laminated 
s tru c tu re .) The work reported here has concentrated 
on calcu lating  surface motions resu lting  from a sing le 
convected pressure flu ctu a tio n , because of it s  ap p li­
cation to the turbulent pressure sim ulation. Since 
two-dimensional simulations are more economical, they 
have been studied more extensively . The pressure 
fluctuation has been modeled in i t ia l l y  as a sing le
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cycle  plane s ine  wave. Both two- and three-dimensional 
structu res have been analyzed, but the s ize s  o f the 
present three-dimensional elements (n ea rly  20 cm long) 
are too large to y ie ld  meaningful su rface  motions.
The three s tru c tu ra l models mentioned in the 
eigenvalue ca lcu la tio n s were a l l  considered fo r  use in 
dynamic s im ulations, but the f in i t e  three-dimensional 
"p late on an e la s t ic  foundation model" has not been 
used because the crudeness of the approximations was 
not ju s t i f ie d .  Choice o f element combinations w il l  
a f fe c t  accuracy, r e l i a b i l i t y ,  and e ff ic ie n c y  in  the 
dynamic numerical sim ulations. In terested  users should 
consu lt the th eo re tica l NASTRAN manual (MacNeal, 1972) 
fo r d e ta i ls , but the three element combinations ( in ­
cluding the f in i t e  p la te  on an e la s t ic  foundation) are 
l is te d  below as model ( 1 ) ,  (2 ) , and ( 3 ) .  The models 
are l is te d  here in descending order based on required 
computer time (most time required f i r s t ) .
Model (1 ) F u lly  three-dimensional system. Skin 
is  modeled as th in  p la te  elements 
(CQUAD 1 ) . Substrate is  modeled as 
f u l l  three-dimensional elements 
(CHEXA2). No p ro vision  is  made fo r  
o ffse t  between th in  p la te  grid  points 
and the surface grid points o f the 
three-dimensional elements, but the 
th ickness of the p la te  (sk in ) is  
extremely small and hence the e rro r 
introduced is  sm all.
Model (2 ) F in ite  plate on an e la s t ic  foundation.
Skin is  modeled as th in  p late elements 
(CQUAD 1 ) . Substrate is  modeled as a 
co lle c t io n  of spring-mass elements 
ca lcu la ted  from a s t a t ic  three-dimen­
sional ana lysis using isoparam etric 
elements (CIHEX3).
Model (3 ) Two-dimensional model. Skin is  modeled 
as bar elements (CBAR). Membrane 
analogy has been used to model exac tly  
the substrate as membrane elements 
(CQDMEM1). O ffsets were used fo r  
exact matching.
Because d iffe re n t s ize  elements have been used in 
the three-dimensional transien t ca lcu la tio n s than in 
the two-dimensional c a lcu la tio n s , a d ire c t  comparison 
cannot be made. However, the two-dimensional model (3 ) 
costs about one-fourth as much to run as the th ree­
dimensional model (1) and overestimates surface motion 
by up to 20 percent. The overestim ation problem at 
th is  stage is  considered less important than the cost
and consequently the two-dimensional re su lts  w i l l  be 
presented here (without dimensions) because o f th e ir  
higher reso lu tio n .
The NASTRAN program s a t is fa c to r i ly  performed a l l  
transien t ca lcu la tio n s fo r the element models des­
cribed . D irect tran s ien t ca lcu la tio n s were generated 
using the Newmark (1959) @ method of time in tegration  
which is  unconditionally s ta b le . However, in  order to 
assure high reso lution of the surface motion, time 
steps were selected which are le s s  than one-tenth o f 
the period o f the highest frequency of in te re s t .
Viscous stru c tu ra l damping was introduced in the 
ca lcu la tio ns by constructing complex s t if fn e s s  
(modulus of e la s t ic i t y  can be represented as a complex 
number fo r v is c o e la s t ic  m a te r ia ls ) . The NASTRAN repre­
sentation fo r  damping forces the damping c o e ff ic ie n t  
3 to vary w ith frequency according to :
3( oj) = j ^ i o  ( 4 )
o
where w is  the radian frequency. A rb it r a r i ly  se ttin g  
3Q = 1, proper choice of u)Q permits r e a l is t ic  simu­
la tio n  of v is c o e la s t ic  damping.
As mentioned e a r l ie r ,  the standard laminated mod­
el has produced a f a i r l y  consisten t 10 to 15 percent 
Reynolds s tre ss  reduction during wind tunnel te s ts  
with free stream v e lo c it ie s  in the 60 m/sec range. 
Pressure flu c tu a tio n s are known to convect downstream 
with v e lo c it ie s  o f about 0 .8  U .^ Consequently, a con­
vection v e lo c ity  of 43 m/sec (U^ = 54 m/sec) has been 
used in the pressure flu ctu a tio n  ca lc u la t io n s . Fur­
thermore, based on the free  stream ve lo c ity  and bound­
ary layer th ickn ess , the nominal peak in the turbulent 
wall pressure spectrum was 300 Hz. The energy content 
has dropped s ig n if ic a n t ly  fo r pressure flu ctu a tio n s 
outside the 50 to 500 Hz range and therefore only that 
range was considered. Data in d ica te  that mylar is  
nearly e la s t ic  and prelim inary experiments on the 
S c o ttfe lt  foam ind icate  the damping c o e ff ic ie n t  can be 
approximated between wQ values of 1885 (high damping) 
and 94,250 rad/sec (low damping).
Using these data , t ran s ie n t surface motion h is ­
to rie s  have been calcu lated over the indicated ranges 
of frequency and damping. No s ta r t lin g  e ffe c ts  were 
observed, as indicated by representative  surface h is ­
to rie s  fo r  the lowest damping cases with convected 
pressure frequencies of 300 and 500 Hz (shown in 
Figure 2 ) .  The 500 Hz motion decays more ra p id ly  due 
to the 70 percent la rger damping c o e ff ic ie n t . Damping 
w i l l  be h igh ly frequency dependent fo r the foam sub-
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strates employed in the experiments, but whether 
Equation (4) represents a r e a l is t ic  d istrib u tio n  is  
not presently known.
In order to extract response ch a ra cte ris t ic s  from 
the transien t data, a Fast Fourier Transform (FFT) has 
been employed. Since damping makes the surface re­
sponse aperiodic (the amplitude decays with time, 
creating an apparent low frequency component), the 
spectral an a lysis  w ill be misleading at low fre ­
quencies. Using the lig h t ly  damped surface motion for 
a 300 Hz pressure fluctuation shown in Figure 2 , the 
spectrum shown in Figure 3 re su lts . Due to the 
nature of the single sine wave driving fo rce , a sim pli­
fied  Duhamel integral ana lysis  shows that the combina­
tion of the driving force frequency (300 Hz) and the 
fundamental vibration frequency (453 Hz) re su lts  in an 
apparent frequency of 377 Hz [(300 + 453)/ 2 ] , along 
with a beat frequency of 77 Hz [(453 - 300)/2]. The 
strong dominance of the fundamental vibration mode, as 
indicated by the spectrum, is  not surprising because 
of the nearness of the forcing frequency to the funda­
mental frequency.
Several s im p lis t ic  methods have been employed to 
estimate the group ve lo c ity  of surface waves. Group 
ve lo c ity  is  the conventional apparent ve lo c ity  of a 
wave packet. One approach was to im pulsively load a 
point on the surface of the model and measure the time 
required fo r an amplitude peak to pass between suc­
cessive network points. Conceptually, the method 
seemed adequate but because of the quasi-steady calcu­
la tio n  procedure used in the NASTRAN program, that 
approach cannot be used fo r these systems. A second 
method has attempted to use the spatia l amplitude d is­
tribu tion s at two successive time steps as shown in 
Figure 4 . However, the assumed convection speed dom­
inates during the time when the single pressure pulse 
is  over the surface and thereafter waves are trave llin g  
in both d irectio n s , making th is approach inadequate. 
Currently , a two-point autocorrelation procedure is  
being investigated, but no re lia b le  group ve loc ity  
estimates have been obtained at th is  time.
The discussion presented thus fa r  has indicated 
design tools which are being used to develop compliant 
wall concepts. The laminated structu ra l model has 
been used prim arily because i t  has been studied more 
extensive ly than the others and our experiments have 
shown i t  may be capable of some drag reduction. Un­
fo rtunate ly , at present neither the resolution for the 
model nor the simulations are su f f ic ie n t ly  accurate to 
y ie ld  quantitative data fo r our theoretical models.
Neither problem has been the re su lt of computer l im i­
ta t io n s , although there are lim itations on the fu l l  
three-dimensional sim ulation. The present lim itations 
have been self-imposed while the necessary numerical 
s k i l l s  and models were developed.
F in ite  d ifference methods can appropriately be 
used in transient membrane problems and the nonlinear 
problem created by an a ir  gap has been examined using 
that method.
Analysis of a Membrane Over a Small Gap. The 
conceptual compliant wall drag reduction theory which 
is  presented in the next section indicates a require­
ment fo r very short wavelengths fo r e ffe c tive  flu id -  
surface in te ractio n s. I f  that inference is  co rrect, 
there is  some question as to how a large membrane 
could be excited in those v ib ration modes. One 
possible mechanism fo r producing that type of surface 
motion may have been the small a i r  gap which probably 
existed between the membrane and substrate in B lic k 's  
(1969) experiments (the skin and substrate were not 
attached). When the membrane contacts the substrate, 
the substrate re s is t s  further downward motion and 
there would be a tendency fo r the surface to "chop" 
the long wavelength motions into higher frequency 
short wavelength motions. A prelim inary study on the 
influence of a small a ir  gap is  presented here. As a 
s ta rting  point, a membrane over a deep cavity  is  
modeled, then the equations are modified to include 
the e ffe c t of a small gap.
The governing equation for unsteady ve rt ica l 
displacements of a rectangular membrane with uniform 
tension is :
324 P (x ,z ,t )  _ 1 , P 3C
9X2 3zz T - C2 ^ + T 3 t  ^
where C = (T/psh )1/ 2 is  the wave speed. I f  P ( x ,z ,t )  
is  an impulsive point load at t  = 0 ,
P ( x ,z ,t )  = PQ 6 (x  - xQ) 6(z - z q )  6 (t  - 0) , 
equation (5) has the exact solution
-4Pc 00 mrxrt
C(x.z.t) - -pjS- £  £  Sin-j-0 sin
m,n=l " “
mrrz^  s in  r  c t
• sin sin  ^  p mn 
mn
Where rmn = (n7r/ L ) 2 + (nm/W)2 - c2B2/T 2
(6)
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The so lution fo r the cen te rlin e  response o f the stand­
ard mylar membrane with an impulsive force applied at 
L U
2* "*s show0 in  Figure 5a. A damping c o e ff ic ie n t
(6 ) o f 1.6 x 10"4* N sec/m3 has been assumed.
I f  the substrate beneath the gap is  modeled as an 
e la s t ic  foundation, governing equation (5) can be mod­
if ie d  to include i t s  e f fe c t . The substrate  then acts 
as an in te rm itte n tly  applied sp ring . That i s ,  i f  the 
gap is  y q th ic k , a spring reaction is  introduced 
any time c is  le s s  than -y . Employing the u n it 
step function U(cq - c ) ,  which is  zero when c is  
g reater than and un ity  when c is  le ss  than sq, 
equation (5 ) can be rew ritten  as :
92g + z H  _ P _ J _  + £  3£
9x2 9z2 T C2 9 t2 T 9t (7)
+ ( s  + V  HT u (- Yo  -  ! )  •
Unfortunately, even th is  s im p lified  approximation has 
made the governing equations nonlinear and i t  was 
necessary to so lve equation (7 ) using a f in i t e  d i f f e r ­
ence method. Results fo r  a 0.003 mm gap behind the 
same membrane modeled by equation (6 ) is  shown in  
Figure 5b. In ad d itio n , the cen te rlin e  motion pro­
duced by a convected 450 Hz pressure flu ctu a tio n  fo r 
the same gap configuration are shown in Figure 5c.
Comparing Figures 5a and 5b, evidence of s ig n i f i ­
can tly  la rg e r high frequency contributions in the gap 
case are apparent. The nearly sinusoidal i n i t i a l  
response fo r the gap has an apparent frequency of 
1100 Hz w hile  the f i r s t  mode v ib ra tio n  frequency from 
Table 1 is  86 Hz. Although high frequency contribu­
tions are present in the simple membrane case , because 
of low damping, the low frequency contribution appears 
to dominate (amplitudes have been normalized fo r com­
p ariso n ). Because of the dominance of the applied 
pressure pu lse , i t  is  d i f f i c u l t  to assess the in ­
fluence o f the gap in Figure 5c, although a high f re ­
quency component is  c e r ta in ly  shown.
Of greater in te re s t  than frequency, a t th is  p o in t, 
is  wavelength. An ind icatio n  of wavelength can be ob­
tained by investigating  the instantaneous surface 
d e fle c tio n . In order to achieve the reso lution needed 
fo r small wavelength motion fo r the gap case , the 
in fluence of node s ize  was investig ated . A small
0.406 m by 0.125 m, 0 .025-mm-thick mylar membrane was 
employed in order to use sm aller node s iz e s . These 
ca lcu la tio n s produced the instantaneous surface d is ­
placements shown in Figure 6. Figure 6a represents 
the a n a ly tic  so lu tio n , Equation ( 6 ) ,  w ith low a i r
damping. Figures 6b and 6c are the num erically c a l­
culated a i r  gap so lutions showing the e ffe c t  of node 
s iz e . Figure 6b u t il iz e d  a f in i t e  d iffe ren ce  grid 
2.5 cm by 2 .5  cm, w hile Figure 6c shows the d isp lace­
ment on a f in e r  0.625 cm by 0.625 cm grid fo r the same 
two times. S ig n ific a n t d iffe rences in  surface d is ­
placement d is tr ib u tio n s  are shown in  Figures 6b and 6c. 
The d iffe rences are due la rg e ly  to the model employed 
fo r the e la s t ic  backing. That i s ,  the nonlinear 
switch (u n it  step function) which a c t iva te s  the 
e la s t ic  spring model at each grid  point strong ly 
a ffe c ts  the surface motion depending on the s ize  of 
the region over which each spring a c ts . The surface 
displacement d is tr ib u tio n s  do suggest that wave speed 
is  not s ig n if ic a n t ly  affected  by a small a i r  gap.
3. SUMMARY OF COMPLIANT STRUCTURE ANALYSIS
Based on s tru c tu ra l dynamic ca lcu la tio n s com­
pleted thus f a r ,  several general conclusions can be 
drawn. Eigenvalue ca lcu la tio n s fo r the laminated 
systems have shown that very large numbers o f resonant 
panel modes (characterized  by the dimensions of the 
sk in ) have been crowded into a narrow frequency band. 
Furthermore, some of those panel v ib ra tio n  modes are 
capable o f simultaneous resonance w ith the substruc­
tu re . The simultaneous resonant modes are probably 
dominant in co n tro llin g  surface motion, but sm aller 
numerical elements w i l l  be required to v e r ify  that 
conclusion and guide th is  research toward designing 
sp e c if ic  v ib ra tio ns in to  the s tru c tu re . Due to the 
large number o f eigenmodes, t ig h te r  design c r i t e r ia  
must be estab lished .
Very short wavelength (a few m illim ete rs ) motions 
cannot be detected in  the numerical c a lcu la tio n s—due 
to the s iz e  of the present computational elements.
The homogeneous m aterial model employed fo r the poly­
urethane foam w i l l  probably prevent short wavelength 
motions from occurring . However, the actual porosity 
of that foam (35 pores per centim eter) may in va lid a te  
the homogeneous m aterial assumption and cause very 
small wavelength surface motions to be present. Exam­
ination o f that p o s s ib il it y  is  continuing.
The small a i r  gap ca lcu la tio n s have shown that 
when a membrane skin  is  not bonded to i t s  e la s t ic  sub­
stra te  s ig n if ic a n t  high frequency components of the 
surface motion e x is t .  The s iz e  o f the gap may be 
a r b it r a r i ly  small and frequency sh ift in g  s t i l l  occurs. 
The thickness o f the gap should a f fe c t  the wavelength 
of the surface motion but again the s ize  of the nodes 
employed in the present network a n a ly s is  are too large 
to pick up wavelength co n tro l.
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Damping is  a c r i t ic a l  and, as ye t, poorly estima­
ted parameter in these ca lcu la tio n s . The degree of 
in ternal damping in the laminated structures studied 
thus fa r appears to be excessive in that resonant sur­
face vibrations are d i f f ic u l t  to set up. Damping pro­
duced by the small a i r  gap beneath the membrane may be 
as important as the gap in contro lling  the surface 
motion, but experiments are required to estimate it s  
contribution .
The authors believe that structura l design which 
u t i l iz e s  rather abstract structu ra l properties in a 
s im ila r ity  analysis is  inadequate in the study of the 
compliant wall e ffe c t . The parametric study of Babenko
(1973) on trans itio n  delay is  a recent example. These 
analyses give neither an ind ication of the actual sur­
face motion occurring nor any clue on how the motions 
are excited . The turbulent pressure simulation 
approach which is  currently  being undertaken, along 
with detailed surface measurements, appears to be the 
only approach which can u ltim ately iso la te  the com­
p lia n t wall e ffe c t .
Of the f iv e  design concepts considered, the e la s­
t ic  slab and membrane over a deep cavity  do not appear 
to o ffe r promise as viab le drag reducing surfaces, 
although some drag reduction may occur over the mem­
brane under very unique conditions (which w il l  be d is ­
cussed in the experimental sectio n ). The simultaneous 
resonance requirement for the laminated structure may 
be worth explo iting as a basis fo r contro l, but pres­
ently  the number of simultaneous resonant modes iden­
t if ie d  fo r the current laminated structures is  too 
large to permit any contro l. The membrane with a 
small a i r  gap has been associated with the largest 
number of successful compliant wall experiments and 
should be continued prim arily as a source fo r basic 
research into the compliant wall phenomenon. The gap 
appears to o ffe r some frequency and wavelength control. 
The periodic structure  o ffers unique stru ctu ra l advan­
tages over the other four models because both f re ­
quency and wavelength can be controlled and durable 
surfaces can be constructed. Although a large number 
of v ib ration modes are crowded into a p a rticu la r f re ­
quency band, they are associated with nearly identical 
wave forms between each support and they only repre­
sent the combinations of those waves which can occur 
over a large number of repeated elements. The la s t  
three concepts are under current investigatio n .
4. POSSIBLE COMPLIANT WALL DRAG REDUCTION MECHANISM
Flow Structure and "Events" in Turbulent Wall Boundary 
Layers
The existence of a "quasi-ordered" sequence of 
events in the near wall region of turbulent boundary 
layers is  well documented (see K lin e , et a l . ,  1967; 
Corino and Brodkey, 1969; Blackwelder and Kaplan, 1971; 
Grass, 1971; Kim, et a l . ,  1971; Willmarth and Lu, 1972; 
W allace, et a l . ,  1972; and Offen and K lin e , 1974). 
Burton (1974) summarized the sequence of events 
usually  observed (indicated schem atically on F ig . 7 ).
A re la t iv e ly  low speed streak (lo ca l ve lo c ity  lower 
than i t s  time average) occurs very near the w a ll , 
which undergoes fu rther retardation . In the more 
severe of these re tardations , a burst or e jection 
occurs. This burst and subsequent sweep provides the 
bulk of the Reynolds stre ss and turbulence production, 
while the flow between events and the pre-burst re­
tardation region is  re la t iv e ly  quiescent (low u 'v 1) .
The "quasi-ordered" sequence of events appears to 
occur randomly in space and time. There is  s t i l l  con­
siderable controversy as to the re la tio nsh ip  between 
the retardation and the burst or e je c tio n , but one 
possible in terpretation  is  based upon the decreased 
s ta b il i t y  of the retarded p ro f ile , i . e . ,  the e jection 
or burst could be caused by an in s ta b il it y  resu lting  
from the in flected  nature of the instantaneous retarded 
ve lo c ity  p ro file .
Burton (1974) recently obtained experimental e v i­
dence indicating that the wall pressure fluctuations 
are imposed upon the near wall region by an "outer 
flow" (y+ a  400). Furthermore, large adverse pressure 
gradient fluctuations imposed more or less randomly 
upon the near wall flow seem to trigger the quasi- 
ordered sequence of events. A sketch of th is  imposed 
adverse pressure gradient is  given in Figure 8 , along 
with an actual P vs . time pulse taken from Burton
(1974).
To th e o re tica lly  check Burton's observation of 
the connection between the retardation/burst cycle and 
an adverse pressure gradient imposed on the wall flow , 
a quasi-steady ca lcu la tio n  was made of the near wall 
region using a typ ica l pressure gradient as measured 
by Burton. The ca lcu la tio n  procedure was a conven­
tional non-sim ilar f in it e  difference boundary layer 
code (Bushnell and Beckwith, 1970). The outer edge 
of the ca lcu lation  region was taken at y+ = 280 
(ue ‘ = .Gu^) for the boundary layer measurements in 
the low speed experiments of F ischer, et a l . (1975) 
corresponding to = 61 m/sec, = 2 x 10-3,
6 = 4.06 cm. From typ ica l experimental observations,
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the in i t i a l  instantaneous ve lo c ity  p ro f ile  was taken 
as a typ ica l f u l ly  developed turbulent p ro f ile  
(u+ = y + near w a ll ,  merging into the law of the wall 
a t y + =* 30). The pressure gradient was imposed in 
the usual boundary la y e r fashion as an external bound­
ary condition and was obtained from Burton's data 





where At=^At+ = 20, Ap = 2 .5p 'w rms (F ig . 8 ) ,  and 
uconv = ' 8u«>' Usin9 a typ ica l At+ Fo r the adverse 
dP/dx region of 20 and a convection speed o f .Su^ 
re su lts  in a Ax+ fo r  the retardation region of 
approximately 500, which is  in the same range as in d i­
cations from conditional sampling data .
Since the re tardation  period is  re la t iv e ly  
quiescent (low u 'v 1) the fu l ly  developed turbulent 
shear stre ss model o f Bushnell and Beckwith (1970) was 
decreased by a constant factor of the order of .1 
(which is  reasonable from the re su lts  o f K lin e , e t a l . ,  
1967). The re su lts  from these ca lcu la tio n s for the 
innermost region o f the boundary la y e r  are shown in  
Figure 9. I t  should be pointed out th a t since these 
ca lcu la tio n s are quasi-steady and two-dimensional they 
should provide only a crude q u a n tita tive  ind ica tio n  of 
the actual re ta rd a tio n . Results are shown fo r two 
values of u -v '/ u 'v ' , .05 and .1 .  I f  a facto r of
1 were used (which would be in co rrect based on the 
conditional sampling data) the imposed dP/dx measured 
by Burton would have only a n e g lig ib le  influence on 
the instantaneous p ro f ile . However, as seen from 
Figure 9, when the interm ittent nature of the turbu­
le n t  production is  approximately accounted for 
(through the .05 or .1 fa c to r ) , the "imposed dP/dx" 
a f fe c ts  the p ro f ile  considerably w ith in  a reasonable 
Ax range. In f a c t ,  the re su lts  shown in  Figure 9 
ind icate  (1 ) the extent of re tardation  ty p ic a lly  
measured (= 40 p e rcen t), and (2 ) the occurrence o f an 
in f le c t io n  point (but quite near the w a ll , at y + s 2 ) . 
Based upon these ca lcu la tio ns and Burton's measurements, 
i t  is  perhaps reasonable to examine the possible 
influence of the motion from a "compliant w a ll"  upon 
th is  "quasi-ordered," pressure gradient triggered , 
sequence of events.
Pressure F ie ld  Due to Compliant Wall Motion
In the sim plest case the motion of a compliant 
w a ll consists of a trave ling  sine o r cosine wave with 
a c h a ra c te r is t ic  wave length and am plitude. For the
low speed in v is c id  case the so lu tion  fo r the flow over 
a wavy wall i s  well known (Shapiro , 1954):
(8)
where a = A  - m2 . This expression is  composed ofoo .
three components: an amplitude —  tS a modulation
& " rX\
in  phase w ith the w all motion cos 2ir and 
an exponential decay away from the w all (e- 7^1^ ^ ) .
For the low speed compliant w all case , and p a rticu ­
la r ly  fo r the present quasi-steady c a lc u la t io n s , the 
decay term and a are se t equal to 1.
For the compliant wall case the amplitude of the 
wall motion must be small compared to the boundary 
thickness and, there fo re , we do not have the in v is c id  
case noted above (see Kendall, 1970; Yu, et a l . ,  1973; 
Inger and W illiam s, 1972; Rogers, 1974; Yu and Hsu, 
1971; Shemdin and Hsu, 1967). Due p a rtly  to the lower 
e ffe c tive  dynamic pressure w ith in  the boundary la y e r , 
and the smoothing e ffe c t  of the displacement th ickness, 
there is  considerable diminution in the AP caused by 
a wavy w all in  a th ick  turbulent boundary laye r com­
pared to the prediction of Equation (8 ) . A lso , a 
phase s h i f t  occurs between the w all motion and the 
induced pressure f ie ld .  The phase s h i f t  is  not impor­
tant to the current "zeroth order" c a lc u la t io n s , but 
could become c r i t i c a l  in  la t e r ,  more d e ta iled , com­
p lian t w all s t a b i l i t y  theory c a lc u la t io n s . As sta ted , 
the amplitude of the wall motion fo r the compliant 
wall case is  the order of the sublayer th ickness , 
whereas in  most of the "wavy w a ll"  experiments the 
wall motion amplitude was large enough to possib ly 
create an e ffe c t iv e  roughness, which could a lte r  the 
magnitude of the wall induced pressure. The exp eri­
ments of Kendall (1970) are probably c lo sest to the 
compliant wall case and these data are shown in  Figure
10. The measured C values are normalized by the 
P
in v isc id  CpQ from Equation (8 ) .
For the compliant wall ca lcu la tio n s described in 
the next section a value of cp/ cp0 ° f  •! was used. 
This value was taken from Figure 10 by extrapo lating 
to h < 10  and assuming that C/u^ = .25 . Although 
the influence of C was not d ire c t ly  included in  the 
quasi-steady ca lcu la tio n  described next, an attempt 
was made to account fo r a small p o sitive  C by using 
the .1 value fo r cp/ cpo (ra th e r than the .2  fo r 
C = 0 from F ig . 10a).
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Possible Compliant Wall Turbulent Drag Reduction 
Mechanism
A compliant wall probably a lte rs  the "turbulent 
events" which are nearest the w a ll, therefore , the 
influence of the compliant wall pressure f ie ld  on the 
retardation process was computed using the same calcu­
la tio n  procedure employed to obtain the re su lts  shown 
in Figure 9. I t  should be noted that th is  calcu lation 
procedure has employed assumptions which may a ffe c t 
key elements in the compliant wall phenomenon:
(a) Procedure is  quasi-steady rather than time- 
dependent.
(b) Does not include ve lo c ity  f ie ld  induced by 
the wall motion.
(c ) The pressure f ie ld  is  a simple lin e a r super­
position of the "imposed" adverse pressure 
gradient and the wall induced pressure 
[ f ( x ) L
However, the ca lcu la tio n  re s u lts , shown in  Figures 11 
to 14, do allow examination of a key element of the 
problem--the modulation of the p ro file  due to a spatia l 
pressure o sc il la t io n  during retardation .
When a compliant wall provides a drag reduction, 
i t  may do so in  the same manner as in the "Toms' 
e f fe c t ,"  by a lte rin g  the turbulent production and 
decreasing the number of bursts (see Donohue, e t a l . ,  
1972). Therefore, to a lte r  the "turbulent events," 
the wave length of the wall motion should probably be 
the order of the retardation length, or less 
(Ax+ . = 200 500). A lso , i f  the major influence
of the wall motion is  in a lte rin g  or modulating the 
imposed adverse pressure gradient, then the amplitude 
of the motion should be su ff ic ie n t  so th a t , w ith the 
wave length noted above, the |dP/dx| generated by 
the wall motion is  the order of the "imposed" adverse 
dP/dx. There are no s im ila r  order of magnitude in fe r­
ences as to wave speed which are obvious to the present 
authors.
A ll the resu lts  shown in Figures 11 to 14 are fo r
the u 'v '/u 'v  __ = .05 case . Figure 11 is  a "no modu-rms
la tio n " case (same as .05 case in F ig . 9 , but more 
deta iled ) for comparison with the compliant w all cases 
shown in  Figures 12 to 14. The f i r s t  compliant wall 
case (which employs cosine wave modulation), Figure 
12, has a wavelength of Ax+ = X+ = 440 and an ampli­
tude of y+ = 1.46, g iving a maximum dP/dx due to 
modulation (fo r  th is case of X+ = 440) which is  twice 
the "imposed" adverse dP/dx. For the other cases 
(F ig s . 13 and 14) the wavelengths of the cosine modu­
la tio n  on the pressure f ie ld  were Ax+ = 220 and 110, 
re sp e c tive ly . In these cases the amplitude o f the wave
was reduced so that the same modulation in pressure 
amplitude was obtained in each case, but with the 
sm aller wavelength the derivatives were factors of 
two and fo ur, re sp e c tive ly , times the X+ = 440 modu­
la tio n  case.
The influence of the simulated compliant wall 
induced pressure modulation upon the p ro file  develop­
ment during retardation is  c le a r ly  apparent on Figures 
12 to 14. The most spectacular e ffe c ts  occur fo r the 
small wavelength, highest |dP/dx| case (F ig . 14).
As expected, fo r large enough wal1-motion-induced 
pressure modulation the p ro file s  a c tu a lly  a lternate 
between being more in flected  and considerably le ss  so , 
when compared to the o rderly , unmodulated p ro file  
development shown in  Figure 11.
The basic question to be answered is  what 
influence could th is  p ro file  modulation (caused by 
the simulated compliant wall pressure f ie ld )  have 
upon the "tendency to burst"? Referring to Figure 7 , 
i f  the burst formation could be delayed somewhat 
(u n til the favorable dP/dx occurs) some of the 
bursts or ejections might not occur at a l l ,  resu lting  
in  a reduction of u 1v 1___and C .. From a quasi­
steady s t a b il i t y  theory point of view the p ro file  
modulation due to a compliant wall is  destab iliz ing  
because lower minimum c r it ic a l  Reynolds numbers are pro­
duced in the adverse gradient portion of the modulation 
cyc le . Using L in 's  (1953) approximation fo r the m ini­
mum c r it ic a l  Reynolds number, the influence of the 
wavy wall can be calcu lated from the loca l ve loc ity  
p ro file s  and is  shown in Figure 15.
However, a completely d iffe re n t ind ication  is 
obtained from consideration of s t a b i l i t y  theory for 
unsteady flow s, i . e . ,  where the "mean p ro file "  is  
modulated. For th is  case both theory (Von Kerczek 
and D avis, 1974; and Grosch and Salwen, 1968) and 
experimental evidence (Borisov and Rosenfel'd , 1971; 
Obremki and F e je r , 1967; and Sergeev, 1966) ind icate 
that small perturbations or o sc il la t io n s  can a c tu a lly  
increase the flow in s ta b il it y  (see also  the exce llen t 
review on th is  subject by Loehrke, Morkovin, and 
F e je r , 1970). S im p lis t ic a lly , the favorable gradient 
portion of the modulation could " in te rrup t" the d is ­
turbance am p lification  and thus delay the in s ta b il it y  
growth process. The t r ic k  evidently is  to have a 
small amplitude o s c il la t io n . During large amplitude 
o sc illa t io n s  the adverse gradient or d estab iliz ing  
portion of the cyc le  could become s u f f ic ie n t ly  un­
stable to allow a burst to occur before the favorable 
portion of the cyc le  could intervene.
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The possib le compliant w all s t a b i l i t y  theory 
approach ju s t  described d if fe rs  from the c la s s ic  work 
in th is  area ( e .g . ,  Burton, 1969; Linebarger, 1961; 
Karp lus, 1966; Landahl, 1961; Kaplan, 1964) in three 
important aspects;
(1) The concept is  applied to burst generation 
in the very near w all region of a turbulent 
boundary la ye r where only a small delay in 
am p lifica tio n  may be s u f f ic ie n t  to cause a 
large change in Reynolds s t re s s .
(2) The compliant wall motion assumed is  of the 
resonant type , where a ce rta in  dominant wave­
length , wave speed, and amplitude occur.
This motion is  not, as in  the previous work, 
d ire c t ly  related to the loca l instantaneous 
disturbance f ie ld . That i s ,  the present 
approach does not n ecessarily  demand very 
low damping, fu l ly  compliant or flow t r ig ­
gered surfaces (assumed in most of the prev­
ious work).
(3) The p ro file s  are allowed to change as 
f ( x , t ) .  Indeed, th is  aspect may be the key 
to the en tire  mechanism.
This discussion of a "Possib le  Compliant Wall Tur­
bulent Drag Reduction Mechanism" is  completely tenta­
t iv e  in nature. However, as w il l  be shown in the next 
section of the paper, th is  mechanism is  not in co n sis­
tent w ith the ava ilab le  compliant wall drag reduction 
cases and is  probably worth fu r th e r , more detailed  
study, including both nonlinear, unsteady flow s t a b i l­
i t y  theory c a lc u la t io n s , and experiments designed 
around the order of magnitude w all motion necessary to 
a lte r  the in s ta b il i t y  portion of the re tardation/burst 
c y c le , i . e . ,  X+ = 20 -*• 200 and h+ = .2 -► 2.
Ind ications of the necessary surface wave speed 
could probably be obtained from unsteady s t a b i l i t y  
theory, but a compromise w i l l  probably be necessary 
between the co n flic t in g  requirements o f a f a i r l y  large 
wave speed (C/u^ = .4  .8 ) to fo llow  the "turbulent
event" in space and time and the diminution in pressure 
modulation amplitude caused by increased wave speed.
5. EXPERIMENTAL RESULTS
Re-examination of Previous Successful Experiments
The question of whether or not surface motions 
could be excited which had short wavelength components 
of the type required by the ten ta tive  theory ju s t  pre­
sented is  c ru c ia l in  determining whether or not the 
proposed mechanism merits additional study. No posi­
t ive  answer can be given at th is  tim e, but there is  
some evidence which suggests such small X motions
could have occurred. The influence of a small a i r  gap 
has already been discussed, and although wavelength 
control has not been estab lished , frequency sh ift in g  
was apparent. Even though the small a ir  gap may be 
important in B l ic k 's  (1969) previous experiments, i t  
cannot explain some of h is e a r l ie r  data. In th is  
e a r l ie r  work, B l ic k , et a l . (1968) reported successful 
drag reduction experiments using membranes over re la ­
t iv e ly  deep c a v it ie s  with no e la s t ic  slab backing. 
Re-examination of those experiments therefore appears 
to be in order.
B l ic k 's  (1968) e a r l ie r  experiments u t il iz e d  a
0.638 by 0.181 m polyvinyl ch lo ride  membrane 0.064 mm 
th ick  in a wind tunnel with a free stream ve lo c ity  of 
11.6 m/sec. The boundary la ye r th ickness at the cen­
te r of the te s t  surface was 2 .5  cm and the r ig id  wall 
skin f r ic t io n  co e ffic ie n t was 0.0037. Using these 
data, the wall length scale was 0.03 mm. Consequently, 
an x of 100 corresponded to a length of 3 mm--a 
very short wavelength. I f  a hydrodynamic coincidence 
in s ta b il i t y  occurred rather than the more common 
s ta t ic  divergence, the desired wavelengths may have 
been set up.
O rd in a rily , a t wind tunnel speeds o f 11.6 m/sec 
(M = 0 ) , the most common panel in s ta b i l i t y  is  s ta t ic  
divergence. I t  is  possible to design a structu re  which 
does not diverge s t a t ic a l ly  in the flow speed range of 
in te re s t . Since the po lyvinyl ch lo ride membrane is  
highly v is c o e la s t ic , i t s  own in terna l damping may be 
capable of preventing the f i r s t  mode s ta t ic  divergence 
in s t a b i l i t y ,  and another in s t a b i l i t y  may have occurred. 
One p o s s ib il it y  is  hydrodynamic coincidence which oc­
curs when the wave pattern has a wave speed which match­
es the free stream v e lo c ity . B l ic k 's  (1968) data has 
been examined to determine what wavelengths have appar­
ent wave v e lo c it ie s  matching the free stream.
Maximum drag reduction occurred in B l ic k 's  (1968) 
unbacked a i r  cav ity  experiments when Tx = 70 N/m
and T2 =15 N/m. Assuming the wave speed is  simply
Xf and X = L/n , equation (1) can be solved fo r the
case when X = 3 mm and Xf = 11.6 m/sec. Then
f  = 3870 Hz and assuming m = 1 , p$ = 1250 kg/m3, 
Equation (1 ) y ie ld s ' n = 166, or X = 3.8 mm. Con­
ve rse ly , se tting  X = 3 mm, and n = 213, Equation
(1) y ie ld s  f  = 4960 Hz. Since damping w il l  lower 
the actual v ib ratio n  frequency below the calcu lated 
va lue , these ca lcu la tio ns tend to ind icate  hydro­
dynamic coincidence in s ta b i l i t ie s  might be capable of 
producing the wave pattern required from the theory.
Whether an in s ta b i l i t y  produced by wave speed 
matching the free stream ve lo c ity  was ac tu a lly  pro­
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duced is  uncertain. Furthermore, the question of how 
a wave motion of that type could be excited must also 
be answered. The Strouhal number (based on boundary 
layer th ickness) which characterizes a surface f re ­
quency of 3870 Hz is  27if6 / =  53.3 which is about 
fo rty  times higher than the nominal peak in the turbu­
lent wall pressure spectrum. Also, the influence of 
damping and bending s t iffn e ss  (the polyvinyl chloride 
skin may act l ik e  a plate rather than a membrane at 
such short wavelengths) on the free stream matching 
wave speed has not been taken into account.
An a i r  gap may have existed during the experi­
ments reported by F ischer, et a l . (1975) which showed 
a 60 percent reduction in Reynolds s tre ss . In that 
work, they reported that experiments with a mylar skin 
attached to a polyvinyl chloride p la stiso l substrate 
(which was natu ra lly  s t ick y ) were strongly influenced 
by temperature. In fa c t , large Reynolds stress re­
ductions seemed to occur only when the wind tunnel 
had been cooled to temperatures below 10°C (which 
occurred in February). The thermal co e ffic ie n t of 
expansion of polyvinyl chloride p la stiso l is  such that 
a 10°C reduction in temperature could have shrunk the 
substrate su f f ic ie n t ly  to pull i t  away from the mylar 
sk in . I f  such a separation occurred, the mylar skin 
would have been over a small a ir  gap u n til the tunnel 
warmed su f f ic ie n t ly  fo r i t  to reattach. The la s t 
series of tests were conducted in June, no cold 
tunnel conditions occurred, and no large Reynolds 
stress reductions were measured.
The active  wall experiments of Mattout (1972) 
also  can be interpreted as a short wavelength phenom­
enon. In his experiments with fu l ly  turbulent water 
boundary la ye rs , he found that mechanically produced 
waves could actu a lly  produce a th rust. His waves were 
produced by mechanically driven rods attached to a 
1-meter-long mylar sk in . The rods were 7 mm apart and 
a large thrust ( f iv e  times greater than the o rig ina l 
drag) was produced when waves with frequencies of 
23 Hz and a wave speed of 12.2 m/sec ( in  e ithe r d irec­
tion ) were driven beneath a turbulent boundary layer 
(Reynolds number based on length was 2 .4  x 106 at the 
beginning of the active  wall and 4 x 106 at the 
t ra i l in g  edge). The wavelength was 0.525 m and the 
amplitude was 1 mm. The free stream ve lo c ity  was 
1.58 m/sec and the average boundary layer thickness 
was 3.7 cm. Using a calculated rig id  wall skin f r i c ­
tion co e ffic ie n t of 0.0031, the wall length scale for 
these experiments was 0.016 mm.
I f  the very long wavelength reported by Mattout 
(1972) is  replaced by the distance between rods, the
wavelength is  7 mm. A 7 mm wavelength corresponds to 
a A of about 430 which is  in the th e o re tica lly  
suggested range of in te raction . Furthermore, the wave 
speed of 0.1 based on the rod spacing wavelength 
is  in lin e  with the th eo re tica lly  suggested value.
Certain ly the flow resonance phenomena produced 
by a mechanically driven wall is d iffe re n t than the 
coupled f lu id -so lid  resonance required fo r a compliant 
w a ll. However, the inter-rod in teraction calcu lations 
suggest that controlled short wavelength surface 
motions, of the type suggested by the theory, are 
capable of profoundly a lte rin g  the structure of a tu r­
bulent boundary la ye r . The question i s ,  were in te r­
rod motions responsible fo r the favorable interaction?
At th is  point, i t  is  obvious that many serious 
questions e x is t  concerning the present tentative  
mechanism of compliant wall drag reduction. (Although 
probably no more serious than any previously suggested 
model.) The only way these questions w il l  be answered 
is  by detailed simultaneous measurements of the tu r­
bulent flow and wall motions. High reso lution wall 
measurements w ill be required i f  the wavelengths 
suggested by the theory are important. Those measure­
ments must be taken during a known successful drag 
reduction experiment and conditional sampling w ill 
probably be required. The problem then is  simultane­
ous measurement of (1) a large drag reduction, (2) 
accurate instantaneous f lu id  ve lo c it ie s  at locations 
affected by the monitored wall motion, (3) spatia l 
and temporal varia tio ns of the su rface , and (4) accu­
ra te ly  determined mechanical properties of the success­
fu l surface and temporal variations of the surface 
motion. The section which follows represents an 
in i t ia l  attempt at simultaneous measurements of 
several aspects of the problem.
Present Experiments
The experiments reported here represent a con­
tinuation of the low-speed program reported by 
F ischer, et a l .  (1975). However, a more detailed and 
d irect approach was u t iliz e d  in the experimental meas­
urements. The models and test conditions are b r ie f ly  
summarized in Tables 2 and 3 resp ective ly . In addi­
tion to the Reynolds stress and p ito t measurements 
previously employed, the present study has included 
some surface motion measurements and measurements of 
membrane tension.
A d iffe ren t approach was used to analyze the data 
which permitted rapid determination of any s ig n if ic a n t 
reductions in Reynolds s tre ss . Rather than employ 
large numbers of detailed boundary layer surveys to 
determine when drag reduction occurred, the swept hot-
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wire and p ito t probes were positioned a t  a fixed  height 
of 0 .4  cm above the surface and wind tunnel speed was 
va ried . A computer with an x-y p lo tte r was connected 
d ire c t ly  to the instrument outputs and an approximate 
equation to compute Reynolds stress was employed to 
produce an on-line record of near wall Reynolds s tre ss  
as a function of fre e  stream ve lo c ity . By comparing 
the compliant wall p lo ts with the previously generated 
r ig id  wall data , an immediate in d ica tio n  of changes in 
Reynolds s tre ss  could be determined. I f  a s ig n if ic a n t  
decrease or increase in Reynolds s tre ss  occurred, de­
ta ile d  boundary la ye r and surface measurements were 
taken.
Unfortunately, no large decreases in  Reynolds 
s tre ss  were measured during th is  entry and the exp eri­
ments generally u t il iz e d  preselected v e lo c it ie s  fo r 
deta iled  survey measurements. About 20 data points 
were taken in each boundary layer survey with measure­
ments as close as 0 .2  cm from the w a ll . D etails o f 
the hot-wire Reynolds s tre ss  probe, p ito t  probe, and 
survey mechanism are given in F isch e r , et a l . (1975).
New Instrum entation: Because the rnylar skin was 
so th in , conventional s tra in  gages could not be used 
to determine sk in  tension . Fine wires about 10 cm in 
length were therefore cemented d ire c t ly  to the back of 
the mylar sk in  and used as s tra in  gages. Two wires 
were used on each surface to measure longitudinal and 
la te ra l tension. The mylar skin was hand stretched 
and taped to the model frame, re su lt in g  in some con­
tro l over the tension. For some of the models, the 
mylar was stretched several times in order to vary the 
tension .
Surface motion was measured using the detection 
system shown schem atically in Figure 16. A c tu a lly , 
dual lig h t sources and cutoffs were used. One of the 
lig h t  sources was continuous and was used w ith a photo­
detector to monitor continuously the surface motion of 
a 0 .5  cm diameter spot on the compliant su rface . The 
other lig h t source was a Xenon fla sh  lamp with a 1- 
ysec duration which was used with a camera to record 
the instantaneous surface pattern over a 15 by 20 cm 
area of the model. The cutoffs were rad ia l graded f i l ­
t e r s ,  with transm ission varying lin e a r ly  from a maxi­
mum at the cen te rline  to zero at the outer edge. That 
f i l t e r  produced lin e a r  re su lts  for lo ca l surface de­
f le c t io n  angles between ± 0 .3 ° . The p rin c ip le  o f 
operation was e sse n t ia lly  the same as a Sch lieren sys­
tem but over a fa r  greater dynamic range.
Reynolds S tress Data Reduction; Since the hot­
w ire  data were lin ea rized  (although not p e r fe c t ly ) , fo r 
the purposes of prelim inary data a n a ly s is , an exact
lin e a riza tio n  was assumed. Using that assumption, the 
dimensionless Reynolds s tre ss  equation in F isch e r , et 
a l . (1975) can be approximated by
(9)
where the lo ca l ve lo c ity  (u&) and tunnel ve lo c ity  ( U j  
were obtained from p ito t data. Equation (9) was used 
in the on-line Reynolds s tre ss  ca lcu la tio ns mentioned 
previously.
Final Reynolds stre ss reduction was accomplished 
by allowing fo r no n lin earity  in the hot-wire c a lib ra ­
t io n . Then, the appropriate re la tio n sh ip  was
- 2 u W  _ (10)
where local ve lo c ity  (u^) was determined from the hot 
w ire .
Equation (10) is  s t i l l  not exact because the 
swept hot w ire  was not in f in it e ly  long, p e rfe c tly  
s tra ig h t, or inc lined  at e xactly  45° to the flow . 
However, those corrections would produce a correction  
constant near un ity fo r each ind iv id u a l hot w ire .
Hence, comparison between the r ig id  p late and compliant 
surface could be made with a high degree of accuracy 
for a s ing le  hot w ire .
Results and Discussion
As mentioned p reviously , no large Reynolds s tre ss  
reductions were recorded and consequently, the surface 
motion measurements were made a t representative te s t  
conditions rather than during drag reduction. Measure­
ments at th is  stage are q u a lita t iv e  and are used here 
only for d iscussion . Furthermore, the optical system 
u t iliz e d  during the experiments was designed fo r large 
wavelength motion an a lysis  and was only capable o f re­
solving wavelengths between 2 and 20 cm, which pre­
cludes detection of short wavelength motion suggested 
by the mechanism discussed here in .
Figure 17 shows instantaneous surface angle d is ­
tribu tions fo r four of the su rfaces . The surface shown 
in Figure 17a gives an ind icatio n  of the surface ten­
sion induced curing pattern on the bare po lyvinyl 
chloride p la s t iso l (PVC P la s t is o l)  rather than wave 
motion. The motion induced pattern was not d ire c t ly  
v is ib le  and thus the flaws e f fe c t iv e ly  prevented su r­
face measurements. Some surface de flection  is  apparent 
in Figure 17b, but much of the pattern is  a re su lt  of 
the porous substrate rather than surface motion. Only
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s lig h t motion is  obvious fo r low speed flow over the 
membrane s tr ip  shown in Figure 17c, but a large wave­
length pattern of large amplitude is  obvious at the 
higher ve loc ity  shown in Figure 17d. The threefold 
increase in dynamic pressure shows a pronounced e ffe c t.
Continuous measurements of surface angle over a 
0.5-cm-diameter c ir c le  were capable of giving usable 
re su lts  in most cases, even when area pictures were 
unsatisfacto ry . Time h is to rie s  of the type shown in 
Figure 18 could then be generated. From the time 
sca le , frequencies from 20 to about 1000 Hz can be 
resolved. The amplitude of the motion on the fu l l  
s ize  membrane varied s ig n if ic a n t ly  with ve lo c ity  but 
power spectra indicated a narrow frequency response 
in te rva l which varied between 40 and 80 Hz, depending 
on U .^ Higher frequencies seem to be superimposed on 
the o rig ina l low frequency motion fo r the membrane 
s t r ip  shown in Figure 18b as ve locity  was increased. 
However, the presence of the large amplitude low fre ­
quency motion does not appear to allow a favorable 
compliant e ffe c t for e ith e r of the membrane cases. 
Frequencies in the in terva l between 300 and 600 Hz are 
indicated on the PVC p la s tiso l with membrane and the 
laminated surface. However, amplitudes were so small 
that only s lig h t in teraction may have taken place. 
Furthermore, because of the size of the sensing spot, 
higher frequency low wavelength motions could have 
escaped detection.
The resu lts  of the surface motion photographs and 
photodetector allowed the surface wavelengths and maxi­
mum amplitudes to be determined in some cases. For 
example, i f  the area photo and photodetector indicated
excursions through the maximum sensing angles, wave-
(
lengths could be measured from the photograph and the 
maximum amplitude is approximately found from
amax •£. y  tan 9max ’
When the wavelength could not be determined from the 
photograph the wave speed had to be estimated to deter­
mine X and a . The resu lt of the surface motion max
is  shown in Table 4. Wave speeds of ~ .5 were used 
when not known, and th is  may be considerably in erro r.
The tension was adjusted fo r several models and 
a range of from 17.5 to about 350 N/m was covered. 
La te r, models were run without s tra in  gages because 
the wires seemed to a lte r  surface motion, and tension 
was estimated for these cases. Since these la t te r  
models showed small drag reduction, the applied tension 
could only be characterized as low or high, where low 
is  generally loadings below 50 N/m, and high is  above 
that le v e l .
Although the tension did not a ffe c t  the theoreti­
cal values of the vibration modes to a large degree, 
the amplitude of the surface motion appears to vary.
At th is  time the data is  too badly scattered to draw 
strong conclusions on the influence of tension except 
to note that a s lig h t  drag reduction occurred fo r low 
tension on the laminated foam structure and the PVC 
with membrane, while no drag reduction occurred for 
the higher tension.
The only drag reduction which occurred was for 
the low tension S c o ttfe lt  and PVC with membrane tests 
which are shown in Figure 19. Here the assumption is  
made that the ra tio  of Reynolds stresses at a fixed 
small distance from the wall is  equal to the ra tio  of 
wall shear stress (ra t io  to r ig id  reference p la te ).
The surveys (here and in F ische r, et a l . ,  1975) showed 
that the value of -2u'v'/U^2 was nearly constant near 
the w a ll. Thus the plot of Figure 19 gives t  /xwpp 
against UM fo r the two models mentioned. The 
expected accuracy of th is  data is  ± 4 percent, so the 
drag reduction indicated is  only marginally detectable 
w ithin the accuracy of the instrumentation. I t  should 
be pointed out that the S co ttfe lt  model data does tend 
to agree with the same case in F isch e r, et a l .  (1975), 
and thus may be more conclusive. The fa ilu re  of the 
PVC model with the membrane to give the large reduc­
tions previously reported may be due to the greatly 
d iffe re n t temperatures, or other unknown factors 
(such as possible delamination).
6. DISCUSSION AND CONCLUSIONS
The purpose of th is  work has been to give a some­
what detailed status report of the e ffo rt  at Langley 
Research Center to identify  and iso la te  the compliant 
wall drag reduction phenomenon. Compliant w a ll- f lu id  
interactions have been extremely d i f f ic u l t  to study 
because of a complete lack of surface motion data 
during successful experiments and, as a re s u lt , no 
d e fin ite  clues on the sp ec ific  mechanism are ava ilab le . 
The techniques reported here allow the compliant wall 
problem to be approached from three directions--numer- 
ica l simulation of structura l motions, f lu id -stru ctu re  
modeling, and simultaneous experimental measurement of 
f lu id  ve lo c ity  and surface motion.
The NASTRAN f in it e  element program has been found 
capable of handling composite structu ra l design con­
cepts in both natural frequency calcu lations and trans­
ient sim ulations. The resulting transient ca lcu la ­
tions can be used in  either turbulent pressure simula­
tions (uncoupled or coupled) or in spectral analysis 
for comparison with experimental data.
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A new conceptual compliant surface drag reduction 
mechanism based on the s t a b i l i t y  of the tu rbu lent sub­
stru ctu re  has been proposed and an a n a ly s is  o f pre­
vious successfu l experiments was employed to id e n t ify  
sp e c if ic  wavelength ranges fo r desired surface motion. 
These gu idelines have been used to id e n t ify  s p e c if ic  
design c r i t e r ia  and various compliant w all s tru c tu ra l 
design concepts have been evaluated.
Three types o f potentia l compliant surface 
designs have been id e n t if ie d . The backed membrane 
which is  not attached to i t s  e la s t ic  substrate  (mem­
brane with a i r  gap) appears to allow both wavelength 
and frequency control and is  supported by the la rg e st 
amount of successfu l experimental data . The laminated 
s tru c tu ra l concept is  more desirab le  as a r e a l i s t i c  
su rface , but experimental configurations employed thus 
fa r  in d ica te  le ss  motion control (based on eigenvalue 
c a lc u la t io n s ) . Some experimental data e x is t s  which 
ind icates modest reductions in  sk in  f r ic t io n  over 
laminated su rfa c e s , but the high substrate damping 
appears to retard  e ffe c t iv e  am p lifica tio n  o f desired 
w all motions. The period ic s tru c tu re  is  a newly iden­
t i f ie d  design concept which appears to combine dura­
b i l i t y  w ith wavelength and frequency control and w il l  
be tested in  the near fu tu re .
An experimental approach has been employed to 
id e n t ify  s ig n if ic a n t  reductions in Reynolds s tre ss  
w hile  the te s t  is  in progress— thereby perm itting 
deta iled  stud ies o f the in te rac tio n  when i t  occurs. 
U nfortunate ly , the drag reductions which occurred 
during these te s ts  were so small that they were only 
detected in  f in a l ,  deta iled  Reynolds s tre ss  data re ­
duction. Temporal and sp a tia l va ria tio n s  in  surface 
e levation  have been measured o p t ic a lly  and a higher 
reso lu tio n  version of the technique should supply the 
data required fo r iso la tin g  the compliant w all 
phenomenon.
f  frequency or eigenvalue 
H slab  thickness
h sk in  thickness
h+ dimensionless wave height 






U free  stream v e lo c ityoo
u1 v e lo c ity  flu c tu a tio n  in  x - d ire c t i on 
u f r ic t io n  ve lo c ity
T
Vav average hot-wire voltage
v' ve lo c ity  flu c tu a tio n  in y -d ire c t io n  
W width of compliant su rface
x coordinate in d ire c tio n  o f flow
+ . x XU /v
T
y coordinate perpendicular to surface
y+ y u T /v
z transverse coordinate
B damping c o e ff ic ie n t
T recip rocal wave number
Y # gap thickness
6 boundary laye r th ickness
5 v e r t ic a l surface displacement
X wave length
A+ dimensionless wave length
SYMBOLS v kinematic v is c o s ity
a amplitude vs Poisson's ra t io  fo r  the skin
c wave speed p density
cf sk in  f r ic t io n  c o e ff ic ie n t a A  - M2OO
CP pressure c o e ff ic ie n t u> radian frequency
D p la te  s t if fn e s s Subscripts
E Young's modulus o f e la s t ic i t y conv . convection
n average squared hot-w ire voltage +45° to mean flow
flu c tu a tio n  at e boundary laye r outer edge
i2
f foam or substrate
average squared hot w ire  voltage flu c tu a tio n  at
-45° to mean flow l loca l
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Eqn. (1 ) Eqn. (2) Eqn. (3) NASTRAN NASTRAN
u 85.85 Hz 1033 484.6 453.3 5686
f  2 97.89 2066 485.0 453.6 7473
u 115.18 3010 485.7 454.1 7475
u 135.75 4133 486.6 455.2 7477
f s 158.31 5166 486.6 456.4
u 165.14 6199 487.7 458.0
7^ 171.71 7232 488.9 459.3
u 182.12* 8265 490.4 459.5
u 182.12* 9299 490.5 461.24
fio 195.78 10332 492.0 461.32 15621+
* Identica l eigenvalues.  ^ Number of eigenvalues between 5686 and 15621
depends on number of r ib s .
Table 2. Models Tested
Substrate of 
Compliant Wall Surface Covering Bonding Agent Remarks
Rigid aluminum 
plate None None Reference surface
0.64-cm -thick,
90 PPI compressed 
polyurethane foam 




RTV s ilico n e  
rubber
Old model with thinner RTV bond 
(showing some drag reduction) 
as well as new model were run. 
Tension was varied .
0 .64-cm-thick 
polyvinyl chloride 
p la s t iso l (PVC)
None None
Surface had s lig h t  ir re g u la r i t ie s , 
but not enough to cause roughness 
e ffe c ts  to be la rg e .
0.64-cm-thick 
polyvinyl chloride 
p la s t iso l (PVC)
0.0025-cm-thick 
mylar membrane
PVC n a tu ra lly  
adhesive
Membrane smoothed out Irre g u la r­







Small a i r  gap was desired , but 
under flow , surface bulged so 
as to make gap uncontrolled.
15.2 x 130 cm 
a ir  back 
(s t r ip  membrane)
0.0025-cm-thick 
mylar membrane ---
S tr ip  model had three longi­
tudinal s tr ip s  with membrane 
bonded to d iv id e rs .
45 x 130 cm 
a ir  back 
( f u l l  membrane)
0.0025-cm-thick 
mylar membrane — Fu ll area pure membrane.
Table 3. Flow Conditions.
xprobe y probe moo UOO Tt - R«/m POO




Table 4 . Surface Motion Resu lts .
Model
(m/sec)











































Figure 4 . Instantaneous Surface Configuring at Con­
secutive Time Steps
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________ I________ 1________ I________ I________ I---------1--------1—►
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 t. sec
(a) TYPICAL WALL PRESSURE VARIATION <b) TYPICAL MEASURED ADVERSE
PRESSURE GRADIENT PULSE
(FROM BURTON23)
Figure 8. Pressure Variation Imposed on Wall Region 
by Large Scale Motions in the Outer Flow 
(y+ = 400)
Figure 5. Centerline Surface Motion on a Membrane
(a) Solution from Equation (6), (b) Impul­
sive Load, Small Air Gap, (c) Convected 
Pressure Fluctuation
Figure 6. Influence of Node Spacing on Membrane
Surface Patterns (a) Solution from Equation 
(6 ) , (b) Numerical Solution: 2.5 x 2 .5  cm 
Network, (c ) Numerical Solution .63 x .63 
cm Network
Figure 9. Quasi-Steady Retardation C a lcu latio ns,
Using dP/dx from Burton (1974), Smooth Wall
ADVERSE dP/dx---------------------- ----------- FAVORABLE------
INSTAB. BURST dP/dx
Figure 7. Sketch of Possible Turbulent Event Cycle 
from K line , et a l .  (1967), Burton (1974)
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Figure 12. Quasi-Steady Retardation C a lcu la tio n s ,
u 'v '/ u 'v ' = .0 5 , X+ = 440rms
Figure 10. Influence of Wave Speed and Non-Dimensional 
Wave Height Upon Normalized Peak Pressure 
Over a Wavy W all, From Kendall (1970)
Figure 13. Quasi-Steady Retardation C a lcu la tio n s ,
T V / I T ^  = .0 5 , X+ = 220 rms
Figure 11. Quasi-Steady Retardation C a lcu la tio n s ,
Smooth W all, u 'v '/ u 'v ’ = .05rms
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Figure 14. Quasi-Steady Retardation C a lcu latio ns,
u 'v '/u 'v ' = .05 , A+ = 110rms
(a) PVC (NO MEMBRANE) 
U =91  m/secoo
(c) STRIP MEMBRANE 
U = 30 ml secOO
(b) LAMINATED SURFACE 
U =91  m/sec
OO
(d) STRIP MEMBRANE 
U = 5 5  m/secOO
Figure 17. Photographs of Surface Motion Pattern for 
Several Models: Exposure Time 1 psec, 
Area Shown 12 x 15 cm
A+ = °°
Figure 15. Influence of Pressure Modulation on Local 
Minimum C r it ic a l Reynolds Number
FLOW
U = 30 ml sec U = 49 m /secoo oo
(a) FULL AREA MEMBRANE
Uoo= 30 m/sec U  ^= 91 m/sec
‘ <c> PVC WITH MEMBRANE
Uoo = M m/ sec Uoo “  91 sec
" (d) LAMINATED STRUCTURE
Figure 18. Surface Inc lination  H istory of 0 .5  cm Spot 
on Several Models. Fu ll Scale Corresponds 
to ± 0 .3 ° Deflection
Figure 16. Compliant Wall Schlieren Surface Motion 
Apparatus (Top View)
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O  PVC WITH MEMBRANE 
□  LAMINATED SURFACE
Figure 19. Variation of Wall Shear Ratio with Free
Stream Velocity; Based on Reynolds Stress 
a t y = 0.4 cm
DISCUSSION
H. M. F itzpatrick, ONR: Could you explain furthe r the 
d istinction between "resonant" and "triggered" passive 
responses of a compliant membrane?
Ash: The o rig ina l idea of a compliant surface was a 
surface which when exposed to a sudden pressure flu c ­
tuation responded loca lly  to that pressure fluctua­
tion. That surface is at least theo re tica lly possible 
to produce in water where you have very large dynamic 
pressures. But the pressure fluctuations in a ir are 
of such low magnitude (the Q is so small) that we don't 
believe i t  is  possible to get enough force on a sur­
face to cause i t  to deform loca lly even with a small 
Y . We could get a large Y+ i f  we had true panel 
f lu tte r. We believe what in fact gets set up is a 
form of panel f lu tte r. That is the surface is not 
responding lo ca lly  to an instantaneous pressure flu c ­
tuation but is  excited resonantly due to a particu la r 
band of frequencies in the turbulent boundary layer 
and operates on an essentially continuous basis.
There is some continuous surface motion that is set 
up on a global sense and not on a local sense.
W. W illmarth, Univ. of Michigan: Could you speculate 
about the mechanisms of those methods responsible for 
reduction when the compliant surface is effective?
I am re fe rrin g  to the configurations on the next to 
the la s t  s l id e .
Ash: I th ink the importance of that next to the la s t 
s lid e  is  not as a basis for design o f compliant wall 
surfaces because i t  re a lly  represents a zero th order 
ca lc u la t io n . What we have done is  ca lcu la te  the
fundamental frequency, the natural frequency 0f  the 
surface motion. The authors, at le a s t except for our 
own data, have never attempted to characterize  the 
natural frequency o f the surface motion. So what that 
showed was the f i r s t  mode v ib ra tio n  frequency as a 
ra tio  of the peak frequency in the turbulent boundary 
la ye r. We believe that the surface motion has to 
scale with the flow . We don't believe that the f i r s t  
v ibration mode is  the mode se t up on the surface when 
we have compliant w all drag reduction. But we believe 
that the f i r s t  mode gives an order of magnitude 
estimate o f the natural frequencies that we might 
encounter on that su rface . We intended that figu re 
to show th a t there appears to be at least a crude 
corre lation  between the natural frequency of the 
surface motion and the c h a ra c te r is t ic  frequencies 
w ithin the turbulent pressure spectrum. Now that 
doesn't show the sp e c if ic  frequency o f the wall 
motion. Nobody has measured w all motion fo r us. We 
are try ing  now but we have reso lution problems.
We believe that the w all motion, is  in  an unsteady 
sense, s ta b il iz in g  the attached portion of the sub­
structure  by introducing a coherent periodic pressure 
flu ctuatio n  in the sub-structu re . We may in fa c t 
s ta b il iz e  that structu re  and hold these bursts back 
from forming u n til hopefully a favorable pressure 
gradient comes along and tends to push i t  back down 
and accelerate the flow. Th is is  the f lu id  s id e ; 
th is  is  the model that we propose. Now we can 't 
prove i t ,  on the structu ra l side we have to drive 
that surface with something. There are two very 
in te restin g  points that were made today. F ir s t  of 
a l l  on that v ib rating  cy lin d e r experiment, the f re ­
quency o f the cy linder turned out to be four times 
the d riv ing  frequency which I think is  a very 
important parameter. I don't quite know how to 
characterize  that. And the other point which was 
made was that the surface motion can respond to a 
d iffe re n t portion of the w all pressure spectrum than 
the peak. Ju st how th is  is  a l l  incorporated rig h t 
now we do not know.
Edward B l ic k , U n iversity  of Oklahoma: I would lik e
to back up Bob concerning the very small amplitudes
in a i r  membrane. I ran some ca lcu la tio n s about 7
or 8 years ago and I think we used W illm arth 's data
for pressure fluctuations in a i r  and I came up with 
-4 -5typ ica l numbers lik e  10 or 10 centimeter ampli­
tudes - very , very small amplitudes. You wonder
what these amplitudes could do to the flow, but never­
theless th a t's  what we came up with in our calcu lation .
Concerning the mechanism for drag reduction, as 
fa r as I know, no one knows the answer. Some have 
speculated and we have done a few ca lcu la tio ns , but 
nothing d e fin ite . I t  looks lik e  i t  is  possible to 
a lte r  the local Reynolds stress righ t above the wall 
i f  you can get your u and v ve loc ity  fluctuating 
components in phase. Normally the Reynolds stress 
term is  a negative term but i f  you get your u per­
turbation and your v perturbation in phase then that 
is  a positive contribution. So i t  has been speculated 
that perhaps the o sc illa t io n  of the wall should be 
tuned to obtain the u and v perturbations in phase 
and obtain a positive  Reynolds s t re s s , thus reducing 
the wall shear s tre ss . We have measured turbulent 
in tensity  in turbulent boundary layers over the walls 
in which we thought we were reducing the drag. We 
observed reductions in the turbulent in tensity  and the 
Reynolds stress in these boundary layers above the 
compliant coating.
Ash: You can show th eo re tica lly  that a sinusoidal sur­
face motion does in fact produce a reduction in the 
shear s tre ss . But you can also show, i f  you are a 
l i t t l e  b it  c a re fu l, that the normal stress contribu­
tion produced by that same sinusoidal surface motion 
is  nearly twice as large as the reduction in the 
Reynolds stress and in fact you have an increase in 
skin fr ic t io n  rather than a decrease so we do not 
believe at th is  time that what I thought was a great 
idea at one time can explain skin fr ic t io n  reduction 
on a compliant surface.
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INTRODUCTORY REMARKS TO SESSION ON 
ELECTROCHEMICAL METHODS OF TURBULENCE MEASUREMENT
Thomas J. Hanratty and Larry G. Chorn
This session Is concerned with the use of the 
polarographlc electrochemical technique to study flow 
fie ld s  and scalar transport. The p rinc ip le  involved in 
the technique is  that an electrochemical reaction is  
carried out on a solid electrode surface held at a high 
enough voltage that the process is mass transfer con­
tro lle d . The measurement of the e lec tric  current then 
is  d ire c tly  proportional to the rate of mass transfer 
to the te s t electrode.
I f  the test electrode 1s embedded in , but insu­
lated from, a larger electrode 1t can be used to meas­
ure the local mass transfer rates in  a mass transfer 
surface. I f  the test electrode is  contained in an 
in e rt surface bounding a flowing f lu id  or is  immersed 
in a flowing flu id  i t  can be used to measure the velo­
c ity  fie ld . In these introductory remarks I would lik e  
to outline how th is  technique is used to measure a 
ve loc ity fie ld , to give a b rie f summary of some of the 
advances that have been made since the la s t turbulence 
conference at Rolla and to indicate some needs fo r 
future research.
DESCRIPTION OF THE TECHNIQUE
When used to measure ve loc ities these electro­
chemical probes are the mass transfer analog of a con­
stant temperature hot-wire or w all- film  anemometer.
The concentration of the reactant species at the elec­
trode surface is  controlled at a constant value of 
zero and temporal variations of the current flow then 
re fle c t temporal variations In mass transfer rate 
caused by the flow fie ld .
The principal application of these techniques has 
been w ith small, platinum electrodes operated flush 
w ith a w a ll, fo r which they are analogous to the heated 
wall film  used to measure the ve loc ity gradient at a 
w a ll. The mass transfer probe has a number of advan­
tages over the heat transfer probe. A u x ilia ry  equip­
ment is  less costly. The reaction surface can be com­
p le te ly isolated from the substrate so that problems 
such as those associated with heat losses to the sub­
strate do not exist. The ca lib ra tion curve fo r the 
probe can be calculated since the boundary conditions
and d iffe re n tia l equations describing the concentration 
fie ld  are well defined. Multiprobe configurations can 
be fabricated without concern about "cross ta lk ".
A disadvantage of the mass transfer probe is  in i t s  
frequency response, which is e n tire ly  associated with 
the scalar boundary layer. Since the Schmidt number 
characterizing the process is 700 or greater the concen­
tra tio n  boundary layer is  much thinner than what is  en­
countered with a thermal probe operating in a ir or water. 
This gives rise  to a much greater attenuation of the in ­
fluence of the high frequency ve loc ity components on the 
transfer process. Another disadvantage is  that a cer­
ta in  amount of experimental a rt has to be developed in 
order to use the electrochemical technique. Contamina­
tion of the electrode surface and the occurrence of side 
reactions have to be avoided since these factors can 
lead to erroneous measurements.
Figure 1 shows how these techniques can be used to 
measure the x-component of the turbulent fluctuating 
ve locity gradient, sx , at the wall of a pipe (1). A 
platinum w ire, 0.10 mm In diameter, or a platinum sheet,
0.076 mm x 0.076 mm, 1s glued Into a hole 1n the wall 
of a pipe and sanded flush w ith the wall. I f  a rect­
angular electrode 1s used the long side 1s oriented per­
pendicular to the direction of mean flow. For the s itu ­
ation shown ferrlcyanlde ion is  converted to ferrocya- 
nide ion on the test electrode which is the cathode of 
an e lectro lys is c e ll. I t  is  converted back to fe rrlc ya­
nlde 1on at an anode, downstream from the cathode and 
of much larger area. A large excess of a neutral elec­
tro ly te  such as sodium hydroxide Is  used to keep the 
solution e le c tric a lly  neutral. The applied voltage at 
the cathode 1s controlled a t a large enough value that 
the reaction occurs rap id ly enough to maintain the con­
centration of ferrlcyanlde Ions a t a value close to zero 
but not large enough that side reactions are occurring. 
The current in the e lectro lys is ce ll is  determined by 
measuring the voltage drop across a feedback res is to r 
of an operational am plifier.
Figure 2 shows how these techniques could be used 
to measure the local ve loc ity gradient on the wall of a
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cylinder immersed in a flowing f lu id . The position , 
re la t iv e  to the flow d ire c tio n , of a rectangular e lec­
trode embedded in the wall can be varied by rotating 
the cy lin d e r. By using a sandwich of two rectangular 
electrodes insulated from one another, the d irection  
of flow can be determined since the downstream e lec­
trode w il l  give a lower signal due to decreased mass 
tran s fe r .
The re la tio n  of the mass transfe r rate  to the flow 
f ie ld  fo r the electrode configurations shown in Figures 
1 and 2 is  defined by the equations
Py and h is students a t the U n iversity  of Nancy, 
cathode: 1^  + 2e~ -*■ 31"
anode: 31 -v I " + 2e'
at V  ay (1)
C = 0 y = 0 
C = CB y - » (2)
I f  a pseudo steady state  assumption is  made in that 
3Cthe term in (1) is  ignored, the following re la tio n
between Sx and the e le c tr ic  current is  obtained:
c _ 2 r  (4/3) I 3 9Le 
S* '  3 CB F Ae " ,  D‘
(3)
This holds considerable advantages over the fe r r i- fe r ro -  
cyanide reaction in that i t  is  less subject to solution 
contamination and deterioration and that i t  is  sa fe r to 
use. In addition i t  has enabled us to ca rry  out experi­
ments on drag-reducing polymer solutions without being 
overly concerned about polymer degradation.
Eckelman (5) carried  out experiments to explore 
whether electrochemical techniques can be used to mea­
sure ve lo c ity  flu ctuatio ns in the bulk flow . He was 
unsuccessful in  using wire probes of the type shown in 
Figure 5 because contamination of the probe caused a 
d r i f t  in the s ig n a l. We have traced th is  d if f ic u lt y  
to the formation of s t r in g - lik e  contaminants as a re­
su lt  of the degradation of the fe rro -fe rricyan id e  solu­
t io n . More recently Bieg (6) and Z ilk e r  (7 ) have been 
successful by using the iodine e le c tro ly te  and by taking 
great precautions in f i l t e r in g  the f lu id . The c a lib ra ­
tion curve shown in Figure 6 was obtained by Z ilk e r .
I t  is  o f considerable in te re st in that the probe isS irk a r (2) has shown that by measuring the sum 
and d ifference of the e le c t r ic  signals to two electrodes quite se n s itive  at such low v e lo c it ie s . These re su lts
in a chevron arrangement both components o f the ve lo c i­
ty  gradient at the wall Sx and Sz , can be measured 
sim ultaneously. The electrodes are 0.075 mm x 1 mm and 
are at an angle of 15° to the mean flow d ire c tio n . The 
construction of these chevron electrode p a irs , as in ­
dicated in  Figure 3, is  considerably more d i f f ic u l t  
than are sing le  electrodes.
RECENT ADVANCES
Advances have been made since the la s t  turbulence 
conference at Rolla in the an a lys is  of the frequency 
response, the choice o f an electrochemical system, the 
design of e lectrodes, the use of electrodes as probes 
in  the f lu id  and the use of m ultip le e lectrodes.
Fortuna (3 ) has examined the frequency response 
of wall electrodes by solving (1) and (2 ) . The ch ie f 
lim ita tio n  in h1s analysis 1s that he considered a 
form of (1 ) which is  lin e a r in the flu ctuating  quanti­
t ie s .  McMichael (4) has replotted Fortuna's ca lcu la ­
tions in  the form shown in Figure 4. I t  is  noted that 
the mass tran s fe r boundary layer causes s ig n ific a n t 
attenuation of the signal at c /3 2^ Sc^ 2 L+ = 1. This 
c le a r ly  shows that the dimensionless frequency tu+, above 
which measurements need to be corrected fo r frequency 
response,decreases with increasing Schmidt number.
In more recent experiments from our laboratory 
we have been working with the iodine reaction used by
have been quite encouraging. We now have work in pro­
gress to see i f  we can use these probes in  conjunction 
with wall probes to study turbulence stru ctu re .
At the 1971 Rolla Conference we presented re su lts  
obtained with the configuration of electrodes shown in 
Figure 7. These enabled us to measure simultaneously 
both components of flu ctuating  ve lo c ity  gradient at a 
number o f locations at the wall (8 ) . From these mea­
surements we found that quite often the sp atia l v a r ia ­
tion o f sx and s2 showed the phase Indicated in Figure 
8a might dominate the flow . More recently  Lee (8) has 
completed experiments in which he measured with a ther­
mal probe the x and y components of the flu ctuating  
ve lo c ity  at y+ = 13 at the same time he was measuring 
the wall ve lo c ity  gradients with the electrode config­
uration 1n Figure 7 . These resu lts  were in contradic­
tion with the eddy structure  shown in Figure 8a in that 
they showed a phase reversal of the y-component of the 
flu ctuating  ve lo c ity  a t a short distance from the w a ll. 
These re su lts  have led Lee to speculate th a t , on an 
average, the eddy structure  might look more l ik e  what 
is  indicated 1n Figure 9. Of course i t  would be ex­
pected the s ize  o f the small ro lle r  eddies would be 
continually  changing and would even disappear fo r periods 
o f time. The theoretical im plication o f these re su lts  
is  that a pseudo-steady state  model of the eddy structure
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c lo se  to a wall might overlook Important aspects of 
the flow .
The electrode configuration shown in  Figure 7 was 
used in a 20 cm diameter pipe. I t s  adaption to sm aller 
diameter pipes could be lim ited  because o f d i f f ic u l t ie s  
w ith sp a tia l re so lu tio n . For th is  reason the more com­
pact electrode arrangements examined by Py (9 ) fo r mea­
suring the two components o f the w a ll v e lo c ity  gradient 
are  o f p a r t ic u la r  In te re s t . We have been experimenting 
w ith  a tw in electrode consisting  o f two sem i-c irc le s  
used by Py. The problems involved in  th e ir  fa b rica t io n  
are  not t r i v i a l .  Figure 10 summarizes the method we 
have been using.
NEED FOR FUTURE WORK
We would l ik e  to close these remarks by pointing 
out some problems requiring  the a tten tio n  of future 
in v e stig a to rs .
Methods fo r dealing w ith the frequency response 
o f these electrochem ical probes a re  not completely 
s a t is fa c to ry . The a n a ly s is  ca rried  out by Fortuna fo r  
w all probes should be extended so as to include c y l in ­
d ric a l elements immersed 1n a f lu id  and the accuracy 
o f the lin e a r  assumption made 1n the a n a ly s is  should 
be determined.
The encouraging re su lts  recen tly  obtained with 
c y lin d r ic a l probes would suggest that more work be 
done to explore advantages that electrochem ical probes 
might have over thermal probes 1n measuring flow f lu c ­
tuations 1n the bulk f lu id . Would i t  be possible to 
measure sm aller v e lo c it ie s , to study the flow  at sm aller 
d istances from the w all?  Does the electrochem ical 
method have advantages over the thermal method when 
using sp l1t-f1 lm  probes since cross t a lk  between the 
elements could be avoided?
F in a lly  as can be seen from the construction 
techniques shown 1n Figures 3 and 10 there 1s a need 
to explore other methods to fa b rica te  m ulti-e lectrode 
arrangements. For th is  purpose some o f the techniques 
now being used to make printed c i r c u it s  o f fe r  a t t ra c ­
t iv e  p o s s ib i l i t ie s .
SYMBOLS
A Correction facto r fo r frequency response
Area o f electrode e
C Reactant species concentration
Cg Bulk concentration o f reactant species
D Molecular d lf f u s lv it y  of reactant species
F Faraday's constant
I Current
L+ Dimensionless e ffe c t iv e  length o f electrode
Lfi E ffe c t iv e  length of electrode
n Number of e lectrons transferrede
R^  Feedback resistance
S„ Schmidt numberc
Sx Axial shear s tre ss
sx F luctuation component of a x ia l shear stre ss
sz Transverse shear s tre ss  component
t  Time
U Flu id  v e lo c ity
y  Distance normal to the pipe wall
y  Dimensionless distance
z C ircum ferential distance
z+ Dimensionless distance
GREEK SYMBOLS




1. T . J .  Hanratty, Study o f Turbulence Close to a So lid  
W all, Physics o f F lu id s Supplement, Boundary Layers 
and Turbulence, S126-S133 (1967).
2. K. K. S lrk a r and T . 0 . Hanratty, Relation o f Turbu­
le n t Mass T ransfe r to a Wall a t  High Schmidt Numbers 
to the V e lo c ity  F ie ld , J .  F lu id  Mech., 44, 589-603 
(1970).
3. G. Fortuna and T . J .  H anratty, Frequency Response 
o f the Boundary Layer on Wall T ran sfe r Probes, In t . 
J .  Heat Mass T ra n s fe r , J 4 ,  1499-1507 (1971).
4 . W. J .  McMIchael, Rice U n iv e rs ity , P riva te  communi­
cation (1973).
5. L . D. Eckelman, Measurement o f V e lo c ity  F luctuations 
w ith  Electrochemical Techniques, M. S. th es is  in 
Chemical Engineering, U n ive rs ity  o f I l l in o is  (1969).
6. K. B ieg, Measurement o f Turbulence Properties with 
a Mass-Transfer Analogue of a Hot-Film Anemometer, 
M .S. th es is  in Chemical Engineering, U n ive rs ity  of 
I l l in o is  (1974).
7. D. P. Z i lk e r ,  P riva te  communication (1976).
8 . M. K. Lee, Turbulent Wall Eddy Structure  and the 
Reynolds S tress Production in the Wall Region o f a 
Ripe Flow, Ph.D. th e s is  in Chemical Engineering, 
U n ive rs ity  o f I l l i n o i s  (1975).
9. B. Py and J .  Gosse, Sur la  re a lis a t io n  d'une sonde 
polarographique p arid ta le  sensib le  & la v ite sse  et 
5 la  d irectio n  de l'dcoulement, C. R. Acad. Sc. 
P a r is , 269, 401-404 (1969).
246
Anode
Figure 1. Configuration for Electrochemical Measurements in a Pipe
Figure 2. Electrode Configurations for Measuring Flow Around a Cylinder
1/2 Tail
Mounted Platinum Sheet 
O.OOI" Thick Pt. Sheet 
( b ) - ( c )  Mounting o Platinum Sheet Onto The Male Plug With Epoxy Glue
(d) Sand The Edge With Emery Paper To Separate Two Platinum Sheets
(e ) Glue Two Plugs Together, Machine and Sand
Figure 3- Fabrication of a Chevron Electrode
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Figure 5- Platinum W i r e  Mass Transfer Probe
Figure 6. Calibration Curve for Mass Transfer Probe of -igure
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Figure 8. Proposed Eddy Pattern
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Figure 9* Lee's Proposed Eddy Fatterr.
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1/2" Toil
(a )  Prepare Two Resin Blocks With Groove and Glue Platinum Wires
Adjusting Screw
Glue ( Separation Distance 0.005 or Less) 
(c )  Glue Two Blocks Together Under Microscope
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LOCAL MASS TRANSFER IN TURBULENT FLOW BY 
ELECTROCHEMICAL METHODS
C.Deslouis, I.Epelboin, B .Tribo lle t, L.Viet 
Laboratoire "Physique des Liquides et 
Electrochimie", associ§ d l'Universit§ 
Pierre et Marie Curie, 4, Place Jussieu 
75230 Paris Cedex 05
ABSTRACT
Mass transfer to the surface of rotating electrodes 
during turbulent flow was studied by electrochemical 
methods under steady and non-steady state diffusion 
conditions.
The flow was due to a large rotating disk made 
from insulating material, flush with the surface of 
which was mounted a ring shaped electrode of platinum 
or n ickel.
A local study of the radial component of the 
convective diffusion in turbulent flow was carried out 
with very thin ring electrodes (width AR ^ 0,05 mm).
The diffusion layer thickness was varied re la tive ly  to 
the diffusion sublayer thickness by changing the ring 
width or the rotation speed so as to determine the 
eddy d iffu s iv ity  in the viscous sublayer.
The local viscous fric tion  was measured at the wall 
by a steady state method. As an application, the drag 
reduction phenomenon was studied in  the presence of 
high polymer additives. Using a non-steady state method 
which yields the electrochemical impedance, we examined 
the possib ility of adsorption of polymers at the wall- 
f lu id  interface.
INTRODUCTION
Experimental methods in Fluid Mechanics, leading to 
information about local properties, are of a primary 
importance, especially for tridimensional flows.
Indeed, the velocity components of the flu id  measured 
in a direct way, are often space averaged due either to 
the f in ite  volume studied, or to probe dimensions. Even 
i f  this la tte r is made as small as possible, d is tu r­
bances in the flow can be expected.
In the case of boundary layer turbulence, the vic in­
it y  of the wall, where viscous fric tion  reaches its  
maximum value, cannot be studied by these methods, 
partly fo r the reasons mentioned above.
On the contrary, that can be achieved, using an 
electrochemical method based on the measurement of the 
flux of mass transferred at the wall-fluid interface.
I t  is well-known, since Levich |1|, that mass transfer 
takes place within the viscous sublayer in a liquid for 
which Sc = v/D »  1.
Several authors have pointed out since 12,3,41 that 
the diffusion layer volume can be decreased in the 
direction normal to the wall as well as along the flow 
direction, by measuring the mass flux on microelec­
trodes .
Our study was performed by means of very th in ring 
electrodes inserted in a rotating disk. Thanks to this 
device, we obtain new information on the flow in the 
diffusion sublayer.
More precisely, f i r s t ly ,  we can give an expression 
for eddy d iffus iv ity  near the wall. Secondly, the 
influence on mass transfer in turbulent flow, due to 
drag reducing high polymers, w ill be examined.
THEORETICAL
Turbulent Diffusion Completely or Incompletely 
Developed
Let us consider a liqu id having constant physical 
properties, in turbulent flow near a smooth wall. Let 
us assume, besides, that the wall behaves , as a whole, 
as an ideal mass-consuming surface for a diffusion 
tracer (c = 0 at the wall). This can be achieved when
an ionic species is consumed on an electrode at the wall, 
in an electrochemical reaction of very high rate.
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Figure 1 : Concentration and velocity profiles near a 
wall in turbulent flow (k and n are hydrodynamic 
constants).
The velocity and concentration profiles can be 
classically described as in fig 1. Since no particular 
assumption is made for the flow geometry, this des­
cription applies to the rotating disk, for which 
Goldstein |5| demonstrated that the logarithmic velo­
city-distribution law in the turbulent boundary layer 
gives a better f i t  with experiments than the j th 
power velocity-distribution law.
Later on, the diffusion layer widths w ill be consid­
ered in the frame of Nernst hypothesis. That means 
that convection is neglected in the diffusion layer,
i.e. the actual concentration profile must be replaced 
by its  linear tangent equivalent at the wall : The 
"equivalent" thickness 6^  of the Nernst layer is then 
defined by: J=DCoo/5N where J is the overall flux 
(mole.sec^)D the molecular diffusion coefficient 
(cm - sec ) and C the bulk concentration of the 
diffusing species.
For a liquid at room temoerature, the Schmidt
3
number Sc=v/D, has an order of magnitude of 10 -2 -1where v is the kinematic viscosity (cm - sec ) - and 
the diffusion layer thickness is lower than that of the 
viscous sublayer.
Let us assume, now, that a ring with the same axis 
as the disk, acts as the only mass sink surface. One
may then define, for every point on the surface, a
2
local Reynolds number Re, where Re=Or /v . 0 is the 
angular speed of rotation of the disk (rad.sec’ *) and 
r the radial coordinate from the rotation center in a 
cylindrical system. Therefore, the flow at every point 
depends on the radial coordinate in such a way that 
near the center, there exists always a laminar regime, 
even when the outer flow is turbulent.
The ring is supposed to be placed in turbulent 
flow (see fig 2a). Since the radial velocity component 
Vr is directed towards increasing r values, the inner 
and outer sides of the ring play the parts of leading & 
leaving edges, respectively, for flow. Moreover, the 
existence of a discontinuity in the concentration at 
the leading edge, leads to a relaxation process over the 
active surface of the ring.
Two cases may be then characterized according to 
the relative values of the diffusion layer thickness 
developing from the leading edge (r=R0, y=0 the axial 
coordinate) and the diffusion sublayer thickness. The 
thickness 6,, of the la tte r is usually defined by the 
condition D=e for y=52> where e is the eddy diffusion 
coefficent.
Zone I : (fig 2b). When the diffusion layer thick­
ness 6^ (r) is lower than 6^ , the mass flux is governed 
to a great extent by molecular diffusion and mean 
convection. The turbulent diffusion regime is called 
"incompletely developed".
Zone I I  : (fig 2b). For increasing r  values, 6^ (r) 
tends gradually to the value calculated by Levich |1| 
for a completely active disk. This turbulent diffusion 
regime is called "completely developed". The dimension­
less flux or Sherwood number Sh is given by the fo l­
lowing relation :
Sh = Sc* Re kM1/2 (1)
Sh is defined as Sh = J(Rq+AR)/CooDS
R +AR is the radius of the disk electrode, S the ac- o .
tive surface, k  ^ is the moment coefficient for a disk.
Figure 2 : (a) Turbulent flow over a rotating disk
(b) Schematic representation of the d iffu­
sion layer (dashed line) and of the diffusion sublayer
(fu ll line) over a ring electrode.
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Coefficients < and X depend on the damping law for 
eddy d lffus iv ity . ic equals 1/4 or 1/3 according to the 
two hypotheses most usually chosen for the eddy diffu- 
s iv ity  e/v expression :
(1) k - 1/3 |6,7j is  obtained by assuming a damping 
of eddies proportional to y. One may w rite : e/v=kjy+3 
is a constant and y+ * where vQ is  the fric tion  
velocity. (2) c = 1/4 |8,9,10 | corresponds to a damp­
ing of eddies proportional to y2 then : e/vsk^*4.
A classical method of evaluating e/v consists in 
studying the influence of the Schmidt number on flux 
fo r a completely developed turbulent diffusion regime. 
We proceeded in a different way, by analyzing the 
conditions of transition between the incompletely and 
completely developed turbulent diffusion regimes. There 
fore, i t  was necessary f i r s t  to calculate the averaged 
diffusion flux for an incompletely developed turbulent 
diffusion regime.
Averaged Diffusion Flux For Incompletely Developed 
Turbulent Diffusion
The mass transfer equation can be reduced to the 
following : Vr  3c/3r+Vy 3c/3y=D 32c/3y2 (2)
(The quantities with over bars are time averaged) 
with the set of boundary conditions :
I c = 0
|j * D(3c/3y) 0
r>R y=0
V  c°°
3c/3y = 0 r<R y=0
y~°
(2 bis)
The solution of (2) gives the flux of diffusion. 
For a logarithmic velocity d istribution law — vQ is 
then given by an im p lic it relation — we obtained |11 | 
the following expression :
31/3fl+Y2l1/6 v 1/3 Sc1/3 R« 1/3 2/3 1/3S h .  » _ U a  ) '  y  <§}) «e kH (3)
2.T(4/3) . 1,628 
where y * cotg 0, 0 being the angle formed by radial 
direction with the tangent to the flow direction. r(4/3) 
is  the gamma function of 4/3 order. (3) can be written 
in  another way by introducing 3Vr /3y. One obtains then:
Sh
31/3 
2r(4/3) AR ^  * *
(4)
Note that (4) is identical to the expression estab­
lished by Hanratty |2| for the diffusion flux to the 
surface of a thin electrode placed crosswise in a shea- 
flow with no velocity component normal to the surface. 
In other words, the component normal to the surface
plays no part in the case of the rotating ring.
Coming back again to (3), one may write the flux 
more precisely by making k  ^ e xp lic it. We chose the 
expression of k^ given by Dorfmann |12| and found :
Sh = 0,1584 Sc1/3 (|ft)1/3 Re0,606 (5)
Relation Between Flux And Hydrodynamic Friction
The diffusion flux measured at the ring surface 
provides the radial velocity gradient according to (4). 
For a Newtonian liquid the flux can then be connected 
with the shear stress xr  by : xr  y = y 3Vr /3y 
v is the dynamic viscosity of the flu id .
Thus, the radial component Fp of viscous fric tio n  over 
the ring defined by : /R + AR
is related to the dimensionless flu x  Sh by :
31/3 cC1/3 R0 2/3 V3
Sh = — ---------- ------------- rTTfi (t J) Fr (6)
2r(4/3)(2tt yv)1/3 (l+y2)1/6 R 
This last equation, showing the proportionality between 
flux and the cube root of fr ic tio n , is thus valid for a 
shear flow with or without a velocity component normal 
to the wall. Moreover, th is re lation does not depend on 




The diffusion flux is measured by introducing in 
the solution a d ilu te  ionic species. This species can 
be reduced or oxidized on the metallic wall in an elec­
trochemical polarographic discharge. The rate of th is 
process, i.e . the current flowing through the interface, 
increases with the electrode potential un til the d if­
fusing species concentration is zero at the wall. The 
current then reaches a lim iting  value 1d determined by 
mass transport under convective diffusion. This conclu­
sion applies only when e lectric  migration has been 
made negligible by a large excess of supporting elec­
tro ly te . Many results were obtained using a very fast 
reaction,namely the reduction of potassium ferricyanide 
! 10 "^|to ferrocyanide |10~3N| at a nickel or platinum 
cathode according as the supporting electro lyte is |2N| 
NaOH or |N| KC1 respectively.
Unsteady State Conditions
For intermediate kinetics conditions, the current i 
is lower than the lim iting value i^ and depends both on 
electrode potential V and on wall concentration cQ of 
the diffusing species according to the well-known
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re la tio n  : i = z F k cQP ebV (7)
z is  the number of electrons transferred during the 
elementary process, F the Faraday (96500 C ), k and p
the rate constant and the order of the reaction .a.
I f  a small sine wave signal of voltage AV is  super­
imposed on V, i t  is  possible to analyse the lin ea rized  
current response &i as a function of frequency f  = o)/2tt 
The frequency behavior of the impedance can be analyzed 
by d iffe ren tia tin g  and lin ea riz in g  (7) ,  and leads to the
In order to describe thoroughly the experimental 
impedance, one must introduce a so-called double layer 
capacity CQ in  p a ra lle l to Zp, as in  f ig  3a. Th is capac­
it y  which gives a good description of the experimen­
ta l behavior, is  assigned to a space charge, the e lec­
trochemical double la y e r , at the in te rface  i t s e l f .  
F in a l ly ,  the e le c tro ly te  resistance R^  must be taken 
into account, in se rie s  with a l l  the above terms.
The Nernst hypothesis leads, fo r a ro tating  d isk ,
f a r a d a i c  im p e d a n c e  Zf  : j  
7  -  - P
a.
AC t o  t h e
f  r\ j .  p bVA i z F k b c  Me b e *10 0
( 8 ) Z D
tan h ^"joxS^/D
V ^ V D
(9)
Two terms in se rie s  are implied in (8)
( 1) the term proportional to ~  represents the d if-
Al
fusion impedance which accounts fo r the concentration 
re laxatio n  in the d iffusio n  layer and varies with f r e ­
quency.
(2) the other term in (8) ,  has the form of a re s is ­
tance R-p, known as charge tran s fe r resistance . I t  rep­
resents the electron tran sfe r process at the in te rface . 
Therefore, i t  depends, other things being equal, on the 
e ffe c t iv e  reaction area, and may vary with th is  area 
due to a coverage by adsorption of a part of the sur­
face .
z f t ( b c ? e x p b V
Figure 3 : (a ) Network equivalent to the in te rface
behavior with frequency.
(b) Simulated diagram for the network (a) 
where ZQ is  given by expression (9) .
2
Rp is  the d iffu sio n  resistance , j  = -1 .
We v e r if ie d  in  a previous work |14| that expression 
(9) agrees, to a f i r s t  approximation, w ith the experi­
mental impedance, whose shape is  s im ila r  to that shown 
in  f ig  3b by the curve in dashed lin e  in  the low f r e ­
quency range.
EXPERIMENTAL
The plotting o f the current-potential curves, from 
which we deduced the values of the lim itin g  d iffu s io n  
cu rren t, was performed with a potentiostat ( f ig  4) |1 5 | . 
This device controls the potential of the working e le c­
trode (W .E .) , i . e .  the rotating ring e lectro de , re la ­
t ive  to a KC1 saturated calomel reference electrode 
( S .C .E .) .  The current flows through a platinum counter 
electrode (C .E .)  o f large surface.
The potentiostat has been devised, so as to a llow , 
in ad d ition , impedance measurements, which were per­
formed by using a D ig ita l Transfer Function Analyser
(S .E .2 0 01 ). The frequency ranged from approximately 
10"2 Hz to 103 Hz.
The mechanical set-up allows a range fo r rotation 
speeds between 20 and 6000 r.p .m . The temperature o f the 
solution was maintained constant to w ith in  0 ,1°C by 
water c ircu la t io n  in  the double wall o f the 50 1. c y lin ­
d rica l tank.
The solutions were deaerated by bubbling argon so 
that the d iffu s io n  current due to dissolved Og be 
markedly reduced.
The construction of th in ring electrodes has been 
described extensive ly in j 13|. We would l ik e  to re c a ll 
here that they are obtained from the cross-section of a 
th in  m eta llic  s t r ip  (Ni or P t ) , mounted flu sh  with the 
plane of an insulated d isk  (epoxy), and then c a re fu lly  
polished. The remaining protrusions, as measured using 
a scanning microscope, are much lower than one micron,
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which is the order of magnitude of the average d iffu ­
sion layer thickness in our experiments.
The polymers studied are mainly polyelectrolytes :
- Polystyrenesulfonate ("PSS VERSA TL 700" : Nation.
Starch, and Chem. Corp.)
- Carboxymethylcellulose ("C.M.C. RC 197 Blanose" :
NOVACEL)
- Polyacrylamide ("SEPARAN AP 30 and NP 10" : Dow 
Chemical).
Viscosity measurements of these polymer solutions, 
have been carried out by means of a Couette flow visco­
simeter (CONTRAVES) having 15 velocity gradients 
(28 sec"1 < |y < 1750 sec"1)
RESULTS AND DISCUSSION
Eddy D iffus iv ity
One possible way of measuring e  would be to Integrate 
the mass transport equation including eddy diffusion, 
and to compare the results with experimental data. This 
procedure has been developed by Kader and Dillman |15| 
for a pipe flow. Their calculations cannot be d irec tly  
transposed to the disk case because of the velocity 
component normal to the wall.
We chose a more straight forward method. One must 
assume, as a f i r s t  hypothesis, that the discontinuities
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in  the concentration and in  i t s  d e riva tive  at the 
leaving edge, do not change the loca l value o f the 
f lu x . One may note that th is  assumption was involved in 
the set of boundary conditions (2 b is ) .
Consider again the s itu a tio n  shown in f ig  2b. The 
boundary between zones I and I I  can be moved by v a r ia ­
tions of AR or ft. Indeed, both these parameters, d e fin e , 
fo r a given Sc , the thickness o f the d iffu s io n  la y e r ,
5^, and th at of the d iffu s io n  sub layer, 62<
For a Constant O va lue . 62 i s  constant ; fo r 
decreasing AR va lues, 6N decreases a t every point of 
the surface in  such a way that fo r a s u f f ic ie n t ly  th in  
r in g , the whole d iffu sio n  la ye r is  located w ith in  the 
d iffusio n  sublayer : the f lu x  o f mass is  then given by
(3 ) .
For a Small and Constant AR Value. When the lam i­
nar-turbulent tra n s it io n  occurs fo r ft=ftc , the turbulent 
d iffusio n  regime is  incompletely developed. For in c reas­
ing ft va lu e s , the average th ickness 6N must vary as
ft-0’606 acCording to (7), whereas varies as 1/v ,
-O 909 c 0i . e .  as ft * s in ce , fo r given D and v va lu es , the
expression S2vq/ v does not depend on ft. Therefo re , 
beyond a ce rta in  rotation speed ft^, the turbulent d i f ­
fusion regime gradually becomes completely developed.
Consequently, one must genera lly  observe three 
regions, as represented on f ig .  5 , each of them being 
defined by the relevant behavior of the d iffu s io n  flu x  
as a function of ft.
(1) flc<ft<ftj = Sh is  then proportionnal to Re0’ 0^6 
as indicated in  ( 6) ,  an experimental confirmation of 
which was afforded in 1121.
(2) ft.<ft<ft2 = The d iffu s io n  laye r is  th ick e r than 
d iffu s io n  sub layer, the turbulent d iffu s io n  c o e ffic ie n t 
e not playing the leading p a r t , since the areas o f the 
ring where e ith e r regime (completely or incompletely 
developed) p reva ils  are comparable.
(3) ft>fto = The turbulent d iffu s io n  regime i s  com­
___q go9
p le te ly  developed and one must find  Sh « Re ’ . This
la s t  behavior was checked fo r  a broad ring |13 | when AR 
has the same order of magnitude as RQ.
In our experiments, these regions were not observed 
with the same r in g , since the motor power did not allow 
us to cover a large enough speed range in  turbulent 
flow.
Thus, we w il l  suppose that the boundary a c tu a lly  
detected between regions ( 1 ) and ( 2) corresponds to the 
speed ft j defined above, and we w il l  assume that the 
condition D = e is  f u l f i l l e d  fo r the points on the ring 
surface where the thickness o f the d iffu s io n  la ye r 
reaches i t s  maximum va lue , i . e .  the leaving edge.
As a s im p lifica t io n , we chose for local flux the 
following expression, given in | 3| :
Dc„
f ( r )  = --------  (---- )
r(4 /3 ) 9
1 / 3 1 / 3 Q ^ , 6  0 , 2
3 ,3 i/-3 0,00915 Sc1/J (- )  r
I  ( R0) ^’ 3j 1 »3 (10)
At the leaving edge, following the Nernst hypothesis, 
one can w rite  :
f (R Q+AR) = Dc00/ 6n(R0+AR)
Then, developing (10) to f i r s t  order :
V Ro+SR> ■ < ^ ) I/3
Let us define 6 =6^(r)vQ/v where v can be taken as 
1121 :
vQ = 0,1495 v Re0,909 / (R + AR)
For the following expression is  va lid  :
e/v = K 6+n 
e = D
The constants K and n were determined fo r several 
rings and two Sc values. A given value of Sc, defines 
one 6 value. Therefore, two data only are reported in 
table I ,  corresponding to the two media studied.
Figure 5 : Idealized behavior expected fo r the flu x of 
d iffusio n  on a thin ring electrode in a large range of 
Re values (laminar and turbulent flows) and plotted as 
log Sh (log Re).
The values of 6+ can lead to an estimation of the 
constants K and n. We find then the re lation : 
e/v = 6 . 10"4 y+3 (H )
In order to make precise the expression fo r the 
eddy d if fu s iv it y ,  i t  would be necessary to carry out 
fu rther experiments in a large range of Sc values. 
Besides, the assumption that the influence of e is  e f­
fe c tive  only fo r y > 6  ^ represents an approximation 
whose v a lid ity  is  d i f f ic u l t  to evaluate, but has no

























0,1 0,768 1240 3600 8,02 1,39 1,08)
)
TABLE I
According to these data, the main re su lt is  that 
eddies are damped in the viscous sublayer proportional­
ly  to th e ir  distance to the w a ll. This conclusion has 
been drawn from the data obtained by authors consider­
ing a completely developed regime fo r several Sc 
values using rotating broad rings |17,18 | or fo r a pipe 
flow |7 | .  This re su lt  has been also found by a d irect 
measurement of the damping of eddies by means o f micro­
electrodes in a pipe flow |19 | .
Local Mass Transfer in a Turbulent Flow with Drag 
Reduction
Steady State Measurements. We took advantage of 
the p o ss ib ilit ie s  of the thin ring electrode described 
above, to study the perturbation of a turbulent flow 
caused by small amounts of high polymers. Indeed, the 
p rinc ip le  of deriving the local drag reduction from 
measurements of the d iffusion flu x  on a thin ring e le c­
trode has been ju s t if ie d  for a quasi-Newtonian medium 
|20 | .  This terminology emphasizes that fo r polymer 
solutions of such low concentrations, the rheological 
behavior of the solutions remains identical to that of 
the solvent. Measurements of the d iffusion  flu x  in 
laminar flow also yielded an unchanged value fo r the 
molecular d iffusion  co e ffic ien t under the same condi­
tions.
The method constitu tes, in fa c t , an ind irect mea­
surement of the viscous f r ic t io n  : fo r a quasi-Newto­
nian medium and under an incompletely developed turbu­
lent d iffusion  regime, one can deduce the reduction of 
F from the re la tio n  (6) between the flu x  of d iffusio n  
and the f r ic t io n . One finds then :
Rp % = 1
hr
( i c '  Vp.p.m.
(1 2 )
i is  the lim iting  d iffusion current without polymer 
and iCp p m the lim iting  current at the same Re for 
a concentration c in w.p.p.m. of the polymer.
The concentrati ons correspond to an homogeneous 
solution obtained a fte r introducing the relevant quan­
t it y  of a 5000 w.p.p.m. polymer solution in |N| KC1
2 5 9
during the ro ta tio n  of the d isk .
Observation as a function of time shows an in s tan ­
taneous decrease o f the d iffu s io n  current when the 
polymer is  introduced, then a slow climb to a s ta t io n ­
ary value c h a ra c te r is t ic  of the homogeneous so lu tio n .
So as to genera lise  the conclusions drawn from the 
data obtained fo r the polyoxyethylene W .S.R. 301 j20 i > 
we studied the in fluence  of the four polymers men­
tioned in the experimental sectio n . No chemical degra­
dation was observed in the |N| KC1 medium.
In laminar f lo w , in  addition to the absence o f
drag reduction , no e ffe c t  on mass transpo rt is  v is ib le .
5
Turbulent flow  begins fo r Re ^ 2 .6  10 . There 
e x is t s ,  however, between th is  value and the end of lam­
in a r flow a s u b c r it ic a l regime much le ss  well defined 
in  the case of the ro tating  d isk  than fo r low t r a n s i­
tion  flows such as Couette flo w . Th is  s u b c r it ic a l re ­
gime corresponds to a t ra n s it io n  regime fo r mass 
t ra n s fe r . In our experiments | f ig  6-7-8 | a decrease in  
the d iffu s io n  f lu x  is  a lso  observed in th is  regime, 
leading to a reduction in the viscous f r ic t io n . There­
fo re , the re la tio n  (6) is  s t i l l  v a lid  though the d is ­
tr ib u tio n  of v e lo c it ie s  is  not e x p l ic i t .
Beyond Rec> three polymers (PAM NP 10, PSS TL 700, 
PAM AP 30) behave as "polyox WSR 301" 120 ' : Thus, the 
Re exponent, in  the f lu x  expression , decreases, when 
the polymer concentration is  increased , from the value 
0.606 in  the absence o f polymer to a lim it in g  value 
close to 0 ,5  beyond a concentration which depends on 
the polymer nature.
On the con tra ry , in  the case o f C .M .C ., the f lu x  o f 
d iffu s io n  is  decreased only fo r high concentrations 
(> 1000 p .p .m .) in turbulent flow as well as in  laminar 
flow and is  always proportional to Re0,606 or Re0-  ^
re sp e c tiv e ly . Th is i s  due, in  f a c t ,  to an increasing 
v is c o s ity  and not to drag reduction or to a non-Newton­
ian behavior.
In order to analyse q u a n tita t iv e ly  the data as a 
function of concentration we considered fu l ly  turbu lent 
flow conditions for U = 4000 r .p .m . (Re = 7 .105) .  We 
could then compare the e ffe c t  of the d iffe re n t  polymers 
according to the V irk  re la tio n  |21 | put in  the fo llo w ­
ing form:
DR %
Th is treatment requires that Rp and Rp
(13)
max. be
proportional re sp ective ly  to the drSg reduction at the 
concentration c ,  DR %> and to the maximum drag reduc­
tion at the same Re, DRmav ? . | c | i s  the in t r in s ic  ma x •
concentration obtained fo r DR /2 .max
Figures 6-7-8 : P lo ts of log Sh versus log Re fo r a
th in  ring  electrode (R = 40 mm, AR = 0.05 mm) in lam­. 0 5m ar and turbulent flows (Rec = 2.6 10 )
Fig 9 g ives c /DR % as a function of cJ p.p.m . max p.p.m.
fo r the d iffe re n t e ffe c t iv e  polymers. Each polymer gives
a s tra ig h t l in e  as expected from (1 3 ). The values of
DR ,  % and I cl g rap h ica lly  measured are sumnarized in max
tab le I I .
(1 ) The same value fo r D R^ ^  w ith in  experimental
e rro r , i s  found fo r a l l  the polymers. As mentioned
above, the DR ,  conditions p a ra lle l a va r ia tio n  of max
260
0 5f lu x  according to Re ’ : the ve loc ity  components in
the viscous sublayer must then depend on n as in lami- 
0 75nar flow (where vQ a n ' ) .
Figure 9 : P lo ts of c / DR* versus c accord­— *------- p.p.m. p.p.m.
ing to the V irk  representation (expression (13)) fo r
5
Re = 7.10 . The values are calculated from the data 
given in  table I I .
(2) A polymer is  a l l  the more e ffe c tive  according 
as |c | is  lower. An increasing e ffect is  observed, in 
the |N| KC1 medium, fo r respective ly PSS^ PAM NP 10+
PAM AP 30.
I t  i s  well-known besides, that the higher the 
molecular weight i s ,  the more e ffec tive  is  the polymer. 
Th is parameter, is  of in te rest to compare polymers pre­
pared from the same monomeric u n it. For chemically d if ­
ferent polymers, a parameter related to the chain length 
or to the r .m .s . distance between chain ends takes 
the place of the mean molecular weight. This para­
meter takes into account the polymer structure  and the 
flow rate  as well as the solvent properties. Thus, the 
most relevant parameter is  the hydrodynamic volume, 
proportional to the quantity M |n | ,  M being the mean 
molecular weight and |n| the in tr in s ic  v isco s ity  d e fi­
ned as :
|n | ' (n -"so lv )/n5o l» . c W henc*0
n and n__, are the v isco s it ie s  of the solutionsol v.
and of the solvent respective ly , c is  the polymer 
concentration in g r/d l. One determines M from visco- 
sim etric measurements, using the Mark-Houwink re lation 
given elsewhere | 22] fo r those polymers.
Under the ionic strength conditions imposed by the 
supporting e le c tro ly te  |N| KC1, the rheological beha­
v io r o f these solutions is  markedly modified in compa­
rison with that of pure solvent. The screening e ffect 
caused by K+ and Cl~ ions is  high enough to decrease 
the intramolecular e le c tro sta tic  repulsions and allow 
the chains to take a s ta t is t ic a l co il conformation. 
Moreover,the small dimension of the K+ ions leads to 
th e ir  solvation in competition with that of the polymer. 
Measurements of the in t r in s ic  v isco s ity  performed on 
other aqueous solutions (namely NaCl, LiCl.KNO^.KI, 
K S^O )^ which can act as supporting e le c tro ly te s , show 
a s im ila r behavior, i . e .  a noticeable decrease of the 
in t r in s ic  v is c o s ity .
PSS TL 700 PAM NP 10 PAM AP 30
cppm V DR* V a
DR* V a DR*
0 1445 0 1280 0 1440 0
1 1265 4
5 1310 25 1170 24
10 1130 31 1230 38
20 1060 43 1170 46
25 1250 34
30 1100 37 1190 43
50 1000* 53 1140 50
65 1185 45
112, 2?100 1000* 53 52
| DRmax 48* 5i*
52*
j i c lppm 7.2 6.1 3.4
( — —  





1.05 3.2 5 .8
( M|n| 1.3 10 43.5
TABLE I I
Consideration of table I I ,  allows the conclusion 
that the e ffic ie n cy  of those polymers, as deduced from 
the |c | values by the polarographic method, varies in 
the same d irection  as the hydrodynamic volume M |n ! of 
the polymers.
Thus, the re su lts  of the polarographic method agree 
with those obtained from a d irect measurement of the 
ve lo c ity  p ro f ile s . Besides, they can afford a better 
understanding of phenomena occurring closer to the w a ll. 
However, the steady state measurements do not allow us 
to conclude wether the polymers are attached to the 
w a ll, a process which has already been put forward to 
explain the action of polymers 123 , 24 | .
We proposed to analyze, by means of the non-steady 
state method described in  the section "Electrochemical
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Background" the p o s s ib ility  of adsorption of polymers 
at the wal 1 .
Non-Steady State Measurements. Several methods 
have been carried  out (e l 1ipsometry |2 5 | ,  measurements 
of the changed porosity of a f i l t e r  w ith a previously 
calibrated porosity | 26| ) to prove the existence of 
an adsorption. I t  appears from those data, that the 
polymer concentration near the wall i s  higher than the 
bulk concentration. The estimated thickness may vary 
with the temperature, the so lvent, the polymer molecu­
la r  weight and nature, but stays generally lower than 
3°approximately 10 A.
However, no information is  a v a ila b le , concerning 
the way by which polymer can adsorb on the wall : More­
over, those methods have been performed fo r a f lu id  
at re s t , and often fo r higher concentrations.
On the contrary , the measurement of the electrode 
impedance allows the study of adsorption under the same 
conditions fo r which drag reduction is  estab lished . Im­
pedance and steady state  measurements were performed in 
p ara lle l on the same so lu tions.
As an example, we plotted on f ig  10 in  the complex 
plane (R ,-G ) impedance diagrams obtained with the polya­
crylamide SEPARAN AP 30. I t  appeared, from the steady 
state  measurements, as the most e ffe c t iv e  drag reducing 
polymer o f the se ries studied.Those diagrams correspond 
to the same ring (Ro=40mm,AR=0.05 mm) in turbulent flow 
(Re=4,33.10 )^ and fo r ha lf wave potentia l conditions,
i . e .  fo r i= id/ 2.
When the impedance is  extrapolated to zero frequency 
one finds a real value equal to the reciprocal of the 
slope of the current-potential curve at the h a lf  wave 
p o te n tia l.
The low frequency response reveals the existence of
an additional process not involved in the equivalent net 
work of f ig  3a. The d iffusio n  impedance, whose response 
is  expected to occur at intermediate frequencies (a few 
tens of Hz) is  here well separated from this slowest 
process, the ch a ra cte ris t ic  frequency of which (as mea­
sured from the frequency of the maximum of the imagina­
ry part) being equal to 0,2 Hz. Indeed, when the rota­
tion speed Q is  varied , the impedance values shift only 
fo r intermediate frequencies.
Though th is  very low frequency process happens in 
the absence of polymer, i t  is  considerably am plified 
with increasing polymer concentration in such a way that 
the loop diameter is  increased, the ch a ra c te r is t ic  fre­
quency being unchanged.
This behavior may be assigned to the surface condi­
tion of the platinum : We could compare, in  fa c t , these 
resu lts with those obtained by using a ring electrode of 
s im ila r dimensions (Ro=62mm,AR=0,05mm) but a fte r  a slow 
tempering of platinum. The very low frequency process is  
then nearly cancelled out and the c h a ra c te r is t ic  frequen­
cy of the d iffusiona l process is  a few tens of Hz and 
th is  value is  consistent with the d iffu sio n  laye r th ick ­
ness.
These d ifferences underline the care to be taken 
when defining the state of the surface (stru ctu re  of 
metal, e t c . . . ) ,  of such sm all-sized electrodes. The r e l­
ative importance of th is  state  of the surface is  in ­
creased by the low values of the d iffu s io n  layer th ick ­
ness involved.
Otherwise, the high frequency behavior allows the 
conclusion that the introduction of polymers in solution 
modifies at the most s l ig h t ly  the reaction surface . That 
holds also  fo r P .S .S . and SEPARAN NP 10.
However, th is  conclusion does not exclude the possi-
Impedance diagrams obtained w ith a ring electrode (Ro=40mm,AR=0,05mm) for so lutions of SEPARAN PAM AP 30 in |N| 
KC1 at 25°C. The flow is  turbulent (Re = 4.33 105) .
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b i l i t y  that an entannled layer of nolymer has few bonds 
with the m eta llic  substrate |2 4 |. I f  such a layer e x is ts , 
the an alysis of d iffusion impedance with frequency, 
would allow in p rincip le  to demonstrate i t .  One knows
that the actual region of propagation of the concen-
1 / 2tra tio n  wave decreases as (D/w) ' when cj increases. 
Unfortunately, in the frequency range consistent with 
the presumed thickness of th is  laye r, i .e .  a few hun-
o
dreds of A | 25| , the impedance is  almost uniquely de­
termined by the R j and values, so that the d iscre­
pancy, which would be expected in the presence of such
a la y e r , between the experimental d iffusio n  impedance
- 1 / 2and a Warburg impedance varying as (jco) ' , cannot be 
detected.
Another method, based on the analysis of the elec­
trochemical d iffusion noise, which exh ib its the stochas­
t ic  behavior of the in te rface , seems able to solve th is 
problem. Whereas both methods presented are not sensi­
t ive  to the introduction of a few p.p.m. of polymer in 
laminar flow , the resu lts of the electrochemical noise 
measurements show a s ig n ifican t modification of the 
time correlation function.
The model fo r d iffusion noise |27 | takes into ac­
count a ll the noise sources within the d iffusion layer, 
the region near the wall playing the major part.
CONCLUSION
By considering two ch aracte rist ic  examples, we have 
shown the power of electrochemical methods in hydrody­
namics fo r generating data localized in the v ic in ity  
of the wal1 .
Thanks to a rotating thin ring electrode, we could 
e stab lish , using the measurement of d iffusion f lu x , 
that the damping of the amplitude of eddies is  propor­
tional to th e ir distance from the w a ll.
We also demonstrated th at, for such a system, the 
f lu x  of d iffusion  is  proportional to the cube root of 
the radial component of viscous f r ic t io n .
This re la tio n  allowed us to study the drag reduction 
in turbulent flow due to high polymer ad d itives. When 
such compounds are present in so lu tions, and under the 
conditions of maximum drag reduction, the flu x  of d if ­
fusion varies as a function of Q according to the same 
law as in laminar flow.
By coupling these measurements to the analysis of 
the complex impedance of the electrode, we established 
that the adsorption of a primary layer of polymer plays 
a minor part in  the mechanism of the drag reduction.
In contrast, many observations converge to show
that the state of the surface has an influence. We hope 
to elucidate th is e ffe c t when a quantitative interpre­
tation of the complex impedance diagrams and of the 
electrochemical noise is  ava ilab le .
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DISCUSSION
R. J .  Hansen, Naval Research Laboratory: You indicate 
that polymer adsorption may be a mechanism in drag 
reduction. Is  th is  suggestion consistent with the 
ellipsom etry work of Peyser, L i t t le ,  and S in g le te rry , 
showing that adsorbed Polyox molecules l ie  rather f la t  
on the substrate?
Another set of experiments conducted by these 
investigators examined the relationsh ip of drag re­
duction to the surface free energy of the substrate , 
as the tendency of polymer moelcules to adsorb is  
dependent upon th is  quantity. No difference in drag 
reduction was observed when the substrate was glass 
(high surface free energy) and teflon (low surface 
free energy). I t  seems un like ly  that adsorption is  
an important drag reduction mechanism in lig h t of 
these re su lts .
Deslouis: At the present time, the adsorption proc­
esses and hence the properties of the layers possibly 
adsorbed are not yet well known so that a precise 
answer cannot be given. Anyway, e llipsom etric  
measurements have revealed in concentrated solutions 
the existence of layers having thicknesses of about
O
a few hundreds of A but fo r a f lu id  at re s t . In addi­
t io n , our impedance measurements have shown that in 
turbulent flow the primary layer is  not dense, so 
that i t  seems that fo r the very low mean concentrations 
under investigation there does not e x is t  s ig n ifica n t 
overconcentrations near the w a ll.
G. Comte-Bellot, Ecole-Centrale de Lyon, Laboratoire 
de Mecanique des F lud ies: Why have you chosen a ring 
electrode? I think you w i l l  have a low sp atia l reso­
lution fo r turbulence measurements. Anyway, could 
you indicate i t s  s ize  compared to the turbulence 
scales of the flow investigated?
Deslouis: The flow due to a rotating disk in  turbu­
lent conditions is  known to be non-uniform and, more­
over, a laminar flow can e x is t  simultaneously near 
the ax is  of ro tation . Due to the cy lin d r ica l symnetry 
o f the system, the geometry of the th in  ring electrode 
leads to a loca l value fo r the radial ve lo c ity  at the 
w a ll. Our aim was to study the variations of the 
average values of the rad ia l ve locity gradient under 
drag reduction conditions, and not the fluctuating 
values. Of course, the diameter of the ring electrodes
(40 mm) equal to 4/5 of the external radius of 
the disk is  large compared to the small scale of 
turbulence but th e ir  widths (0.05 mm) allow us to 
investigate a region close to the wall ( - 1  micron) 
which is  of the same order of magnitude as the sm allest 
sca le .
J .  L . Zakin, UMR: Did you measure [n] in  the s a lt  
so lution? I f  i t  was measured in pure water the value 
of [n ] is  not correct for your so lutions as fo r poly­
e lectro ly tes [n ] varies greatly with concentration 
of e le c tro ly te .
Deslouis: [n ] was measured in the s a lt  so lutions by 
using a Couette flow viscosimeter and by taking the 
extrapolation to zero for the rate of shear and for 
the polymer concentration. In fa c t , in  the case of 
po lye lectro lytes , the value of [n ] decreases sub­
s ta n t ia lly  from pure water to concentrated s a lt  
so lutions.
G. L . Donohue, Naval Undersea C t r . : Did you make 
corresponding torque measurements so that you could 
compare ( i . e .  check or confirm) your measured skin 
f r ic t io n  reductions? Have you compared your drag 
reduction values with other investigators using the 
same polymers, at the same concentrations? Your data 
appear to be quite high ( i . e .  - 50% DR § - 8 ppm) and 
approximately constant over a wide range of. polymer 
molecular weight ( i . e .  MW - 10® to 5 x 10®)
Deslouis: A comparison between our mass transfer 
measurements and torque measurements cannot be e a s ily  
done because the former are local ones ( i . e .  performed 
on a thin r in g ) , whereas the la tte r  are integral ones 
( i . e .  correspond to both sides of the d is k ) . However, 
the main d ifference may occur from the fact that using 
ring e lectrodes, we measure only the rad ia l component 
of viscous f r ic t io n  and when drag reduction is  e ffe c­
t iv e , the in c lin a tio n  of the re la tiv e  streamlines near 
the wall with respect to the circum ferential d irection 
is  d iffe ren t from that in a purely Newtonian turbulent 
flow.
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SUM M A R Y
The non stationary flow induced by a cylinder 
with a square cross-section was studied on the cy­
linder's surface and in the wake with two different 
electrochemical probes. On the cylinder was mounted 
split rectangular electrodes with high enough 
aspect ratio so as to measure the chordwise com­
ponent of the wall shear stress with its sign.
The non-linear response of this transducer was 
studied. In the wake* the longitudinal component 
of the velocity was obtained with conical electro­
active elementswhich are mainly sensitive to this 
component.
The fluctuating coherent components are sepa­
rated from the aleatory part of the signal and then 
decomposited by a Fourier analysis into parts cor­
responding to the fundamental frequency and its 
higher order harmonics. The phase of the fundamen­
tal frequency is measured with reference to the 
coherent motion of the cylinder, so that the cohe­
rent motion can be reconstituted simultaneously 
anywhere. Thus the phase of the viscous torque and 
periodic lift is easily obtained.The reconstitu­
tion of the fundamental movement makes apparent the 
particular locations of the geometric stagnation 
and separation points in the generation of vortices. 
With the second harmonic, a secondary flow appears 
and the wake oscillates.
INTRODUCTION
For some years, after the works of Hanratty 
and co-workers, we have developed split-film elec­
trochemical transducers to obtain information at 
the wall in three-dimensional unsteady boundary
layers or separated flows. One complete three-di­
mensional study on a circular cross-section cylin­
der is to be published by the authors and one of 
them in his thesis. However the present one has 
been obtained by communication with another labora­
tory (♦) which calculates numerical solutions of 
unsteady velocity and pressure fields in the wake 
of a square-section cylinder. This explains the 
choice of such a cylinder, the restriction to a 
two-dimensional analysis, and a Reynolds number not 
too high (Re « 5,000 ). We shall succintly examine 
the principle of the split—film transducers such as 
have been used in this work, that is to say, 
with a direct separation of one component of the 
surface velocity gradient. A new non-linear theory 
of the response to large amplitude fluctuations is 
necessary so as to understand the transducer be­
haviour in separated zones. This theory will be 
succintly described. Joined statistical measurements 
have been executed at the wall and in the near wake. 
A reconstitution, instant by instant, of the flow 
pattern has been carried out using phase and ampli­
tude informations. Coherency has been found close 
to unity. Then the velocity field obtained in this 
manner has the same significance as a phase con­
ditional-averaged reconstitution of the flow field.
SPLIT ELECTRODES
We shall admit that the quite complex process 
of electrolysis can be exclusively controlled by a
♦ C.E.A.T. 86000 Poitiers France
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diffusion-convection process when specific experimen­
tal conditions are observed (1). In this case, the 
electrolysis current JN at the part i of area is
a measure of the mean transfer coefficient K. of the
1
ionic active species and can be expressed by :
(1) K. = 4  (C, ) dA = £  <C, >.=i C A J'A. ’y y=o C ’y i C A




C = C at the infiniteCO
(2) C >t+ Uj.C,j = D.C,jj C = 0 on the elecrode
C, = 0 on the inert wall
y
The space averaged value <C,^> on the part i of the
electrode is relative to the total area A such that
we can use additional rules K= E K. .
i
Now it can be demonstrated that in the concen - 
tration boundary layer, the Navier-Stokes equations 
are completely reduced to :
U -(U , ) ,
* * y ?:(




(3) U =(U , ) . 
z 2 y *=[
ii (/>
N
S = / sz + s2 * 0
X z
with and time dependent only, as the character-
istic dimension l  approaches zero. This low limit,
first used by Reiss & Hanratty (1), makes the method 
consistent in investigating the flow at the wall. In 
practice, some of the criteria which indicate if the 
length is small enough (or the apparatus big enough) 
are difficult to calculate a priori, but they can be 
estimated a posteriori.
The following transformation :
+ C
( 4 )
KS. + SJL2 
D = D dt -
s 2/3 d
S ^ S „ >1/3▼ __x x + z z + y S
\  ' * 2 " $  ‘ * y “ 1 
Where S is an a-dimensional number not yet specified,
gives the following mass balance and transfer equation 
1
>2/3 ~iC ’ xx
S s
+C, )+Cl » y ( — )2C? +y+ (—  )2ct +ct ’zzy »yy y ' ’x % z *t
(5)





I at the infinite 
0 at the electrode 
0 at the inert wall
Hence, is a function of two hydrodynamic varia­
bles, and S^, and two signals K. are necessary so 
as to determine them. Complete numerical solutions 
have been obtained (3) for given geometries and wall 
stress and can be used in many cases. However, for 
simplicitv, we shall alwavs neglect the diffusion
terms in the x-and z-directions. For an electrode 
with an infinite aspect ratio in the z-direction, 
putting S = |s*| , we obtain :
+ + + +c.yy = y .c,x + c , t
( 6)
K f - | s j l /3.<cty i
C + = i at the infinite
C+ - 0 at the electrode
ct =y
0 at the inert wall
is, for a given geometry and for quasi-steady state
evolutions, a universal one. <ct > is then a constantv
coefficient. This fact permits gauging or calibrating
the electronic amplification in order to compensate
small geometrical defects.
The only unknown hydrodynamic variable which
appears now is S . If the electrode is made with x
two independant and identical parts, the summation 
and differentiation of K  and K leads to :
k *. is;l /3|. <cty > 1 2
( * K - - 1 S * 17 3 1. (<cty»T <cty>2 )-S * 173(<ctx >-<cty 5 ^ ,
. • +The sign convention of x , makes the difference of
the space-averaged value (<ctv> j - <^ y > 2  ^ dependent
on the direction of the flow but (<ct > - <ct >, )y up y down
independent of the direction of the flow. For quasi­
steady evolutions, this last coefficient only depends 
on the geometry and particularly on the thickness of 
the inert separation. The two coefficients of equa­
tion 7 can be calculated, but as there are always 
some imperfections, it is better to measure them.
All these conclusions however , are only valid 
for infinite aspect ratio electrodes. We can see on 
Figure 1 the evolution of K and AK for rectangular 
and circular electrodes in a constant wall shear 
stress, as a function of the angle 6 made by the elec 
trode with the direction of the flow, for several 
aspect ratios. We can see that, for small 9 , the 
asumption of infinite electrodes is well satisfied 
bv electrodes of large aspect ratio. But, for 9 
close to ir/2,the transfer on the entire electrode is 
strongly modified by the superimposed concentration 
field created by the component, even for an aspect 
ratio of 10. Near a separation line, where viscositv 
pressure and inertia forces in the chordwise direc­
tion at the wall are poor, the spanwise pressure 
gradient created by incoherencv in that direction can 
predominate and make the instantaneous flow at the 
'•all mainlv fluctuating in the spanwise direction.
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Fig. 1 Sensitivity of electrodes as a function 
of 0 and aspect ratio.
This makes the entire signal of the electrode, e v e n ­
tually bearing the same sign as S^, inadequate to 
measure the component, because its sensitivity 
to is only one half of the sensitivity to S^.
On the contrary, the superimposed concentration 
field created by is practically eliminated by 
the signal difference on the two identical parts
of the electrode, and the sensitivity to S decreas-z
es to zero.
LARGE FLUCTUATION RESPONSE
Knowledge of probe response to large amplitude 
fluctuations becomes necessary w h e n  measuring in 
separated flows. Rather than develop the calcula­
tions used for small fluctuations (2)(3), but taking 
into account the non-linear terms, it seems more 
simple in the first approximation to notice that 
the mass balance 6 is a linear equation w i t h  res­
pect to the concentration and is only indirectly 
dependent on S* by the scale of y + (4) . To  an im­
pulse 6 ( S ^ ^ )  corresponds an impulse in the con­
centration field created by the varia t i o n  of the 
scale of normation of y + :
.+ 1/3
6(C )-C
. . _ . . |S*I/3|. 6 [SX 1 ♦
(x ty tz to )-C +(x ty +-^ ------T 7 7 3 ------- ^  Z ’
This impulse is not proportional to 6 ( S * ' ^ )  and
the concentration field does not exactly react
. +1/3 .linearly with 6(S ) . H o wever,a development m
the more internal part of the concentration boundary 
layer where C+ (x ,0,z ,t ) = 0, gives :
j[c (x,y, z , t , ) 1 = _ L x J
c+(x ty tz to ) | s * J 3(0) |
We shall admit that the effect of this condi­
tion in the more external part of the concentration 
boundary layer, "sweeped" by the flow is not very 
important. As an example, Figure 2 represent! the fre­
quency response deduced from calculated evolutions of
K and AK  after an instantaneous varia t i o n  of S ofx
the order of 30% (continuous line) and 800% dotted 
line). The difference remains modest.
Fig. 2 Frequential response of simple (F ^ ) or 
differential (F ) electrodes.
---- ■ - ■ small fluctuations
--------  800% fluctuation (particular )
Then the linearity of the mass balance with respect
to C+ and the quasi-linear impulse of the concentra-
. . +1/3tion field with respect to the impulse 6(Sx ) pe r ­
mits deduction of the transfer coefficient as the 
sumnation of impulse responses in the transformed 
time t+ ( function of ).
AK+ (t+ ) = ^  h 2 (t+ )
For small fluctuations where we can put down S= | S* | 
with S = S (1+s ) and AK= AK (1+Ak) we obtain :
A k + ( t + )  = 1  s x ( t + )  *  h  ( t + )
* AK
or on the frequential form :
Ak (v ) = -  sx (v ) F2(v )
AK
Consequently, the form of the quasi-linear impulse 
response for large fluctuations in the fluctuating 
scale of time can be obtained bv the Fourier trans-
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form of the well  known frequency response for small 
fluctuations (2 ) (3 )  in a fixed time scale. Figure 3 
shows how to calculate the response for a fluctua­
tion of the ve loc ity  gradient with multiple zeros.
By raising to the 1/3 power and changing the
temporal scale 
v e r t ic a l  tangents 
are introduced 
in the evolution




is made, and a 
damping and a 
phase sh i f t  can 
appear. When go­
ing back to the 
experimental re­
ference of time 
and ra is ing K (t ) 
to the 3rC* power, 
we note that 
there is a res­
ponse fa i lu re




are im p lic i te ly  
made, except the 
last one which
Fig. 3 Diagram for the calcu­
lation of the response of a 
d i f f e r e n t ia l  electrode when 
large fluctuations occur.
is realized e le c tron ica l ly .  Figure 4 and 5 show an 
example o f the signal in the v ic in i ty  of the mean 
upstream and downstream separation point where this 
e f f e c t  is c lear ly  percep t ib le .As the amplitude of 
the wall shear stress fluctuations increases, this 
response fa i lu re  is r e la t iv e ly  less and less impor-
A W










Figure 6 shows a cross-section o f s p l i t  electrodes 
(0.2mm x 1mm), with a thin mylar sheet as e lec ­
t r i c a l  insulator. Seven electrodes o f this sort are 
distributed flush to surface, on half a side (26 mm) 
so that they are equidistant. The last electrode 
(n°7) is 1 mm from the edge. With rotation and sym­
metry p o s s ib i l i t i e s ,  i t  is then easy to sample with 
constant spatia l steps of 2 ran. Two positions where 
the cylinder is inclined at 45° permit a very easy 
ca libration of the electrodes because the mean wall 
shear stress is constant in this boundary layer flow, 
especia lly  in position 2 .
The probe used fo r  the measurement of the U- 
component of the ve lo c ity  in the wake is a conical 
e lectrode. Without further deta i ls  this probe o f fe rs  
the advantages o f easy use, good frequency response 
and particular in sens ib i l i ty  to the spanwise compo­
nents of the ve lo c i ty .  Its quasi steady-state response 
as is  c lass ica l :
K+ = Cte . Re '/2 . P r 1/3
The e le c tro ly s is  currenc is then raised to the second 
power so as to obtain a signal proportional to the 
local ve loc ity  component U.
Figure 7 shows the channel used with iodine so­
lutions and f igure 8 the spatia l d iscretisation  for  
measurements. A curvilinear system of axes n and £ 
is used round the cylinder and another orthogonal X 
and Y in the wake. Data processing starts f i r s t  
with an analogous treatment of the signal : sumnation 
d i f fe ren t ia t ion ,  l inear iz ing  (cubing or squaring
2 6 9
4 part of coherent power
Yss ( v , 0  Yuu(V o ,X ,y i ;Yuu( 2vo ,x ,y )
these values are obtained from the cumulative 
power spectra. They represent the part of the 
per iod ic  signal at the Strouhal frequency, r e la t iv e  
to the to ta l energy.
5 c ross-corre la t ion  functions
s (S , t )u (x 0 ,y 0 » t - x )  s(n° 5 , t )u ( x , y , t - r )
6 phase delay
<KC,v0) 'K x .y .v o )
the reference s ignal (e lec trode  n°5) is  the 
same fo r  the two cases.
F ig. 7 Channel
F ig. 8 Measurements positions
e lec tron ic  c i r c u i t r y ) ,  f i l t e r in g .  A SA44 memory unit 
with 4000 channels and a L10 co rre la t ion  plug in 
unit allows to in tegrate  in rea l time the corre la ­
tion functions. Fourier transform Is executed with 
a I.B.M. 1800 Computer for  determining the power and
7 coherency
F su( x *y *Qo)2 I
The coherency upon the cylinder in the spanwise and 
chordwise directions has not been measured here. From 
other measurements ( 8 ) ,  i t  has been found close to 
1 upon a section and a distance o f two diameters in 
the z-d irec t ion . As a consequence, the phase delay 
between any pa ir  of points is not time-dependant.
8 amplitude o f coherent motion 
a(5tV„) a (x ,y , v „ )  ; a( x , y , 2 vc)
With the coordinates t and £, the motion is  period ic  
in space and coherent motion is  per iod ic  in space and 
time. This las t  motion can be decomposed in to  a Fou­









i 2 imv t o
ot ei27ruk^
I t  has been shown in another report (5) that, i f  the 
symmetry imposes an equal p robab i l i ty  to observe anv 
one spatia l and temporal sequence and i t s  symmetrical 
sequence, and i f  the s ignal source o f the channel is 
not a pulsated one, then :
cross-power spectra, the coherency, and the depend­
ent data. I t  is not possible to represent here 
every spacial evolution of every measured quantity 
which can be included in a technical report ( 5 ) .  
These are the fo llow ing:
(9) a2n+] (x.y) - - a 2n+) (x, -  y )
( 1° )  a2n (x ,y )  "  a 2n (x, -  y )
The c o e f f ic ien ts  o f the temporal Fourier transform 
must sa t is fy  the spatia l condition
Upon the surface In the wake
1 time-averaged values
s ( t , o
^ ( t . o
s ( v ,o
U (x ,y , t )
2 root mean square values
/u?x,y,t)
3 power spectra
, S ( v ,x ,y )SS . uu * *J
obtained by a Fourier transform of the 
corre lation .
+Y +Y
<n > 1Y -Y l an (x ,y i ) I • lan ( x .y j )  |cos(4>i - * . ) d y i
dyj - o
The odd harmonics always s a t is fy  this condition. The 
even harmonics eas i ly  s a t is fy  this condition i f  they 
resu lt from an o s c i l la t ion  of the flow.
With the axes these conditions impose for the
lone harmonic v , which has been observed : o
a , ( 0  - a j (-£ ) ; anCO - 0 fo r  "  J  ‘
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-F^8‘  ^ Spectra of coherent motion as a function 
of the wave number.
n 1 predominates, the motions are out of phase on 
the up and down sides. Close to the geometric up­
stream stagnation point, the motion is the same as 
observed earlier (6) (7). The multiple zero zone is 
more important. However some imprecision exists in 
this case, because continuous spatial measurements 
cannot be made.
The same reconstitution can be made in the wake 
where frequencies v^and 2v q are important.
( 12) = a(x , y ,o )+a(x,y ,v )cos{2xv t+«t>(x,y) }
U F ref
+a(x,y,2v )cos{4irv t+<|>(x,y)}
From experimental measurements ;
___  j r
a j(5) = m T (£) —  — — ----- (cos <t> + i sin $)
S ref
Then, the instantaneous value of the coherent velo­
city gradient at the wall is 
+U
- ^ = £ cos( U£)(2A, c o s 2 ttv  t+2B sin2irv t)—  n x~ lu o l u  o
ref
A, and B, lu lu
J_ ; + 2r
4r -2r
are the real and imaginary parts of 
ru
a ^ O  cos d£
Figure 9 represents these coefficients as a
function of u and equally A 2 + B 2 the discrete n lu lu
power spectrum of the signal associated to wave
number ~  at the Strouhal frequency v . The vis- 4r o
cous torque can be obtained by integrating the in­
stantaneous wall shear stress over a section. Only 
the wave number 0 intervenes :
C ( t )  = p r 2 s r e f ( 2A jqCo s2^VQt + 2B 1Qs in2irvc t )
As we can see in Figure 9, this torque is minimum 
and negative at the time t * 0.
The total coherent instantaneous velocity gra­
dient at the wall is re cons t i t l e d  time after time 
during half a period on Figure 10. We can see that 
the viscous torque is in phase with the motion on 
the down side. The flow on this side fluctuates in 
step and the separation point quickly displaces from 
one extreme position to another. As the wave number
( ]3 ) u( x >y»t ) = u(x »y ) + U(x.y.Vn.t) + U (x ,y ,2v0.t)
U . 0 . B . B refref ref ref
U , is the maximum velocity at the station x = 0.
As the fluid is inconpressible, the continuity per­
mits expression of the velocity component in the y- 
direction in the linear form :
v ( x , y , t )  - - 3u(y > °  dy
which can equally be applied for each harmonic of the 
velocity field. Then the general properties of stream 
lines can equally be applied. But, naturally, these 
stream lines do not coincide with trajectories.
Figures 11 (a and b) represent the instantaneous 
field of U(x,y,t,vQ) / U r e f> time after time, during 
half a period. The cylinder is inside a vortex and 
divides the flux in two parts. One passes round the 
cylinder and the other remains downstream. At the 
instant t - 2/12 v q , two new vortices appear from 
the up and down stagnation points. At the next time, 
the circulation round the cylinder is close to zero. 
The main vortex looses its identity and the rear vor­
tex grows round the cylinder and becomes detached. It 
acquires a convection velocity whereas a new station­
ary vortex, flowing in the opposite sense, is formed 
again for half a period.
The complete reconstitution of the fluctuating 
velocity field from experiments is not directly p os­
sible because the phase field $'(x,y) (eq. 12) is 
unknown. As the fluctuations are practically in step 
in each side of the synmetry plane, Equation (12) can 
be simplified to :
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( 1 4) U(.x^ t) - a ( x , y , 0 ) + a J(x,y,vo)cos{2iivo t+4»(x) } 
ref ♦ a ( x , y , 2 v o) c o 8 { 4 x v ot + 2 ^ ( x ) }
a j (x,y , v q)  - a ( x , y , v o).
As the signal source is not pulsated, the even ha r ­
monics must satisfy the spatial c o ndition (II), and 
the most probable solution is to assume that they
are created by an oscillation of the flow. The change 
of coordinates :
- y ~ ys
whe r e  y g the instantaneous center of s ymmetry permits 
U to be expressed by :
( 1 5 )  *—  » A ( x , y t o )  + A ( x , y t v  ) c o s { 2 t t v  t + 4<(x) }u ,  o oref
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i 12 Oo i ' J j l
y g can be estimated by a time integration of the 
displacement of a fluid particle in the center of 
the channel, under the influence of the velocity 
component V. Numerical integration leads to :
y s ~ d(x) cos (2irvo t + iJ/ (x) }
with d(x) a positive value close to r/2 and very 
slowly increasing with x, if the phase reference 
is chosen with the y-coordinate positive.
The development of (15) with reference to 
(IA) permits deduction of the instantaneous vel o ­
city profile in the new fluctuating axis :
A(x,yto) - a ( x , y ,0) - a(x,y,2vo)
( 1 6 )
A ( x , y t v Q) - a ((x,y,vo ) - —  d(x)
Then, the harmonics are created by the oscillation 
of a permanent return flow in the axis x,y+ whose 
profile is the same as a (x,y,2vQ). Figure 12 
represents the measured values of the relative 
amplitude of the 2 v q  frequency motion, and Figure 
13 (a and b) the coherent fluctuating velocity
field obtained by a superposition of 1 c i vcJ
U ref
uoon the return oscillating flow -a(x,y-yg ,2v q)
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As can be observed in Figure 12, the flux of the U- 
component in this flow is not a conservative one, so 
e a c h  vortex includes the group of those w h i c h  lies 
d o w n s t r e a m  in its own stream - l i n e s . T h e  m e c h a n i s m  
of b r e a k i n g  down arises when a new c ontrarotative
v o r t e x  is b o m  on the rear side (t ■ 2/12v ). The no
the flux of the return flow can separate the two vor­
tices (time 3 and 4/12v ) and make a new one w h i c ho
includes all the following others. Dur i n g  one period 
this flux reverses twice and appears responsible for 
the fluctuating drag.
Close to the upstream stagn a t i o n  point, a sim i ­
lar analysis can probably be applied. However, me a ­
surements in the flow perturb it and have not been 
made. The infexion observed (7) earlier in the curve
IiiL_ J_2 Relative amplitude of the second harmonic 
of the velocity fluctuations.
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of the mean wall shear stress evolution at this 
point can be explained by the secondary return flow. 
Equally, the sketch of instantaneous wall shear 
stress evolution (fig. 10) gives support to the 
fact that this flow is oscillating in opposite 
phase to the main separation line.
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DISCUSSION
H. Nagib, I l l in o is  In s t itu te  o f Technology: What 
is  the frequency response? How fa s t can the technique 
work in terms of cycles per second?
Py: I t  i s  quite d i f f ic u l t  to give any "a p r io r i"  value 
because i t  is  a function of the wall shear s tre ss .
For wall electrodes a damping and a phase s h if t  appear 
when the dimensionless frequency exceeds 0 .5  - th is  
dimensionless frequency is  a function of the length of 
the electrode and the wall shear s t re s s . These para­
meters can be adjusted so that the response remains 
good.
G. Corporon, Foxboro Corporation: Cousins at Kent 
Instruments has studied the app lication o f rectangular 
cross section cy lind ers shedding vo rtices to the meas­
urement o f f lu id  flow rates in  pipes. He found that 
the optimum rectangular body had a downstream length 
to width ra tio  o f 0 .65 . The blockage was ~ 40*.
a) Have you studied or do you plan to study other 
rectangular cross sections that may lead you to an 
em pirical model o f the boundary layer which might then 
allow  prediction of optimum shapes fo r vortex shedding 
bodies. (By optimum I mean that they shed very strong 
v o r t ic e s .)  Such a model would have considerable value 
to the in d u str ia l community.
b) Jordan and Fromm published a paper 1n "Physics of 
F lu id s" where they num erically solved the Navler Stokes 
equation fo r flow about a cy lin d e r. They determined 
the vortex shedding behavior of the cy lind e r over the 
Reynolds number range 40 to 1000 and determined the 
ve lo c ity  p ro f ile . The ir primary problem was that th e ir  
mesh s ize  was too large to permit determining what was 
happening in the boundary laye r and th e ir  re su lts  were 
therefore not va lid  fo r  Reynolds numbers > 400 and so 
your work would be very Important in that kind o f anal­
y s is .
Are you fa m ilia r  with th e ir  paper and I f  so have 
you compared your Figure 13 to the ve lo c ity  p ro file s  
they determined?
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3y :  We have studied the vortex shedding on c ir c u la r  
cross section cy lin d e rs w ith higher aspect r a t io ,  in  
a cross flow and when the cy lin d e r is  yawed. The 
rough stru ctu re  of the flow is  not strongly modified 
by aspect ra t io  and the yaw. At the Reynolds number 
used (5 ,000 to 20 ,000 ), the coherence sca le  o f the 
vortex shedding frequency i s  quite important and our 
channel is  too small to obtain between two points upon 
a generant a coherence c lo se  to zero, 
b) Your question is  quite in te restin g  because th is  
study has been asked by the laboratory o f C .E .A .T . at 
P o it ie rs  which makes these ca lcu la tio n s with geometry 
and Reynolds number in agreement. The comparison is  
to be made in  a short tim e. More than the mesh s iz e ,
I th ink  the d if fe re n t  character o f two-dimensional tu r­
bulence ca lcu la te d , with three-dimensional turbulence 
ca lcu la te d , with three-dimensional turbulence in ex­
periments, i s  quite important fo r the evaluation in  
time and space of the separated v o rt ic e s .
V. Goldschmidt, Purdue U n iv e rs ity : The re su lts  o f 
Figure 11, fo r example, show measurements in  the wake 
taken with one sensor a t d iffe re n t  lo ca tio n s and time 
measured from the s ta r t  o f an event. How repeatable 
are the values from event to event and how many events 
were needed to obtain the "average" values?
Py: For each point an auto- and c ro ss-co rre la tio n  
function is  obtained. The Fourier Transform gives the 
part of periodic power o f the signal and i t s  phase 
delay which is  not a function o f time because the co­
herency is  close to u n ity . The mean s t a t is t ic a l  values 
o f the flu ctu a tin g  f ie ld s  are obtained from 1,200 
events (20 minutes of in tegrating  tim e, '  1 Hz the 
shedding frequency). The bandpass o f the signal is  
c lo se  to 20 Hz. Then the s t a t is t ic a l  e rro r remains 
poor.
Nagib: Did I understand you to say that the technique 
is  in se n s it iv e  to the turbulence?
Py: This technique is  quite se n s it iv e  to turbulence. 
Here, a l l  the inform ation concerning turbulence has 
been extracted by co rre la tio n  and sp ectra l a n a ly s is .
I t  was impossible with s t a t is t ic a l  measurements to re ­
co n stitu te  the random motion. Only the mean quadratic 
values o f the turbulent motion are given here.
T . H anratty , U n ive rs ity  o f I l l i n o i s :  How does the per 
formance of the sandwich probe compare with ju s t  a 
s ing le  probe?
Py: In a boundary laye r flow when the wall shear 
s tre ss  never decreases to zero , re s u lts  are quite 
s im ila r  except fo r the frequency response which is  
extended with the twin e lectrode . The temporal re ­
sponse is  fa s te r  and can be characterized  by a small 
over-shoot.
In separated zones the d iffe rence  is  quite import 
ant because,with sin g le  e lectro d es, the s e n s it iv it y  
to the spanwise v e lo c ity  component never changes and 
the sign of the chord-wise component is  indeterm inate. 
Then, the signal cannot allow  the determination of the 
wall shear s t re s s .
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ABSTRACT
Some recent attempts at predicting turbulent two­
dimensional recirculating flows have concentrated on 
modelling the turbulent energy equations used in the 
finite difference analysis methods of solutions of the 
elliptic partial differential equations governing these 
flows. These attempts have to some extent been 
restricted by the lack of experimental studies of the 
high turbulence intensities found in separated flows. 
The improvement of the pulsed hot-wire anemometer and 
the laser Doppler anemometer have made possible such 
studies and this paper describes an investigation using 
the laser Doppler anemometer in a separated flow situa­
tion. Results are given of an experimental study of 
the plane turbulent separated flow of water over a 
double backward facing step of duct height ratio 3:1. 
Time mean streamwise, transverse and cross-stream com­
ponents of velocity are reported, together with the 
turbulent velocity fluctuations. The measurements 
were made using a laser Doppler anemometer operating 
in the differential Doppler mode with forward 
scattering. The problem of high turbulence intensity 
and instantaneous flow reversals was overcome by 
frequency shifting of the incident laser light beams 
using a pair of Bragg cells. Substantial changes in 
flow patterns were detected together with turbulence 
intensities based on local streamwise velocity of up to 
100% were recorded in the recirculating zones. Trans­
verse turbulence intensities were in general about half 
that of the streamwise components, with cross-stream 
intensities an order of magnitude lower again.
INTRODUCTION
The importance of recirculating turbulent flows in 
engineering practice is well known. Although the hot­
wire anemometer has been used in the investigation of
such flow fields, the method can encounter difficulties 
when measuring velocities in narrow boundary layers and 
large scale turbulence but di Gesso and Davies (1975) 
have recently produced very interesting results from 
hot wires using a combination of experimental and ana­
lytical methods. Nevertheless, various optical 
velocity measuring techniques have been developed, e.g. 
Schlieren, Davies (1971), interferometry, Schwar (1970), 
velocity meter, Thompson (1968), particle velocity 
meter, Gaster (1964), fringe anemometers, Rudd (1969) 
and the laser Doppler anemometer.
The feasibility of measuring fluid velocity from 
the Doppler shift of scattered laser radiation was 
first demonstrated by Teh and Cummins (1964). The 
velocities they measured were as low as 0.07 mm/sec. 
Mono-dispersed polystyrene spheres of diameter 0.557 pm 
(1 part solid to 30,000 water by volume) were used as 
scattering centres to provide the Doppler shift. Later 
Foreman, et al (1966) showed that flow measurements 
were possible in ordinary tap water without the addi­
tion of scattering contaminants of any kind. Subse­
quent investigations by Goldstein & Kried (1967) and 
Goldstein & Hagen (1967) indicated that velocities were 
capable of being measured up to an accuracy of 0.1 per 
cent. Also not only mean turbulent velocities but 
also the probability function for the turbulent 
velocity could be determined.
Various studies have already been carried out on 
flow separation over a step such as Abbot and Kline 
(1961), and Tani (1961). Very little data however is 
available in the recirculation regions of the flow. In 
this present investigation, velocity measurements have 
been carried out extensively in the recirculation zones 
as well as in main flow direction.
The laser anemometer used was of the low powered 
type (He & Ne - 5 mW) and incorporated a flow direction 
adaptor which used the technique of artificial fre­
quency shifting of the incident laser beams. These 
consisted of two bragg cells giving each incident beam
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a positive a n d  n egative shift respectively. The effect 
of the frequency shift is thus to pro d u c e  a d etector 
current of a  fix e d  known frequency in the p h o t o m u l t i p l i e r  
w h e n  m easuring a p article at rest in the m e a s u r i n g  
volume. T h i s  f r e q u e n c y  is t h e n  increased if th e  par­
ticle moves to o n e  side and d e c r e a s e d  when the p a r t i c l e 
moves to t h e  o t h e r  side. Hence, instantaneous flow 
reversals c a n  be determined a n d  meas u r e d  accurately.
EXPER I M E N T A L  APPARATUS
The t e s t  duc t  was 300 mm  long, 75 mm wide w i t h  a 
d e p t h  of 2.5 nm  o p e n i n g  into a  symmetrical double step 
channel o f  depth 7.5 mm. The duct, made of perspex, 
w as housed in a traversing r i g  w h i c h  allowed m o t i o n  in 
the h o r izontal a n d  vertical plane. Motion in t h e  
vertical p l a n e  w a s  controlled by  t w o  m i c r o m e t e r s . Each 
mi c r o m e t e r  c o nsisted of  a threaded steel shaft r u n n i n g  
in a brass block wit h  the b o t t o m  o f  each m i c r o m e t e r  
shaft bei n g  attached to  a self alig n i n g  b e a r i n g  seated 
in the top of e a c h  supporting block. The micrometer 
thre a d  wa s  1.5 threa d s / m m  provi d i n g  a vertical mot i o n  
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Fig. 1. DUCT C O N F IGURATION AND 
MEASURING STATIONS
The t r a versing r ig was seated on  an optical b e n c h  
w h i c h  c o nsisted o f  two units, a s l i d i n g  plate a n d  a 
base. T h e  sliding plate h a d  two grou n d  shafts on 
w h i c h  the supporting blocks mov e d  a n d  wer e  attached to 
a  s liding pla t e  via a r e c tangular block of m i l d  steel. 
A  nut wa s  scre w e d  up tight o n  the b o t t o m  of e a c h  shaft 
a n d  then tur n e d  in a lathe s o  that it formed a perfe c t l y  
fla t  seat for th e  shaft. Th e  s h a f t  then p a s s e d  through 
clear a n c e  holes in the rectan g u l a r  block and w e r e  
secured f r o m  the bottom. Th e  b l o c k  was raised on 
spacers t o  allow clearance f o r  t h e  lower nuts. The 
r e c t a n g u l a r  blocks were then b o l t e d  to the sliding 
p l a te. Allowance fo r  any misali g n m e n t  was prov i d e d  
f o r  by bolt i n g  the rectangular b l o c k s  through large 
clearance holes. The sliding p l a t e  was fabricated 
fro m  mi l d  steel precision grou n d  o n  both sides to
ensure a low friction surface for sliding on the base.
The base was an optical bench with three leveling 
screws. The sliding plate m o v e d  over it an d  its motion 
was fixed by placing strips on  either side of it.
Axial movement of the test duct was meas u r e d  wit h  a 
steel rul e  with mot i o n  in the direction b e i n g  effected 
m a n u a l l y .
The flow system was m a d e  up of a loop system. 
Ordinary tap water was pass e d  through the test section 
and entered the inlet stil l i n g  chambers of the duct 
through t w o  inlet tubes and was discharged through two 
outlet tubes fro m  the exit settling chamber. Resis­
tance v a l v e s  are inserted in the two exit tubes to 
provide a n  increase in flow pressure if necessary.
This h e l p e d  in the r emoval of air bubbles tra p p e d  in 
the settling chambers. During experimentation, the 
resistance valves were kept ope n  and direct control of 
the flow was via a tap in the supply line. The 
velocity profile at the step was obtained by laser 
anemometry at the b e g i n n i n g  of  each w orkout and the 
flow w as adjusted to suit the original profile. It 
was assu m e d  that for each experimentation, the pressure 
on the supply line r emained fairly constant.
T h e  laser anemometer (type 55L by DISA) comprised 
a helium-neon laser w i t h  a wavel e n g t h  of 632.8 nm, the 
optical unit, the flow d irection adapter, photo m u l t i ­
plier a n d  the electronic proce s s i n g  equipment, namely 
a high voltage supply, a signal processor, preamplifier, 
frequency tracker, met e r  unit, signal conditioner, 
digital voltmeter and a n  r.m.s. voltmeter. The 
anemometer was used in the differential Dopp l e r  mode, 
flow veloc i t i e s  being calculated from the formula
f . . X - A
V  ' 2 sin (6/2)
where f ^  is the Doppler frequency, X the laser beam 
wavelength and 6 the angle of intersection of the 
beams.
RESULTS
Usi n g  the differential Doppler mode, the digital 
voltm e t e r  and the r.m.s. v o l t m e t e r  give readouts of 
the m e a n  and root m e a n  squares of the Dop p l e r  f r e ­
quency. Fr o m  these r eadouts could be o b t a i n e d  the 
values of the mean velocity and the root mean square 
velocity. Measurements w e r e  taken at r e g u l a r  inter­
vals d o w n s t r e a m  of the step. For the streamwise 
direction, readings were obtai n e d  for every 0.33 mm 
approximately (i.e. half turn of micro m e t e r  screw) 
traverses being from the top wall s urface to the 
b o t t o m  wall surface. For the t r a nsverse direction,
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readings could only be obtained for the region lying 
between 1.2 mm from both wall surfaces. The results 
obtained were used to give streamwise velocity profiles, 
streamwise turbulence intensity based on the local 
streamwise velocity, streamwise turbulence intensity 
based on the mean duct exit velocity, transverse 
turbulence intensity based on the local streamwise 
velocity, transverse turbulence intensity based on the 
mean duct exit velocity and contour plots of streamwise 
turbulence intensity based on the mean duct exit 
velocity. Figure 1 shows the position of the various 




In Figure 2, two distinct recirculation zones 
could be observed, one on the top wall surface and the 
other on the bottom wall surface which compare very 
favourably with the laminar flow study in a similar 
geometry of Durst et al (197*4). The velocity profiles 
were not symmetrical about the centre-line due to the 
coanda effect in which the fluid takes a preference 
to one wall surface. The upper recirculation bubble 
extended to about x/L = 3.39 compared to about 
x/L = 0.85 for the lower bubble. The maximum 
velocity measured in the upper recirculation zone was
Local Velocity/Duct Exit Velocity
• 0.51
o 0.85 
x/L = □ 3.39
A 5.76 
A 1 0 . 8*4
Fig. 2. MEAN STREAMWISE VELOCITY PROFILE Fig. 3. DISTRIBUTIONS O F  STREAMWISE 
NORMAL TURBULENT STRESS 






Fig. *4. DISTRIBUTIONS OF TRANSVERSE 
NORMAL TURBULENT STRESS 
BASED ON MEAN LOCAL VELOCITY
• 0.51
o 0.85 
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A 5.76 
A 10.8L
Fig. 5. DISTRIBUTIONS OF STREAMWISE 
NORMAL TURBULENT STRESS 
BASED ON MEAN DUCT EXIT VELOCITY
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78% of the mean duct exit velocity compared with a 
value of 37% for the lower recirculation zone. At 
x/L = 10.84, the flow was fully redeveloped and the 
profile symmetrical. No measurements are taken 
beyond this point. The mean duct exit velocity 
obtained from this profile by  integration was 0.48 m/s 
which corresponds to a value of 0.49 m/s calculated 
f r o m  the mean velocity at the step.
Streamwise turbulence intensity based on local 
streamwise velocity
As a result of the definition of turbulence inten­
sity* the profiles in Figure 3 show singularity points 
at the reverse flow boundary and at the two wall b o u n ­
daries where the mean velocity approaches zero. Three 
distinct zones of turbulence can be seen initially just 
after the step at x/L = 0.51. These correspond to the 
upper recirculation region, a main flow region and the 
lower recirculation region. The intensities measured 
in both recirculation zones are of the order of 100% 
compared with a value of about 10% arou n d  the centre of 
the duct. As the f l o w  moves downstream the profiles 
change i n  a regular pattern, intensities around the 
lower portion o f  the duct falling off rapidly. At 
x/ L  = 3.39, the curve becomes continuous and the flow 
is out o f  both recirculation bubbles while at x/L = 
10.84, the turbulence intensity settles to a value of 
about 20%.
Transverse turbulence intensity bas e d  on local 
streamwise velocity
The profiles shown in Figure 4 are generally 
similar to Figure 3 but on a smaller scale. Here 
readings could only b e  obtained up to 1.2 mm from both 
wall surfaces owing to the method of measurement. The
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Fig. 6. DISTRIBUTIONS OF TRANSVERSE 
NORMAL TURBULENT STRESS 
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Fig. 7. CONTOURS OF CONSTANT STREAMWISE 
NORMAL TURBULENT STRESS BASED 
ON MEAN DUCT EXIT VELOCITY
lowest turbulence intensity m e a s u r e d  was about 3% at 
about x/L = 0.51. This compares with a value of about 
10% to 15% for the streamwise component. The fully 
redeveloped turbulence intensity at x/L = 10.84 is 
about 10% which is approximately half the streamwise 
v a l u e .
Streamwise turbulence intensity bas e d  on mean 
duct exit velocity U^
In Figure 5 these profiles show the actual stream- 
wise fluctuating velocity. The upper scale gives the 
r.m.s. turbulent velocity in m/s and the bottom scale 
gives the turbulence intensity b a s e d  on the mean duct 
exit velocity U^. As can be seen the turbulent 
velocity increases steeply to two peak values near the 
two reversed flow boundaries. This could be visualized 
as two shear layers induced by the two edges of the 
step. The peak values of turbulent velocity from this 
profile are 0.36 m/s and 0.29 m/s. As the flow p ro­
ceeds downstream, the profiles change as shown. At 
x/L = 10.84 where the flow is fully r e d eveloped,turbu­
lence intensity settles down to about 20% with a co r ­
responding turbulence level of about 0.1 m/s.
Transverse turbulence intensity bases on mean 
duct exit velocity U e
The profiles of Figure 6 are somewhat different 
from Figure 5. The scale of turbulence is lower 
rising to a maximum of 27.5% (turbulence level 0.13 
m/s) at about x/L = 0.85. Beyond x/L = 3.39 the 
turbulence starts to fall off rapidly settling down to 
a value of about 10% (0.05 m/s) which is half its 
streamline component.
Contour plot of streamwise turbulence intensity 
based on me a n  duct exit v elocity
The contours of constant turbulence intensity 
are given in Figure 7. In general three distinct 
regions can be seen:-
a) an upper recirculating region with intensi­
ties of up to the order of 120%
b) a central region comprising of the main flow 
of intensities from 20% to about 60%, and
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c) a lower recirculating region with intensities 
from 60% up to the order of 120%.
CONCLUSIONS
Mean velocities and turbulence characteristics 
have been measured successfully both in the main flow 
as well as in the recirculation regions of a duct with 
abrupt changes in cross-section. Extensive velocity 
and turbulence intensity profiles have been obtained. 
Turbulence intensities based on the local streamwise 
velocities, of up to the order of 100% have been 
measured in the recirculation zones. Transverse 
turbulent intensities based on the mean duct exit 
velocity were in general about 50% of the streamwise 
counterparts. The maximum streamwise turbulent 
velocity measured was about 150% more than the 
corresponding value at the step.
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DISCUSSION
R. V. Edwards, Case Western Reserve U n ive rs ity :
How did you measure turbulence in ten sity?  I f  you 
ju s t  put an R.M.S. meter on the output of the 
tracke r, you are lia b le  to get a high turbulence 
in te n s ity  since the output contains both turbu­
lence fluctuations and the "ambiguity noise" f lu c ­
tuations. This e rro r can be mitigated by using 
two or more d iffe re n t f i l t e r s  in the output and 
then plotting apparent turbulence in te n s ity  vs 
f i l t e r  bandwidth. c . f .  W. K. George, "The 
Measurement of Turbulence In tensity  Using Real 
Time Laser-Doppler Velocimetry," J .  Flu id Mech.,
66, p. 11-16 (1974).
Smyth: I think th is  1s a va lid  point and 1n truth 
we did not take exceptional measures to correct 
fo r such "noise".
H. M. Nagib, I l l in o is  In s titu te  of Technology:
Since the numerical predictions based on the Im­
peria l College Program assume symmetry of the flow 
with respect to the a x is  of the duct, how do you 
ju s t i f y  the comparison with your measurements 
which show non-symmetry?
Smyth: On the la s t  figure I plotted the symmetri­
cal trace . The prediction technique that I men­
tioned can be run fo r the complete width o f the 
duct. I have only run the h a lf duct.
T. J .  Hanratty, U n iversity  of I l l in o is :  This is  
a very in teresting  application of the la se r Doppler 
velocimeter to measure ve loc ity  f ie ld s  in certa in
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complex s itu a t io n s . I t  c le a r ly  ind ica tes the rea l 
advantages in  th is  technique over hot w ire s . Is  th is  
the f i r s t  in vestig a tio n  lik e  th is  o f turbulent separ­
ated flows? A lso , would you t e l l  us some o f the p it ­
f a l l s  in using the la se r  Doppler technique to study 
separated flows?
Sinyth: W e ll, o f course, the laborato ry s itu a tio n  
avoids many of the p i t f a l l s  that occur in in d u str ia l 
and real p ra c t ic a l a p p lica tio n s . In  those s itu a tio n s 
you've got rea l problems i f  you 're measuring in f lu id s ,  
sa y , in  a combustion chamber where you might be allowed 
to put one window in  but one on e ith e r  side of the 
combustion chamber. We have not had a lo t  of trouble 
in  the laboratory using the la se r  Doppler anemometer.
I t  has been qu ite  easy to set up and quite easy to use , 
a f te r  we became fa m ilia r  with the technique. Of course, 
I th ink  a major advantage in the LDA is  i t s  use in  
flow s l ik e  flam es.
M. W olfshtein , Is ra e l In s t itu te  of Technology: I have 
three questions: Were there any three-dimensional or 
non-steady e ffe c ts  observed near the stagnation points 
(e sp e c ia lly  near reattachment)? How was two-dimension­
a l i t y  of the flow  estab lished? Do the re su lts  in d ica te  
whether a s c a la r  eddy-v iscosity  may be used in th is  
flow  f ie ld ,  or should one use d if fe re n t  v is c o s it ie s  in  
d if fe re n t  d ire c tio n s?
Siqyth: There were three-dimensional e ffe c ts  observed 
near the step and the point o f reattachment and the 
re su lts  are  a ffected  a t  those po ints to some exten t. In 
consequence we could not say we had true two-dimension­
a l i t y  - we had a s itu a tio n  o f a ve ry  wide duct.
J .  W. Smith, Toronto: A somewhat re la ted  problem 1s 
the pipe j e t .  We have used the F la sh  Pho to lysis 
Technique to study the laminar pipe je t  ( I r ib a rn e , e t 
a l . ,  AIChE J .  18 , 689 (1972 )). Even 1n the lam inar j e t ,  
turbulence is  encountered in  the reattachment zone.
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SEPARATION OF LOW REYNOLDS NUMBER FLOW 
AROUND A CORNER
T. Matsui, M. Hiramatsu and M. Hanaki 
G ifu U n iversity  
Kakamigahara, Gifu 504, Japan
ABSTRACT
I t  was shown experimentally that low Reynolds 
number flows around a sharp corner do not separate at 
the corner, and separation points move downstream from 
the corner with decrease in Reynolds number. For the 
flow in a channel with a backward-facing step, the 
experimental re su lts  showed a good agreement with 
those of numerical ca lcu la tio n  fo r the position of 
separation points and the length of standing vo rt ice s .
INTRODUCTION
I t  is  usually  thought that a re a l , viscous flow 
around a sharp corner separates from the corner. How­
eve r, on the course of experimental studies o f the 
mechanism of reattachment o f separated boundary la ye rs , 
i t  was found that low Reynolds number flows around a 
sharp corner made of two f l a t  plates did not separate 
at the corner, but separated at a point downstream 
from the corner. This phenomenon is  contrary to the 
usual idea of separation in  a flow around a sharp 
corner. The phenomenon of separation downstream from 
a sharp corner was f i r s t  found experimentally by Hama 
(1965) in a backstep-type laminar supersonic flow . In 
numerical studies of the flow in a channel w ith a back­
ward-facing step , that is  the case where the deflecting  
angle is  90 degrees, Kawaguti (1965) shows a small 
dotted lin e  segment below the fu l l  lin e  ind icating 
d iv id ing  stream line near the corner. I t  was informed 
by a p rivate  communication from Kawaguti that the 
dotted lin e  is  the actual computed divid ing stream line, 
as was conjectured by Roache and Mueller (1970). They 
show a regular movement o f the separation point down 
the base as the Reynolds number is  decreased in  the ir 
numerical stud ies. Then, an experimental study of the 
flow was made in order to confirm the movement of sepa­
ration  points with decrease in Reynolds number.
EXPERIMENTAL ARRANGEMENTS AND PROCEDURES
The experimental arrangement to observe the flow 
around a sharp corner made of two f la t  p lates is  shown 
in F ig . 1 . A channel with p a ra lle l w alls was used in 
order to minimize the e ffe c t o f pressure gradient in 
the outer flow . Reynolds number, U S ? / , was 
varied by the length L  of upstream f la t  p late and the 
ve lo c ity  U  of outer flow , where 6* denotes the ca lcu­
lated displacement thickness o f the boundary la ye r at 
the corner assuming a sem i-in fin ite  f la t  p la te , that is  
8*= 1 .72YV L/U  , and V  denotes the kinematic v is c o s i­
ty . A channel w ith a backward-facing step is  shown in
F ig . l .  A sharp corner made of two f la t  plates.
F ig .2. A channel with a back-step.
F ig . 2 . The width of the channel upstream of the step 
is  10 mm, that of downstream being 20 ran, so that the 
height o f the step is  10 ran. The channel is  long 
enough to secure the P o ise u ille  p ro file  both fa r  up­
stream and downstream from the step according to the 
assumption in Kawaguti's ca lcu la tio n . The flow was
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v isu a lize d  by the hydrogen bubble technique. Dye 
method was also used to measure the position  of separa­
tion on the wall downstream from the corner. Water was 
used as a working f lu id  fo r the flow around a sharp 
corner made of two f la t  p la te s , whereas g lyce rin  so lu­
tion was used fo r the flow  in a channel w ith a step as 
lower Reynolds numbers were required to compare with 
the calcu lated  re s u lts .
EXPERIMENTAL RESULTS AND DISCUSSIONS
Flow Around a Sharp Corner Made of Two F la t  P la tes
Patterns of flow around a corner by the hydrogen 
bubble method are shown in F ig . 3, in  which tim e-lines
(a) no separation (R,-=250 <x=iO)
i b) reattachment ( Rr=250 oc=T7.5)
' ' )  n .  r ^ - a t t a c h - r v - n t  ( R^-175 a - 30)
F ig .3. Flow around a sharp corner, 
are seen with a streak lin e  streaming from a point 
near the corner. When the angle o f de flectio n  of the 
downstream f la t  p la te ,o( , is  10 degrees and the d is ­
placement thickness Reynolds number, R § * , at the 
corner is  250, the flow advances along the downstream 
p late w ith no separation , as is  shown in  F ig . 3 , (a ) .
For d  = 1 7 .5 ° , the flow does separate , and then re a t­
taches to the downstram p la te , as seen in Fig.3,(b).
In F ig .3 , ( c ) ,  the flow fo r R$f= 175 and - 30° is 
shown. The flow does not reattach a f te r  separation . 
The process of vortex formation in the separated shear 
layer is  shown in F iq .4 . When o( = 20° and R?f= 210,
(4) (8)
R«*=185 Oc=30’
F ig .4. Vortex formation in a separated shear la ye r, 
vo rtices formed in the separated shear laye r go down­
stream one a fte r  another, and the outer flow reattaches 
to the downstream wall in te rm itte n t ly . The stream lines 
in th is  flow are shown in F ig .5, which are drawn by 
connecting points of the same ra te  o f flow calcu lated 
from the measured ve lo c ity  p ro f ile s  at downstream 
sections from the corner. In th is  f ig u re , the stream­
lin e  fo r zero rate  of flow is  seen to meet the wall at 
a point downstream from the corner. Accord ingly, the 
flow does not separate at the co rner, but i t  turns 
around the corner and then separates at a fu rther down­
stream point. Dye was painted on the wall downstream 
from the separation point so that the position of the 
fro nt of reverse flo w , that is  the separation l in e , 
might be measured d ire c t ly . An example of measured re-
284
su its  is  shown in F ig .6, where X s denotes the distance 
between the corner and the separation point. I t  is  
seen in the figu re  that the separation point comes
F ig .5. Streamlines in the separated region.
xs f
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F ig .6. Position of separation point, 
nearer to the corner with increase in the angle and 
the v e lo c ity . A lso , i t  was found that the separation 
point approaches the corner as the length of upstream 
plate is  decreased. When denotes the displacement 
thickness at the separation point, R  g f= U $ ? / 0  , the 
Reynolds number, and P  = 8$*/ 1^ {lVi/dx\XxcXv the nondi­
mensional pressure gradient, the log-log p lot of * s / 8s 
v e rs u s -p  / R ^ *resu lts  in a stra ight lin e  as shown in 
F ig .7. Here, S ’  is  calcu lated from the assumed length 
of f la t  p late longer by X s  than the actual length of 
upstream p la te , and \da/dx\  calcu lated at the
section X s  downstream from the corner on the stream­
lin e  in a potential flow w  = U z .n , which passes the 
point S from the corner on the bisector of the corner 
angle, 8 = 5.2 / C x / \ J  being the boundary layer th ick ­
ness a t the corner calcu lated from the length of up­
stream p la te . Then, the actual pressure gradient at 
the separation point is  assumed to have the value of 
that on the streamline in a potential flow around a 
corner S  o ff  from the corner. In the same fig u re , the 
re su lts  of nunerical ca lcu la tio n  for the flow over a 
step by Kawaguti is  also shown, where the intersecting  
point o f a small dotted lin e  to the rear face of a step 
was read in h is  figures as the actual separation point 
and the displacement thickness was calcu lated by assum­
ing the center of the upstream channel as the edge of 
the boundary laye r. I t  may be noted that the resu lts  
by Kawaguti are also on a stra ight lin e  almost p ara lle l
to the former. Thus, i t  can be said that the nondim­
ensional distance of separation point from the corner, 
X&/$T > depends on some power of the nondimensional 
pressure gradient a t the separation p o in t ,- p / R g » , 
regardless of the corner angle, the value of power be­
ing a constant. Th is re la tio n  may be suggested by the
F ig .7. Position of separation point 
versus pressure gradient.
physical meaning of the nondimensional pressure gradi­
ent which is  the ra t io  of pressure force to viscous 
fo rce .
Flow in  a Channel with a Back-Step
This experiment was made to test the calculated 
re su lts  by Kawaguti. In h is ca lcu la tio n  the flow is  
assumed to have the P o iseu ille  p ro file  both upstream 
and downstream of a step . So, at f i r s t ,  the ve lo c ity  
p ro file  in the channel was measured, and i t  is  shown
F ig .8. Velocity p ro file  in a channel a t the section 
8.0 cm upstream from the step.
in F ig .8 , where the Reynolds numberR= Q/p  , 0  being 
the rate of flow . The ve loc ity  p ro f ile  is  seen to be 
parabolic. Flow patterns by hydrogen bubble method 
are shown in F ig .9. Streamlines over a step near the 
surface go downward immediately downstream the corner 
and the separation is  seen to occur a t  a point below 
the corner. Thus, the measured position of separation 
point is  compared to the calcu lation by Kawaguti in 
F ig .10. The measured length of standing vortex and
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F i g . 9.  P at t e rn s  o f  f l o w  over a b a c k - s te p . F i g . 9.  co nt in ued .
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the measured position of its center are shown in Fig.11 
and F ig .12, respectively, being compared with the 
calcu la tio n . It is seen that the experimental results 




10 50 R j 100
F ig .10. Position of separation point in a flow 
over a step.
Fig.11. Length of standing vortex.
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F ig .12. Position of center of standing vortex.
The e ffe c t of the step angle on separation is seen 
in F ig .13, where (a ) , (b) and (c ) are fo r the step 
angle 0< = 45°, 60° and 90°, resp ective ly . I t  can be 
seen that the separation point moves to the corner with 
increase in the step angle.
CONCLUSIONS
It  was shown experimentally that low Reynolds 
number flows around a sharp corner turn around the
(a) (X = 45°
(b) <* = 60°
(c ) = 90°
F ig .13. E ffec t of the step angle on separation.
R  = 27.2.
corner and then separate at a point downstream from 
the corner. The nondimensional distance of separation 
point from the corner depends on the ra tio  of the non­
dimensional pressure gradient to Reynolds number, re ­
gardless of the corner angle.
The experimental re su lts  for the flow in  a channel 
with a back-step shows a good agreement with the calcu­
lated resu lts  by Kawaguti.
The separation point moves near to the corner as 
the deflecting  angle at the top of a step increases.
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DISCUSSION
R. Hummel, U n ive rs ity  o f Toronto: Does your separation 
point move?
Matsui: I t  moved to and fro  in the flow around a corner 
made of two p la tes . I t  was statio nary  in the step flow. 
Generally speaking, the movement of separation point is  
due to the vortex formation in the shear la ye r on the 
top of the separated region and/or the vortex shedding 
from that region, which are promoted with the in ­
crease in Reynolds number.
Hummel: You mentioned that you measured time lin e s  in 
the portion where you had the hydrogen bubbles in 
reverse flow . I t  looked lik e  i t  would be rather hard 
to measure ind ividual time lin e s , that you could 
measure the th ickness, but maybe not the d ire c tio n .
I was wondering i f  you could comment on how well the 
student could measure the time lin es in the re c ircu ­
lated flow.
V. Goldschmidt, Purdue U n ive rs ity : I wonder whether 
e ith e r Kawagutis' an a lysis  or your measurements (as 
noted in Figure 7) might suggest what would happen to 
X$ as L (o r S$*) becomes la rger and la rger ( f in a l ly  
approaching in f in it y  or p rio r to that t ra n s it io n ) . I 
suspect that the re su lts  of figure 7 w il l  change as 
that occurs.
Matsui: I t  is  not easy to t e l l  the e ffe c t  of L on X$ .
Xs may have a maximum value fo r some value of L . In 
our experiment, X$ had the tendency to increase with 
the increase in L , which was varied from 10 cm to 40 cm, 
though X$ for L = 10 cm was maximum fo r large de flec­
tion angles and fo r low ve lo c it ie s  and X$ fo r L = 20 cm
was maximum for small deflection  angles and fo r low
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v e lo c it ie s . At f i r s t ,  the values of Xs /6s were 
plotted against (-P ) in log-log p lo t. The plotted 
points were not on a sing le  l in e ,  and Kawaguti's 
data were on another lin e  with a d iffe re n t slope. When
"fc
they are plotted against (-P )/R s$ , they are on a single 
lin e  and Kawaguti's data are on another lin e  with the 
same slope as that of the former, as shown in Figure 7. 
The physical meaning of (-P )/R ss is  the ra tio  of 
assumed adverse pressure force to in e rt ia  force on 
the f lu id  element in the boundary la ye r at the section 
X$ because
So, I don't think that the re la tio n  between Xs / 6$ and 
(-P )/R 5* w i l l  change fo r large L , so long as the flow 
is  lam inar.
B. Jones, U n iversity  o f I l l i n o i s :  I have one comment 
and three questions. I think you are too modest in 
your appraisal o f the level o f agreement in Figure 10. 
I t  looks good to me. 1) How q u a n tita t ive ly  sharp is  
the corner? For example (radius o f curvature/6* )
Could give a measure. 2) In the shallow angle case, 
such as Figure 13 (a ) ,  did the length of the down­
stream plate influence the separation? 3) I t  appears 
that the separated region may be from a forward facing 
step in Figure 13. Would you speculate on th is?
Matsui: 1) The radius of curvature was not measured. 
The corner was made of two f la t  p lates of 5 mm th ick ­
ness with a sharp edge less than 0.1 run th ick  where 
the two plates met. 2) The length o f the base plate 
was constant and was long enough not to influence 
the separation in our experiment. I think i t  may 
influence the separation i f  i t  is  sho rt. 3) I am 
sorry I do not exactly  understand the meaning of your 
question. We did not use a forward facing step . I t  
seems to re la te  to your question 2. In Figure 13, as 
the step height is  kept constan t, the length of the 
plate between the top corner and the bottom corner is  
longer in the shallow angle case , and i t  influences 
the separation. In the step flow , the e ffe c t  of step 
angle consists o f that of de flection  angle at the top 
corner, the length of step surface and the deflection 
angle at the bottom corner, which are expressed as 
functions of the deflection angle at the top corner. I 
Figure 13, the e ffe c t of step angle is  shown.
SOME OBSERVATIONS OF WAKE BEHAVIOUR IN 
LAMINAR AND TURBULENT FREE STREAM FLOW
L. E. Seeley*, R. L . Hummel and J .  W. Smith 
Department of Chemical Engineering 
U niversity of Toronto 
Toronto, Canada M5S 1A4
ABSTRACT
Visual observations of the sphere wake have been 
obtained using the flash  photolysis technique. Free 
stream turbulence of 7 and 10% was found to progress­
iv e ly  reduce the s ize  of the wake but no turbulence 
was found in the attached shear layer nor was the posi­
tion of the separation point affected. A separation 
bubble was id en tified  as predicted by Son and Hanratty 
(1969). Evidence is  presented to show that drag reduc­
tion in turbulent free streams is  not due to turbulence 
in the attached boundary layer but to enhanced momentum 
transfe r in the wake.
INTRODUCTION
Recently, Seeley et a l . (1975) presented the re­
su lts  of an experimental study to measure ve lo c ity  pro­
f i le s  in laminar flow around spheres at Re from 300 to 
3000. The rad ia l and tangential ve lo c ity  f ie ld s  were 
calculated from tim e-lines obtained using the photo­
chromic tracer technique described by Smith and Hummel
(1973). Films were made of the boundary layer and wake 
under the influence of grid-generated turbulence at in ­
te n s it ie s  of 7% and 10% and Re of 700 and 3200. These 
film s have not been analyzed num erically, but the qua li­
ta t ive  re su lts  are of considerable in te re s t . The prob­
lems of in te rest in th is  paper are:
(1) The e ffec t of free stream turbulence on the 
separation point.
(2) The propagation of turbulence from the free 
stream into the boundary laye r.
(3) The e ffec t of free stream turbulence on wake 
behaviour.
(4) Confirmation of the existence of a separation 
bubble, as predicted by LeC la ir (1970) and Son and 
Hanratty (1969).
Present Address: Falconbridge Nickel Mines, Ltd .
Falconbridge, Ontario
Free Stream Turbulence, the C r it ic a l Reynolds Number 
and the Separation Point
Clamen and Gauvin (1969) and Torobin and Gauvin 
(1961a, 1961b) observed that drag was reduced by free 
stream turbulence and deduced that the c r i t ic a l  Re 
decreased from 300,000 to approximately 1000 when the 
in ten s ity  of turbulence in the free stream was in ­
creased from a very low value to about 30%. The c r i t i ­
cal drag co e ffic ien t is  usually termed the point where 
the laminar boundary layer becomes turbulent, causing 
the separation point to move to the rear and giving a 
narrower wake with lower drag. I t  is  known that turbu­
lence induced in the attached boundary layer by a ring 
causes the above phenomena to occur at lower Re. 
Achenbach (1972) showed experimentally that the separ­
ation point moved from 83° to 120° at the c r i t ic a l  Re 
of 300,000. However, there is  no a p r io r i reason to 
believe that free stream turbulence has affected the 
separation point or induced turbulence in the attached 
boundary layer at low Re.
Free Stream Turbulence and the Attached Boundary Layer
Achenbach (1972) found that the position of bound­
ary layer tran s itio n  from laminar to turbulent flow 
moved gradually from 97° at Re = 300,000 to 60° at Re = 
5,000,000. This suggests that turbulence is  propagated 
in the wake and transmitted backward into the boundary 
layer and that the attached boundary layer is  stable 
very fa r  back u n til quite high Re. Once again, there 
is  no prime fa c ie  case fo r attribu ting  drag reduction 
in free stream turbulence to the propagation of turbu­
lence in the attached boundary laye r. I t  can be postu­
la ted , however, that free stream turbulence w ill cause 
fluctuations in ve lo c ity  at the sphere surface , as found 
by Popovich and Hummel (1967a, 1967b, 1969) in pipes. 
Such fluctuations w ill give the impression of turbulence 
to most sensing and v isu a liza tio n  techniques.
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Free Stream Turbulence and Wake Behaviour
Roshko (1954, 1967) has suggested fo r  flow over 
a cy lin d e r that t ra n s it io n  to turbulence must occur 
in  the free  shear la ye rs  downstream from the separa­
tion  point before vo rt ice s  fu l ly  form and break away 
and 1f  tra n s it io n  has not occurred then the vo rt ice s  
w i l l  not break away. The location of vortex breakaway 
is  the reattachment region where the shear laye rs  re ­
jo in . Roshko postu lates that any o s c il la t io n s  developed 
in  the free  shear la y e r may be continuously am plified  
to develop large Reynolds stresses which are the domin­
ant stre sse s 1n the reattachment process. The magni­
tude o f the Reynolds stre sses w i l l  contro l the d istance 
to re jo in in g . The in te rac tio n  o f these stre sses w ith 
the flow  f ie ld ,  w ith the wake and with the separated 
boundary laye r at reattachment w i l l  develop in s t a b i l i ­
t ie s .  The developed in s t a b i l i t ie s  can fu rth e r feed 
and magnify the in s t a b i l i t y  in the fre e  shear la y e r .
As the Reynolds number is  fu rth e r increased , the 
tra n s it io n  in  the fre e  shear la ye r moves upstream to ­
wards the separation po in t. Both Roshko (1961) and 
Clamen and Gauvln (1968b) have questioned the ro le of 
the turbulent boundary la ye r in reducing drag at the 
upper c r i t i c a l  Reynolds number. Roshko suggested that 
the reduced drag was a re su lt  o f narrowing the wake 
but the mechanism was caused by lam inar boundary la ye r 
separation followed by rapid t ra n s it io n  of the fre e  
shear layer to a tu rbu lent free shear la ye r and re ­
attachment o f th is  turbulent shear la y e r  to form a sep­
ara tio n  bubble, turbulent boundary la y e r  and f in a l ly  
turbu lent separation . He suggested th a t the turbulence 
develops 1n the attached boundary la y e r  at much higher 
Reynolds numbers as noted by Achenbach (1972). The 
existence of a separation bubble has a lso  been postu­
la ted  by Son and Hanratty (1969) and L e c la ir  (1970).
EXPERIMENTAL
The experimental equipment has been described by 
Seeley et a l . (1975) and 1n d e ta il by Seeley (1972). 
B r ie f ly ,  1t consisted o f a metered flo w  c ir c u it  in  
which the te s t  f lu id  was c ircu la ted  past the te st 
sphere. Blue dye tra c e s , normal to the sphere, and 
at d if fe re n t  angles from the front stagnation p o in t, 
were in it ia te d  by passing a focused beam o f UV lig h t  
from a g iant pulse ruby la se r with frequency doubler 
through the holder of a hollow pyrex sphere as shown 
in  Figure 1. Spheres o f 6.0 and 3 .5  cm were used in 
the 30.5 cm diameter te st section .
D iffe ren t in te n s ity  le v e ls  were generated by p lac­
ing a two-dimensional, square, 5 mesh grid of 1/ 8"
round bars at d iffe re n t positions upstream of the 
sphere. In the absence of the g r id , the velocity field 
in  the te st section was f l a t  with an intensity <0.5%. 
Measurements have shown that turbulence downstream of 
a square-mesh grid becomes p ra c t ic a lly  isotropic when 
the ra t io  o f downstream distance to grid size X/M >
10 to 15. According to Batchelor and Townsend's (1947) 
a n a ly s is  the grid  chosen should produce an in te n s ity  
o f 14.3% at X/M = 30 and of 9% at X/M = 60. However, 
Baines and Peterson (1951) obtained 7.1% at X/M = 30 
and 4.3% at X/M = 60.
In th is  study, the nature o f the turbulence gen­
erated was studied using an o p tica l probe in place of 
the sphere assembly. Grid Re of 244, 168 and 97.5 at 
X/M of 30 and 60 were used. Typ ica l traces a t X/M =
28.7 and X/M = 58.8 are shown in  Figure 2. The results 
of the in te n s ity  measurements are suirmarized in Table 1.
I t  seems reasonable to assume that the intensity 
i s  approximately 10% at X-j/M  ^ 30 and 7% at X^M % 60 
with e s se n t ia lly  no Reynolds number dependence.
The isotropy o f the turbulence was tested in Run 
#1. The ra t io  of the long itud inal to la te ra l in ten­
s i t i e s ,  u ' / v ' ,  was equal to 1 .0 5 , ind icating  that the 
flow was not completely iso tro p ic .
Table 1







1 2AA 30.6 9.66 10.1
2 2AA 60.5 8.6 0 7.0
3 168 32.A 7.A2 10.0
A 168 61.9 6.AO 7.1
5 97.5 33.5 A . 25 9.8
6 97.5 62.5 3.75 6.9
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PYREX SPHERE
Figure 1: Sphere and Optical Probe
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b) To s e c .
FIGURE 2
To + 0.1219 sec. To + 0.245 sec. To + ^ 3 7 9  sec
A sequence of dye traces illustrating turbulence downstream f rom  a g r i d .
ReM = 244, X 1/M - 30,




Approximate Diameter of Free Stream
Sphere Re Sphere (cm) Intensity & Actual Re
0.5% 7% 10%
3000 6.008 X X  (2840) x (3190)
1300 6.008 X x (1300) x (1412)
750 6.008 X
1300 3.495 X x (1255) x (1420)
750 3.495 x ( 692) x ( 740)
290 3.495 X
RESULTS
The experimental conditions studied are summar­
ized in Table 2.
Separation Bubble in Non Turbulent Flow
Evidence of a separation bubble is  suggested by 
a c h a ra c te r is t ic  in fle ctio n  in the rad ial ve lo c ity  
p ro f ile s . L e c la ir  (1970) and Son and Hanratty (1969) 
have also presented resu lts  suggesting a separation 
bubble. A region of very low flow is  c le a r ly  v is ib le  
in the film s . I t  was not possible to determine the 
c ircu la tio n  rate or flow pattern within the region, 
and since the turbulent traces were not analyzed, 
evidence cannot be presented fo r those cases.
E ffe c t of Turbulence on the Attached Boundary Layer
Turbulent flow around the front of a sphere re­
sulted in a fluctuating  non-axisymmetric flow because 
of the ve lo c ity  fluctuations in the free stream; as 
illu s tra te d  in Figures 3 and 4, for a Re = 3190 and I 
= 10.0%.
Free stream turbulence dram atically affected the 
flow at the front stagnation point as illu s tra te d  in 
Figure 3a. The free stream 1s highly decelerated in 
the front stagnation region since th is  f lu id  usually  
becomes the boundary la ye r. The intense flu ctuations 
of the free stream are superimposed on th is  decelerated 
flow and the re su lt is  that the re la t iv e  in te n s ity  of 
turbulence at the front stagnation point increased 
tremendously with ve lo c it ie s  changing considerably in 
d irection and magnitude. Chang (1970) reports that in 
1928, P iercy and Richardson (1928) measured large
ve lo c ity  fluctuations close to the front stagnation 
point fo r flow around a cy linder and these d isturb­
ances were probably a re su lt  of free stream turbulence.
Since the flow from the front stagnation region 
was not uniform, the boundary layer formation was not 
symmetrical. However, as the f lu id  accelerated around 
the sphere, a viscous boundary layer was formed with 
ve lo c ity  flu ctuations being damped. In th is  study, a 
turbulent eddy was never observed in the boundary la ye r. 
P iercy and Richardson (1928) are also reported to have 
found that ve lo c ity  fluctuations were damped out. The 
f lu id  accelerated around the sphere and reached ve lo c i­
t ie s  greater than those in the free stream and th is  
accleratlon caused fluctuations superimposed on the 
flow to become re la t iv e ly  intense. Further, the high 
shear in the boundary layer as a re su lt of f r ic t io n  
likew ise  damped out disturbances and resulted in a 
laminar type ve lo c ity  p ro file . Velocity flu ctuations 
in the free stream up to the edge of the boundary layer 
caused the flow at the edge of the boundary layer to 
change in magnitude and d irectio n . These disturbances 
correspondingly caused the laminar boundary layer veloc­
it y  p ro file  to flu ctuate  in d irection and magnitude.
The magnitude of these disturbances became le ss  near 
the sphere surface and as the f lu id  accelerated around 
the sphere. Waves occasionally appeared 1n the bound­
ary layer downstream from 60°. As the equator of the 
sphere was approached these waves increased in ampli­
tude and frequency of occurrence. Usually a wave which 
formed at 60° damped out at the location of formation 
but was convected downstream. As the separation point 
was reached the boundary layer became th icker and the
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a) To se c . To + 0 . 1122 s e c . To + 0 .237  se c .
To + 0.0498 sec. To + 0.0997 sec.
A sequence of dye t races  at  Re=3190 f o r  a 6.008 cm. sphere
b) 0-15°,  Le = 1 . 76 cm.
To + 0 .374  s e c .
To + 0 .1  494 sec .
a) O 0 ° ,  L e ' 1 . 7 6 cm.
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waves in  the boundary la y e r were quite pronounced but 
o f In d e f in ite  frequency and amplitude. The cause o f 
these waves could not be v is u a l ly  determined but the 
source o f In s t a b i l i t y  at 6 0 ° , fo r  example, would prob­
ab ly be e ith e r the re su lt  o f free  stream in te rac tio n  
on the boundary la y e r  1n th is  region or the propagation 
o f a wave disturbance upstream in  the boundary la ye r 
from the very disturbed separation region. In the 
separation region the boundary laye r thickened with 
low v e lo c ity  f lu id ,  and a disturbance wave o f decreas­
ing amplitude could be propagated upstream. The d is ­
tance a disturbance could be propagated upstream de­
pends on the v e lo c ity  p ro f ile  in  the boundary la y e r , 
the boundary laye r th ickn ess , the Reynolds number and 
the amplitude of the d isturbance. From s t a b i l i t y  
a n a ly s is , S ch lich tin g  (1960) reports that boundary 
la ye r v e lo c ity  p ro file s  are r e la t iv e ly  stab le  to in ­
s t a b i l i t ie s  in  regions o f negative pressure gradients 
but in  regions of adverse pressure g rad ien ts , the veloc­
i t y  p ro f ile  develops a point o f in f le c t io n  and th is  
type of p ro f ile  i s  very unstable to d isturbances.
Lower turbulence le v e ls  resu lted  in the same 
phenomena, which were, however, le ss  in tense . S im ila r­
ly ,  as the Reynolds number was decreased, the e ffe c t  
of turbulence became le s s  because the viscous la ye r 
damped the flu ctu a tio n s more e f f ic ie n t ly  and the rate  
of growth o f in s t a b i l i t ie s  was lower. G enera lly , the 
flow phenomena followed a gradual t ra n s it io n  from the 
laminar fre e  stream case to the most intense turbulent 
free  stream case with no abrupt changes as might be 
expected from the dramatic change 1n turbulent drag 
c o e f f ic ie n ts , as determined by Clamen and Gauvln (1969).
Flow Observations in the Wake
The e ffe c t  o f turbulence on the wake 1s i l l u s ­
trated  1n Figures 5 to 7 , but is  seen much more c le a r ly  
in the f i lm . The forced in te rac tio n  between turbulent 
eddies and the free  shear la ye r markedly increase the 
ra te  of v o r t lc l t y  tra n s fe r from the free  shear laye r 
to the wake.
(1) The Separation Po in t. In a l l  the experiments 
fo r a p a r t ic u la r  Reynolds number, the attached shear 
la ye r separated from the sphere at approximately the 
same angle. Free stream turbulence of in te n s ity  % 10.0% 
at Re = 3190, which probably corresponds to the region 
of the minimum drag c o e ff ic ie n t  as measured by Clamen 
and Gauvin (1969), did not change the position o f the 
separation po int. Therefo re , the c la s s ic a l mechanism 
of the separation point moving to the rear of the sphere 
may not be the only cause of the drop in the drag
c o e ff ic ie n t . At Re = 3190 and I = 10.0%, the separa­
tion point was not a constant va lue , but varied approx­
im ately + 2° about the separation po in t. As the inten­
s it y  o f turbulence decreased or as the Reynolds number 
decreased, the magnitude and frequency of flu ctu a tio n  
in the position of the separation point decreased. 
G enera lly , the v e lo c ity  of backflow in the separation 
region was very low, with frequent pu lsations
superimposed on the flow , as shown in Figure 5. The 
v e lo c ity  o f the backflow and pulsation frequency and 
magnitude decreased with decreasing Reynolds number 
and turbulence in te n s ity .
(2) V o rt ic ity  T ransfe r in  the Wake. At the sep­
aration  point fo r Re = 3190 and I = 10.0%, the separ­
ated boundary la ye r developed waves o f varying frequency 
and amplitude as shown by Figures 3 to 5. These waves 
appeared to extend to some extent upstream into  the 
attached boundary la y e r . The amplitude of the waves 
in the attached boundary laye r decreased in  moving up­
stream u n til genera lly  they could not be detected at 
an angle o f 75 to 90°. The waves in the separated 
boundary la ye r magnified q u ick ly  near the separation 
point producing large amplitude, high frequency waves. 
Then, these waves q u ick ly  formed ro tating  eddies which 
also  qu ick ly  enlarged as they moved downstream, Figures 
3 to 5 .
The ro ta tiona l d irec tio n  o f these eddies was always 
the same. As these eddies grew and moved downstream, 
the d ire c tio n  o f ro tation of the eddies appeared to 
cause them to penetrate q u ick ly  into the wake. This 
f lu id  penetration e f fe c t iv e ly  decreased the width of 
the wake and g rea tly  decreased the length of the wake. 
With these large eddies moving into the c losu re zone 
of the wake, v io len t in te rac tio n s resu lted  in the re­
attachment of the separated f lu id .  These in te ractio n s 
caused high in te n s ity  and small sca le  flow flu ctu a tio n s 
to be superimposed on the general wake c irc u la t io n . 
G enerally the in te n s ity  of the flow flu ctu a tio n s and 
the rate  o f wake c irc u la t io n  was much higher than in 
the laminar free  stream case a t the same Reynolds num­
ber. The intense flu c tu a tio n s were convected r ig h t to 
the back surface o f the, sphere, re su lt in g  in th ree­
dimensional v e lo c ity  f lu ctu a tio n s superimposed on the 
general wake flow .
For Re = 3190 and I % 10.0%, the wake f lu id  veloc­
i t y  in the region of the separation point c lose to the 
sphere was genera lly  of very low magnitude and in a 
d ire c tio n  back towards the separation point as i l l u s ­
trated  in Figure 5. At 120° the f lu id  c lose  to the
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b) To + 0 .399  se c .
FIGURE 5 :
To + 0 .511 s e c . To + 0 .535  s e c . To +0.660 s e c .
A sequence of dye traces at a Re = 3190 for a 6.008 cm. sphere at 0=100°,
Le =1.76 cm.
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FIGURE 6 : A s e q u e n c e  o f  dye t r a c e s  a t  Re = 3190 f o r  a 6.008 cm. sphere, a) 0=135°,
Le -  1.76 cm. b)  0=150°, Le -6.68 cm.
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sphere moved back towards the separation point. How­
ever, at 135° and 150°, the f lu id  close to the sphere 
was o f very low ve lo c ity  with no preferred direction 
and seemed to rotate in a three-dimensional vortex 
close to the sphere, Figure 6. The f lu id  in th is  re­
gion was almost stagnant. As the rear stagnation 
point was approached, the f lu id  ve loc ity  close to the 
sphere increased considerably in magnitude, Figure 7.
At 165°, the flow was more unid irectional with of 
course fluctuations superimposed on i t .  The v o rt ic ity  
of the sphere would have a much larger magnitude here 
than at 150°. At 180°, the flow was again of very 
high ve lo c ity  back towards the rear stagnation point 
but superimposed fluctuations caused non-symmetry in 
the flow . This flow pattern at the rear of the sphere 
is  probably a re su lt  of the high rate  of wake c irc u la ­
tion caused by the high Reynolds stresses in the free 
shear layer resulting in a high rate of wake entrain­
ment. This high c ircu la tio n  rate re su lts  in high im­
pingement v e lo c it ie s  at the rear stagnation point.
The high ve lo c ity  flow then separates from the sphere 
at  ^ 160° and produces the stagnant rear separation 
region at 135° to 150°.
(3) Boundary Layer - Wake In teraction . As the 
turbulent f lu id  flows around the sphere, a viscous 
boundary layer forms with ve loc ity  gradients fluctuating 
due to the free stream turbulence. As the f lu id  flows 
around the sphere the shear rate at the surface of the 
sphere and in the boundary layer increases and thus 
better re s is ts  in s ta b il i t ie s . The shear rate reaches 
a maximum at about 45° to 60° and then decreases to 
zero at the separation point. The ve lo c ity  p ro file  
in the laminar boundary layer develops a point of in­
fle c tio n  and thus becomes le ss  stable as discussed 
previously (Seeley et a l . (1975)). The boundary 
layer rapid ly thickens as the separation point is  ap­
proached and produces a region of very low ve lo c ity .
The pressure reaches a minimum 1n the region of the 
separation po int, thus producing pressure gradients in 
the flow f ie ld  directed towards the separation point. 
Therefore up to  ^ 60° the boundary layer can re s is t  
and damp out disturbances because o f the high f lu id  
in e rt ia  and shear ra te . But as the separation point 
is  approached, the resistance of the region to pertur­
bations becomes very low. Pressure pulsations and 
ve lo c ity  fluctuations w ill be directed towards the 
separation region from both the wake and free stream.
The pressure pulsations w il l  be relaxed as waves in 
the shear la ye r. Depending on the magnitude of the 
pulsation , wave peaks and va lleys w ill be pushed into
regions of higher and lower momentum thus resu lting  in 
am plification and eddy formation. Some of the waves 
produced in the free shear layer w il l  also  be convected 
upstream in the low ve lo c ity  attached boundary la ye r.
Since the f lu id  flow in the region of the separa­
tion point is  of low ve lo c ity  with large amplifying 
disturbances superimposed on i t ,  the re la tiv e  leve l of 
turbulence in tensity  w il l  be very large . The very 
large waves and eddies developing in the free shear 
flow , w ill cause g reatly  increased momentum transfe r 
to the wake. This in turn causes greatly increased 
entrainment of the wake into the shear layer which be­
comes mixed with the separated boundary layer f lu id  
because of the eddy formation. However, since the 
wake is  a confined region, by continuity a high rate 
of wake entrainment must correspond to a high ra te  of 
detrainment in the closure zone of the wake. Thus, 
the eddies in the free shear layer are quickly accel­
erated into the wake region. The overall e ffe c t is  to 
considerably shorten and narrow the wake, producing a 
wake with a very high rate of c ircu la t io n . Therefore, 
the pressure recovery occurs over a shorter distance 
anc the increased c ircu la tio n  rate re su lts  in higher 
impingement ve lo c it ie s  at the rear stagnation point 
region and thus higher pressures on the rear surface 
of the sphere. These higher base pressures re su lt in 
lower form drag and thus the drag co e ffic ie n t w i l l  de­
crease as was found by Clamen and Gauvin (1969).
Further, the detrainment of f lu id  in  the closure 
zone of the wake and the reattachment o f the separated 
boundary layer w il l  be a highly chaotic free  in terac­
tio n . Some of the intense ve lo c ity  fluctuations pro­
duced in the closure zone w il l  be convected back to­
wards the back of the sphere and u ltim ate ly re su lt  1n 
further in s ta b il it ie s  in the separated shear layer to 
complete the Interaction cyc le .
The mechanism fo r the decrease in the drag coef­
f ic ie n t  in turbulent f ie ld s  is  an extension of that 
presented by Roshko. Experiments at Reynolds number 
and level of turbulence corresponding to the minimum 
drag co e ffic ien ts  measured by Clamen and Gauvin, re­
vealed that the boundary layer did not become turbulent 
nor did the separation point move downstream, as obser­
ved at Re = 300,000.
The c la ss ica l mechanism is  based on observations 
of turbulence induced by roughnesses on the surface o f 
the surface of the sphere. Such disturbances are sus­
tained by the change 1n geometry but preservation of 
turbulence in a boundary layer adjacent to a smooth 
surface is  un like ly  under conditions of high shear.
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FIGURE 7 A sequence of dye t races  at  a Re = 319 0 f o r  a 6 .008 cm. sphere, a) o-165° ,
Le =1.76 cm. b) t i=180°, Le - 1.76 cm.
The present results have shown with certainty that the 
classical model need not account for turbulent drag 
reduction under some conditions. The results of 
Achenbach (1972) suggest that fluctuations in the wake 
are transmitted back into the attached shear layer at 
the critical Reynolds number, and then only at angles 
greater than or equal to 97° is the boundary layer tur­
bulent. Turbulence is propagated to the front only 
gradually with increasing Reynolds number. Fage's 
(1936) results actually suggest that turbulence re­
treats to the rear as Re is increased from 250,000 
to 405,000. All these observations tend to contradict 
the contention that the attached shear layer becomes 
turbulent at the critical Re and as a result the wake 
shrinks, etc. As suggested by Roshko, the critical 
events seem to take place in the shear layer of the 
wake and the effects are propagated back to the at­
tached shear layer.
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DISCUSSION
Thomas C. Corke, I IT : Did you change scales? Did you 
try  to take out the scaling effect?
Smith: Only one grid was used, and in ten sity  changed 
by moving the grid re la tiv e  to the sphere. Scales, 
therefore, were not changed independently. The in ten s i­
t ie s ,  length and time scales are summarized below:
Run # Remm x2/m X 1/4 T$ 1/2 T$
I,%
1 244 30.6 0.44 0.050 10.1
2 244 60.5 0.72 0.10 7.0
3 168 32.4 0.53 0.127 10.0
4 168 61.9 0.85 0.25 7.1
5 97.5 33.5 0.71 0.28 9.8
6 97.5 62.5 1.13 0.51 6.9
where X is  the microscale of the turbulence, cm, and T
is  the appropriate measurement time sca le , seconds, and 
I is  the in tensity  of turbulence.
Corke: Since turbulence scale size  has been indicated 
to be important in the analysis of drag reduction on 
b lu ff bodies in a turbulent media, I would lik e  to know 
i f  these scales were taken into account since they were 
changing with various mesh sizes?
Smith: No, we did not take the scales into account.
M. Wolfshtein, Israe l Inst. Tech.: There is  evidence in 
the lite ra tu re  that the scale of turbulence influences 
a stagnation flow boundary layer very s ig n if ic a n t ly . I 
suspect that there are such free stream turbulence ener­
gy spectral d istribu tio ns which w ill show that turbulence 
s ta rts  from the front stagnation flow, and not from the 
separated flow in the back.
Smith: In our experiments there was no evidence of 
turbulence generation anywhere but in the wake.
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THE SEPARATION ANGLE FOR 
SPHERES IN A PIPELINE
Brian Latto and Alan Lai,




The results of a series of experiments on the 
measurement of the angle of separation for flow over 
steel spheres suspended in a vertical 5.18 cm ID pipe­
line with and without a drag reducing aqueous polymer 
solution are presented. Data were obtained for sphere- 
to-pipe diameter ratios of 0.74 and 0.925 with polymer 
concentrations of 0, 25, 50, and 100 wppm over a Rey­
nolds number range of 1633 to 29400 for single spheres 
and trains of up to three spheres rigidly connected.
It was found that relatively dilute polymer solutions 
can considerably affect the separation angle. Further­
more, that the angle is dependent on the diameter ratio, 
number of spheres in a train, the Reynolds number, and 
the polymer concentration, and at a given diameter 
ratio and concentration the angle of separation can be 
correlated as a function of the Reynolds number. The 
data substantiate a previous hypothesis by Latto, that 
the observed drag increase of spheres in a pipeline 
caused by polymer addition, is due to an increase of 
the separation angle and therefore an increase in the 
form or pressure drag.
INTRODUCTION
During the last decade considerable interest has 
been given to efficient transport of materials. With 
this in mind, research was commenced at McMaster 
University same 7 years ago on the many aspects of cap­
sule transport in pipelines. The research was initially 
concerned with the measurement of the pertinent para­
meters for the operation of vertical and horizontal 
pipelines with single spheres and cylinders and also 
trains of spheres. However later research was related
to the effects of end caps on cylindrical bodies and 
was extended to the hydrodynamics of sphere trains in 
inclined pipelines.
A major portion of the research was on the hydro­
dynamic suspension of bodies in a vertical 5 cm ID 
pipeline, which was a convenient arrangement for measur­
ing drag coefficients. Papers have been published on 
this work by Round, Latto and Anzenavs (1972), and 
Latto, Round and Anzenavs (1973) which describe the 
particular system employed. In view of the well known 
fact that dilute concentrations of certain additives 
can greatly affect turbulent flow behaviour, it was 
decided to investigate the effects of polymer addi­
tives on the hydrodynamic suspension of spheres in a 
vertical pipeline. It was observed, as shown in 
Figure (1), that dilute concentrations of polymer can 
appreciably increase a capsule's drag coefficient Cd* 
with a maximum effect when the concentration is 20 
wppm. This result was rather surprising and it was 
hypothesized that the additive delays transition which 
results in an earlier separation of the flow around a 
sphere producing an increase in the form drag.
If these observations are correct then there could 
be a considerable value in the use of drag reducing 
additives for capsule transport in pipelines. Since 
the additives increase the capsule’s drag coefficient 
for the more practical d/D ratios, i.e., when d/D 
approaches unity, whilst considerably reducing the 
pipeline friction losses. Thus having a pronounced 
effect on the economics of this type of transportation 
of materials.
It was for these reasons that the research reported 
in this paper and a report by Latto and Lau (1975) on 
a flow visualisation study of the flow phenomena 
involved when polymer addition is used was initiated.
APPARATUS AND PROCEDURE
A description of the apparatus used for the verti­
cal pipeline research is given by Round, Latto and 
Anzenavs (1972), Latto, Round and Anzenavs (1973) and 
Latto and Lau (1975), however, a brief outline is 
given here of the system used for the flow visualisa­
tion research.
Figure (2) shows a diagram of the overall system 
which was comprised of a 5 cm ID pipeline 24.4 metres 
in length which could be operated either closed or 
open loop. The main test section was a vertical 5 cm 
ID plexiglass tube 3 m long which had a centrally 
located rectangular hollow 33 cm long plexiglass
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optical cell, which was filled with an aqueous glycerin 
solution to avoid optical distortion. The test cell 
was illuminated from one side through a 1 mm wide 
vertical slit. An aluminum powder suspension was used 
as the tracer for the flow visualisation. The pressure 
and flow rate within the system were controlled by an 
entrance and an exit valve. Furthermore the spheres 
were held in a vertical location by means of a flexible 
sting which permitted horizontal and rotational move­
ment of the spheres as well as velocities that were 
higher than the normal hydrodynamic suspension values.
Two sphere-to-pipe diameter ratios of 0.74 and 
0.925 and polymer solution concentrations of 0.25, 50, 
and 100 wppm were investigated. The polymer additive 
used was Reten 423, supplied by Hercules Inc. of New
Jersey, (an anionic polyacrylamide having an assessed
7 8molecular weight of between 10 to 10 and a maximum 
drag reduction effectiveness for turbulent flow in a 
pipe at a concentration of 10 wppm). Single and trains 
of up to three spheres rigidly connected were investi­
gated.
The liquid flow rate was varied up to a value for 
hydrodynamic suspension of the bodies and the resulting 
Reynolds number range was 1633 to 29,400 based on the 
water properties at 4°C and the pipe diameter.
The general procedure was to establish a given 
flow velocity and when hydrodynamic and thermal 
stability, which was 4°C, were obtained, to take a 
series of photographs of the flow around the bodies.
For water flow without additives the closed loop system 
was employed. However, when additives were used the 
system discharged to the drains to avoid polymer addi­
tive build up, and consequently aluminum powder had to 
be continually added to the upstream reservoir. A high 
concentration of polymer solution was pneumatically 
injected from a storage tank, at a precalibrated rate, 
into the pipeline at a location about 15 m upstream of 
the test section.
Samples were frequently taken from the flow system 
when using polymers and tested using a capillary tube 
rheometer which had been previously calibrated with a 
stock solution. The rheometer is a commonly used 
instrument for measuring drag reduction effectiveness 
of a given polymer solution. This procedure ensured 
that the correct concentration was being used and that 
no appreciable degradation of the solution had occurred.
The resulting series of photographs for each flow 
velocity were greatly enlarged and the separation angle 
for each case established. Data for which the bodies 
were obviously rotating, eccentric or gyrating, were 
rejected. However, the results for a particular condi­
tion did not vary more than about 5% in most cases. 
RESULTS AND DISCUSSION
In order to determine theoretically the location 
of the point of separation on a body it is necessary to 
have a knowledge of the pressure field over the body.
For small pressure gradients such as would be found 
with low velocities in bounded media, this is difficult 
to predict or empirically measure due to the rather 
complex flow patterns encountered. This situation 
becomes even more complex for trains of bodies.
No data are available in the open literature on 
the effects of polymer additives on the separation 
angle for spheres or other bodies in a pipeline. How­
ever, a few papers have been published on the effects 
of additives on capsules in pipelines, e.g., Latto,
Round and Anzenavs (1973), Anzenavs (1972), Aly (1974), 
Lee (1974), Stow and Elliot (1970), and Chenard (1967), 
but these were primarily concerned with operating para­
meters and are not pertinent to the present research. 
However, Sarpkaya, Rainey and Kell (1973) did publish 
the results of their work on the flow of dilute poly­
mer solutions about circular cylinders, which 
unfortunately cannot be used for spheres in bounded 
media.
The results for separation angle are discussed 
under the following headings:
(i) Relationship to bulk velocity for pure water flow
(ii) Effect of polymer for single steel spheres
(iii) Effect of polymer on steel sphere trains of steel 
spheres, and
(iv) Effect of sphere to pipe diameter ratio.
(i) Results for Water
The data obtained were for pipe Reynolds numbers 
in the range 1600 to 29,400. Figure (3) shows the 
percentage change in the separation angle versus flow 
velocity U. It is apparent that the separation
angle increases with Re but does not exceed the 
equatorial region. The maximum <p being about 80° for 
a Re of 29,399. The general trend is certainly in 
agreement with that expected for external flow in non­
bounded media. As the Re is increased there is a wall 
jet effect which creates an earlier separation point 
or a larger $. This is apparent from Figure (4) which 
shows two typical photographs for water. Large scale 
vortices exist for the low (laminar) pipe flow as 
shown in Figure (4a), in contrast to the high frequency 
turbulence at the high Re numbers, Figure (4b).
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Figure (5) shows two typical photographs for a two 
sphere train. The flow patterns for these and also for 
three spheres (not shown) are somewhat similar to that 
obtained for single spheres but are altered by a pro­
nounced wall jetting effect. The actual values for <t>, 
obtained from the photographs, for sphere trains are 
presented in Figures (6) to (10). At the lower Re 
numbers, two spheres have a larger <|> than three spheres, 
but approach the same value at the maximum Re used of 
29,400.
The trends are generally the same for all the 
systems used but are mainly presented as a basis for 
the polymer data.
was increased. It is quite conceivable that the high 
frequency turbulence is being suppressed.
It is interesting to note that the data for the 
separation angle for the d/D ratio of 0.74 may be 
correlated using the following simple empirical equa­
tion
*/Rek = f(C) (1)
where k = 0.14 for n = 1 
k = 0.13 for n = 2 
k = 0.085 for n = 3
In fact, the data have been correlated with the follow­
ing empirical equations.
(ii) Effect of Polymers on Single Spheres
Polymer concentrations of 20, 50, and 100 wppm 
were investigated. The resulting data for 4> are pre­
sented in Figures (3) and (6) and show that polymer 
can increase the separation angle. An interesting 
observation is that the maximum effect occurs at about 
20 wppm which is close to the value for maximum drag 
reduction of 10 wppm for Reten 423. This general 
observation confirms the hypothesis that <t> is 
increased with polymer addition which consequently 
increases Cd*. As the concentration is increased above 
20 wppm, the viscosity and viscoelasticity have an 
effect on <j> and actually Re should be based on the 
solution and not the solvent properties.
(iii) Effect of Polymers on Sphere Trains
Figures (7) to (10) show that polymer additive 
does have a pronounced effect on <}> for the last sphere 
in a train, however the results cannot really be 
correlated with the data for single spheres. In fact, 
for two spheres the maximum change in <}> is 8% when the 
concentration is 50 wppm in contrast to the concentra­
tion of 20 wppm required for the maximum change in <j> 
for single spheres. Furthermore, the shape of the 
curves for three spheres is not similar to those for 
two spheres, such that for two spheres, polymer always 
increases <J> for all values of Re. Whereas, for three 
spheres, the effect on <j> is very much a function of 
Re.
At this stage in the research few rigorous explana­
tions of the phenomena involved can be given. Examina­
tion of the photographs for polymer addition, see 
Figure (11), do not reveal any obvious explanation for 
the trends. However, it was observed that the wall 
jetting was more stabilized as the number of spheres
Reo rD
= 8.2 + 2.305 C
Re0.13D
= 24.11 + 0.2 C
Re:0.085D
= 28.8 + 2.0 C
•18 + n  e-C/110
•10 .  2 e - C/ 100




for 0 < C < 100 (wppm)
and where <j> is in degrees.
(iv) Effect of Diameter Ratio
Unfortunately, due to some difficulties with the 
system only a few experiments were performed with one 
other diameter ratio of 0.925. However, the data 
obtained were sufficient to indicate trends that may 
be expected. Figures (12) and (13) show that the 
effect of polymer on <j> is certainly dependent on the 
d/D ratio. It may be expected that as d/D approaches 
zero, the data should be that for a sphere in a semi­
infinite media. Therefore, as d/D approaches unity 
the divergence from external non-bounded flows will be 
maximised which is substantiated by the present work.
As in the case of two spheres, the maximum effect is 
when the concentration is about 50 wppm. It could well 
be that the reason for the concentration being higher 
for the maximum effect for sphere trains compared to 
that for single spheres is that appreciable mechanical 
degradation of the polymer is taking place.
CONCLUSIONS
The position of the point of separation for single 
and trains of spheres in a pipeline cannot be expected 
to go beyond the equatorial region of the final body
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for realistic transportation velocities and geometries. 
The trend of the separation angle variation with flow 
rate is somewhat different to that which may be expected 
for non-bounded external flows. This is mainly due to 
the wall jetting effect which is more pronounced as the 
d/D ratio approaches unity. However, the dynamic 
effects of untethered capsules cannot be excluded 
especially when canparing single and trains of bodies.
It is quite evident that polymer addition to the 
flow media affects the location of the point of separa­
tion of the flow around a sphere or the last sphere in 
a train of spheres in a pipeline. In actual fact, the 
separation angle can be changed by as much as 10% by 
concentrations of between 20 and 50 wppm. In the 
majority of cases it was observed that polymer causes 
an earlier separation of the flow. This certainly 
substantiates previous observations that polymer addi­
tion increases the drag of bodies in a pipeline. It 
is still uncertain as to the mechanism involved but it 
could be hypothesized that the polymer supresses the 
high frequency turbulence and therefore the stability 
of the flow. This was to sane extent confirmed by a 
lengthening of the vortices in the wake of the spheres.
The research confirms previous observations that 
concentrations of between 20 to 50 wppm have the most 
pronounced effect on the separation angle and would be 
the best range to use for transportation of capsules 
in pipelines.
It is apparent that more research is needed on the 
effects of diameter ratio, geometry, pipeline size and 
polymer concentration on the separation angle and 
transportation efficiency for moving capsules in 
inclined and horizontal pipelines for which the flow 
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NOMENCLATURE
2. Cd* sphere drag coefficient = 2AP/pU
U mean velocity of fluid in the pipeline
p density of liquid
n number of bodies in series
<j> half angle of separation point from the
rear of the body
C polymer concentration, wppm
wppm weight parts per million
Re Reynolds number = U D/v
v kinematic viscosity of the solvent
D diameter of the pipeline
d diameter of the body
k power to which Re is raised for the
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figure (1) Data for spheres in a 5 cm 













Figure (2) System for capsule research
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Figure (5) Two spheres rigidly connected witn d/D - 0.74 and C ■ 0 wppm.










d / D  =74 d/D = 74A 20 wppm 
0 SO wppm 
□  100 wppm 90o
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rB *16332 91
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100
cm/sec )VELOCITY CONCENTRATION OF POLYMER (wppm)
i Rure (7) Train of two spheres with d/D 
d/D = 0.74
Figure (0) Train of three spheres with Figure (10) Train of three spheres with
d/I) = 0.74 d/D = 0.74
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(a) (bj (c)
Figure (ll(i)) Single sphere in a polymer solution with d/D = 0.74 : (a) U = 5.0 cin/s,
and C = 20wppm; (b) U = 5.1 cm/s, and C = 50 wppm; (c) U = 5.2 cm/s and C = 100 wddtti.
U )
Figure (ll(ii)) Single sphere in a polymer 
C = 20 wppm ; (b) U = 15.0 cm/s and C = 50
(b) (c)
solution with d/1) = 0.74 : (a) U = 14.8 cm/s and 
wppm ; (c) U = 15.2 cm/s and C = 100 wppm .
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(a)
Fi gure (11 (i i i)) 
and C = 20 wppm;
(b)
Single sphere in a polymer solution with d/i) = 
(b) U = 67.1 cm/s and C = 50 wppm; (c) U = 97.2
(c)
0.74: (a) U =51.5 cm/s
cm/s and C = 100 wppm.
Figure (12) Single sphere with d/D = 0.925 Figure (13) Single sphere with d/D = 0.925
310
DISCUSSION However, tethered bodies do introduce other factors 
and the research tends to diverge from the original 
Larry Chorn, Univ. of 111.: Do you think the present practical concept,
work has any application to the anomalous results 
you see when you put a pitot tube or a hot wire into 
a polymer solution to look at velocity profiles:
Latto: I personally wouldn't think so. I tend to 
agree with most researchers, that with small pitot 
tubes or hot-film anemometers there is entanglement 
of the polymer around the tube or film with possibly 
an actual physical build up of agglomerates at the 
entrance of the pitot tube or on the surface. I 
don't think that the present work is applicable in 
that there is bounded flow, which for d/D approaching 
unity causes wall jetting which affects the separa­
tion conditions. Furthermore instruments usually 
suffer from microscopic phenomena due to individual 
particle action, whereas this research is more 
macroscopic in nature.
M. Foreh, Technion, Haifa: The results are indeed 
very interesting. I want to point out that theoret­
ically when you consider the drag of bodies like a 
sphere or cylinder, you should be very careful 
whether you work at high Reynolds number, above the 
critical Reynolds number, or at a low Reynolds number.
If you have initially a laminar boundary layer and 
there is hardly a turbulent boundary layer in the 
front part, then the polymers tend to decrease the 
separation angle and increase the drag. But if you 
have a very high Reynolds number and the drag co­
efficient has already gone down, then the effect of 
long boundary layer thicknesses being reduced by 
the polymers is to increase the separation angle and 
decrease the drag. This was the reason why, when 
you were at this large confinement which is equivalent 
to a higher velocity, the polymers tend to delay 
separation. We have published theoretical work in 
the 1974 BHRA Drag Reduction Conference in Cambridge 
which explains this phenomenon.
Latto: I agree, and we are continuing the research 
to obtain more extensive data for wide d/D ratios 
and higher bulk fluid velocities using instrumented 
tethered bodies. This will enable us to approach 
semi-infinite boundary conditions as well as very 
constrained conditions. Furthermore, with tethered 
bodies with wide velocity ranges both laminar and 
turbulent flow conditions can be investigated.
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A B S T R A C T
The objective of this study was to experimentally 
determine the effect of dilute, long-chain, polymer 
solutions upon the flow processes in a fully developed, 
two-dimensional turbulent channel flow. This was 
accomplished by making motion pictures of dye seep­
ed through a slot into the viscous sublayer. The 
motion pictures were analyzed to determine the span- 
wise spacing and the bursting rate of the low-speed 
streaks that are characteristic of the sublayer struc­
ture.
I N T R O D U C T I O N
N u m e r o u s  studies in Newtonian flows have shown 
that the two flow processes which are the most i mpor­
tant in the production of turbulent kinetic energy are 
"sweeps" of high momentum fluid into the near­
wall region and "bursts" of low momentum fluid 
f r o m  the "low-speed streaks" in the viscous sublayer. 
While these processes have been extensively studied 
in Newtonian flows, there have been few studies of the 
flow structure in drag-reducing flows. Those that 
are particularly relevant to this study are the streak­
spacing study of Eckelman, Fortuna and Hanratty 
(19721 and the streak-spacing, bursting rate studies 
of Achia and T h o m p s o n  (1974' and Donohue, Tiedermar 
and Reischman (19721.
These three previous studies have each shown 
that the non-dimensional spanwise spacing of the low- 
speed streaks increases as the amount of drag reduc­
tion increases. While all three investigations yielded 
the sa m e  non-dimensional spacings for flows with less
than 35% drag reduction, the three sets of results 
diverged as the amount of drag reduction increased. 
Therefore the initial objective of this study was to 
conduct streak-spacing experiments that would yield 
an explanation for these differences at the higher 
levels of drag reduction.
Oldaker (1974) conducted the bulk of these streak­
spacing experiments with Separan A P  273. However, 
several experiments w ere also conducted with 
Magnifloc 837-A and Polyox WSR-301. Replicate 
experiments have also n o w  been conducted. However, 
the n e w  results that explain the previously reported 
differences are primarily due to the development of 
a n e w  dye-slot visualization technique. This n e w  
technique uses fluorescent dye and side lighting to 
m a k e  visible very dilute concentrations of dye.
During these streak-spacing experiments in drag 
reducing flows, it was noted that s o m e  streaks were 
so long that they did not "burst" within the 3/4 m  
distance between the upstream dye slot and the end of 
the channel. This observation raised questions about 
the validity of previous bursting-rate measurements 
in drag-reducing flows because they were obtained 
with a technique which is based on the postulate that 
the observer will count the bursts f r o m  all of the 
streaks m a r k e d  at or near an injection slot. There­
fore the second objective was to critically examine 
bursting rate m e a s u r e m e n t  techniques based upon 
wall-slot injection. In addition to experimentally 
testing this previously used technique, Smith (1975) 
introduced a n e w  method which is based upon the 
postulate that it is possible to m a r k  all of the bursting
*Present address: Mechanical-Nuclear Group, Brown and Root, Inc., Houston, TX
events within some region downstream of the dye 
slot. Smith's results in both water and drag-reducing 
flows will be compared with those of Achia and 
T h o mpson (1 974), Donohue et al. (1972), Lu and 
Willmarth (1973), Laufer and Badri Narayanan (1971), 
Rao et al. (1971), and Offen and Kline (1974) in an 
attempt to identify h o w  bursting rate measurements 
should be m a d e  with a dye slot technique and to deter­
mine h o w  bursting rates are affected during drag 
reduction.
The major results and supporting data from the 
streak-spacing experiments will be presented. H o w ­
ever, in this paper, the major emphasis will be 
placed upon the bursting rate measurements.
E X P E R I M E N T A L  A P P A R A T U S  A N D  P R O C E D U R E S
The experiments were conducted in the two­
dimensional channel previously used by Donohue 
et al. (1972). The channel is 2. 54 m  long and 38. 1 
m m  wide with an aspect ratio of 11.9. There are two 
spanwise dye slots located 44 and 51 channel widths 
downstream of the entrance. They are 178 m m  long 
and 0. 127 m m  wide. The visualization took place in 
a region bounded by the upstream dye slot and the 
channel exit.
All of the flow visualization experiments were 
m a d e  by pressurizing a 13. 63 m  upstream storage 
tank to force fluid through the channel and then to a 
drain. The large upstream tank was an important 
feature of the facility because it m a d e  it possible to 
conduct experiments for as long as 30 to 45 minutes 
in a "blow-down" m o d e  of operation. Consequently, 
photographs of the flow processes were clear because 
dyed fluid was not recirculated and the homogeneous 
polymer solutions used in the drag reduction experi­
ments were subjected to minimal mechanical degrada­
tion.
The wall shear, t  , and wall-shear velocity, u^ , 
used in the data analysis were calculated from 
measurements of the pressure difference between two 
3. 18 m m  diameter static wall taps located 457 m m  
apart. The upstream tap is 46. 8 channel widths 
downstream of the entrance while the downstream tap 
is about 8 channel widths upstream of the channel's 
exit. A  micromanometer with carbontetrachloride as
the manometer fluid was used to measure the pressure 
difference. Mass-average velocities were calculated 
from flow rates that were obtained at each experi­
mental condition by timing the collection of a m e a ­
sured volume of fluid.
The percentage drag reduction was defined to be
D  = 100 x (1 - A P  /A P  ) (1 )R  p ®
Here A Pp is the pressure drop at the experimental 
flow rate of dilute polymer solution and A P g is the 
pressure drop of water flowing at the same rate and 
tempe rature.
Flow Visualization
One of the most important experimental variables 
for both the streak-spacing and bursting rate measure­
ments was the injection rate of the dye. For this 
reason the injection rates were carefully controlled 
and measured with a series of three Matheson rota­
meters. The temperature and polymer concentration of 
the injected dye solution was the same as that of the 
fluid flowing in the channel. Therefore, the rota­
meters were calibrated for each dye solution.
In the presentation of the data the ratio of the flow 
rate in the undisturbed viscous sublayer above the dye 
slot will be compared to the dye flow rate through the 
slot. This ratio, denoted as M, is a measure of dye used to
mark the near-wal 1 region. For these purposes, the non­
dimensional thickness of the viscous sublayer was assumed 
to be y+ = 8 for both the water and drag reducing flows . This 
assumption was based upon the measurements of 
Reischman and Tiederman (1975) which did not show 
any increase in the non-dimensional thickness of the 
viscous sublayer in drag-reducing flows. Therefore
the operational definition of M is 
r 8v/u^
ds I Udy 32 d v
M = -----  = . 5 (2)
Qd Qd
Here ds is the length of dye slot being used and 
is the flow rate of the dye.
Streak Spacing. The lighting and viewing arrange­
ment for the new fluorescent dye scheme used in the 
majority of the streak-spacing experiments are shown 
in Figure la. They differ from those of the technique 
used previously by Runstadler et al. (1963) and 
Donohue et al. (1972) in several ways. The most
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important is that in the n e w  technique the light enters 
f r o m  the top of the channel and the c a m e r a  views the 
dye through the side wall of the channel. With this 
90° orientation of the light source and viewer, and 
with a 0. 12% solution of Rhodamine B dye, the near­
wall flow structure appears to be self-illuminating. 
Moreover, the near-wall flow structure has a varying
thickness and the side-lighting accentuates this fea­
ture by high-lighting one side of each bulge in the dye 
while the other side is in a shadow. T h e  result is a
three-dimensional picture of the near-wall region
rked by the dye. Another important feature is that 
m o  fluorescent dye technique allows an observer to see 
much lower dye concentrations than the previously used 
back-lighting technique which naturally "washes out" 
the regions of low dye concentration. This feature 
allowed us to vary systematically the dye flow rate 
over a wide range as well as to see more details of 
the flow structure.
M o s t  of the streak-spacing movies were taken with 
a Super 8 m m  Beaulieu camera equipped with a fl. 8 , 
25 m m  lens. The filming speed was generally 24 to 
36 frames per second. The films were viewed at 16 
frames per second and then stopped at equal intervals 
of times for analysis.
Bursting R a t e . The lighting and viewing arrange­
ment for the bursting rate experiments shown in 
Figure lb again used the brilliant orange color of
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fluorescing Rhodamine B  dye to achieve good contrast 
in the motion pictures. The flow was viewed through 
the top of the channel by m e a n s  of a single front sur­
face mirror. The mirror box w a s  0. 6 m  long so 
that most of the region between the upstream dye 
slot and the end of the channel could be viewed by 
simply moving the lights and camera.
Most of the bursting rate movies were taken with 
black and white 4X reversal film and a 16 m m  H-16 
Bolex camera. A  75 m m  fl. 9 or a 75 m m  fl. 4 lens 
were used. The movies were analyzed frame by 
frame with a Bell and Howell time and motion pro­
jector.
Data Reduction
Streak Spacing. The basic scheme for deducing 
an average spanwise streak spacing w as to count the 
n u m b e r  of streaks on a sufficient num b e r  of statisti­
cally independent frames of the motion pictures and 
then to calculate the average spanwise spacing, A , 
from
(3)
N g is the average nu m b e r  of streaks per frame.
A  streak was defined to be a clearly identifiable, 
single longitudinal structure which has a streamwise 
length of at least four times the apparent average 
spanwise spacing. There was no constraint placed
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T H E  F L U O R E S C E N T  D Y E  T E C H N I Q U E
upon a minimum spanwise spacing between streaks, but 
streaks were always counted at an approximate non­
dimensional distance downstream of the dye slot of 
x = 1000. Oldaker (1974) showed that the non-dimen­
sional streak spacing A+ = A u /v is independent of
+ . . .  ^x in this region.
Considerable care was taken to ensure that the 
data reduction process was consistent and statistically 
reproducible. In most cases the films were simul­
taneously and independently reduced by five to eight 
observers. The number of frames counted from each 
movie varied because, depending upon the flow condi­
tion, a single frame would contain from about 3 to 1 5 
streaks. M o r e  than 100 but generally less than 300 
streaks were counted for each flow condition. The 
average number of streaks per frame were calculated 
for each observer and then the m e a n  and standard 
deviation of these averages were used to determine 
X and the 95% confidence intervals. Wh e n  replicate 
reductions were m a d e  the final m e a n  was based upon 
all of the data.
Bursting Rates. T w o  different schemes or 
methods were used to m a k e  the bursting rate movies 
and to deduce bursting rates from the top view motion 
pictures. The essential differences of the two methods 
are the extent of the field of view in the downstream 
direction and the criteria for choosing these fields of 
view. In both methods, the spanwise dye slot length 
should be less than or equal to X , so that the proba­
bility of one burst obscuring another burst is mini­
mized.
In the traditional method I, the streamwise, the 
field of view must be large enough in the streamwise 
direction so that the observer can see bursts from all 
of the streaks marked at the dye slot. The number of 
bursts from the entire field of view are counted and 
the bursting period of a streak is calculated from
T. = d /NX (4)b s
Conceptually N  is the number of bursts per unit time 
from all the streaks marked at the dye slot. To make 
sure that all the bursts were observed, filming was 
done over several 128 m m  segments downstream of 
the dye slot. This procedure was repeated so that
the entire length of the potential viewing area down­
stream of the dye slot, 0 . 6 m  was analyzed for drag- 
reducing flows. Only one segment was necessary in 
water flows. Film records were m a d e  at equal flow 
conditions for dg » X, and ds « X/9. The films 
were viewed in reverse motion because it was easier 
to identify the events by watching dye return to the 
wall.
In method II, the streamwise field of view is 
small but the location must be chosen so as to ensure 
that all the marked events that occur within the field 
of view are marked by the dye. Then discrete realiza­
tions of T^are obtained from a temporal record of the 
bursting events within this small field of view. Since the 
bursting event occurs over a period of time rather 
than at a specific instant, a time Tj was recorded 
when the measurement region was first disturbed by 
an ejection from the burst returning to the wall.
(Again the movies were viewed in reverse. ) A  time 
T 2 was recorded when the last ejection of the burst 
disturbed the measurement region. A n  average time 
(T^ + T^)/2 was used as a reference time to compare 
with the previous burst's reference time. The 
difference between these two reference times is by 
definition, an individual bursting period and the 
average period is simply the arithmetic average of 
the individual periods. The measurement region 
had a streamwise length of 12 m m .  Bursts that 
originated within this region as well as bursts from 
an upstream location that passed over the measure­




One of the important differences between the span- 
wise spacing of the low-speed streaks in drag-reducing 
flows as compared to flows of water (solvent) is shown 
in Fig. 2. The non-dimensional spacing is shown as a 
function of the ratio of the flow rate within the vis­
cous sublayer and the flow rate of dye injected through 
the wall slot for 3 levels of drag reduction. Notice 
that the scale for M is non-linear and inverse. Therefore, 
approximate y* locations for the distance normal to 
the wall which was marked initially by dyed fluid 









F I G U R E  2. V A R I A T I O N  O F  S T R E A K  S P A C I N G  W I T H  
D Y E  F L O W  R A T E  A N D  D I S T A N C E  
F R O M  T H E  W A L L
m a d e  f rom continuity considerations by assuming 
that the dye stays next to the wall in a laminar sheet. 
This is obviously not the case but the estimates are 
useful as a guide to indicate the relative thickness of 
the m a r k e d  region which must increase as the dye 
flow rate increases.
There is clearly a m a r k e d  difference between the 
water flows and the flows with drag reduction in the 
range of 56-61%. F o r  water flows the non-dimension­
al streak spacing is not a function of dye flow rate 
over the range 7 < M  < 27 and X + has a character­
istic value of 100 in the range 0. 5 < y^ < 4. The 
water point of Schraub and Kline (1965) is fr o m  a 
hydrogen bubble wire located at y+ = 3. 3. The points 
extrapolated from the results of E c k elman et al.
(1972) are at essentially y+ < 0. 5, because the high 
Schmidt n u m b e r  m a s s  transfer boundary layer formed 
by the electrochemical technique is within these 
limits. The drag-reducing flows near the 18% level 
also showed no change in streak spacing as the dye 
flow rate w a s  varied. In contrast, the non-dimension­
al streak spacing for flows with drag reductions of 
5 6 -6 1 %  increased f r o m  values of X + near 2 0 0  to values 
above 300 as the dye flow rate was decreased.
Since there w a s  a concern that this increase in 
X + could be due to an insufficient concentration of dye 
in the viscous sublayer, two experiments were con­
ducted where the only difference was the concentration 
of the dye. In both cases, M  w a s  set equal to 18 and 
the polymer solution, flow, lighting and filming condi­
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tions were identical. H o w e v e r  in one case the dye 
was m a d e  up at its regular concentration while in the 
second case the dye was diluted by a factor of 5. F or 
the regular dye concentration N g = 5. 19 ± 0. 63 and 
for the diluted dye N g = 5. 8 6 ± 0. 80. There is only 
a 1 0 %  probability that these two average n u m b e r  of 
streaks per frame are statistically different at the 
95% confidence level. This is strikingly different 
fr o m  the comparison that can be m a d e  between the 
experiments at the regular dye concentration for M  =
18 and M  = 108. In this case there is a 99. 9 %  
probability (95% confidence level) that the M  = 108 
average of 3. 63 ± 0. 6 6 is statistically different f r o m  
5. 19 ± 0. 63. Thus it is reasonable to conclude that 
the non-dimensional spacing of the streaks is a 
function of y+ within the sublayer of flows at the higher 
levels of drag reduction while X+ does not vary within 
the viscous sublayer of either solvent flows or flow at 
small values of drag reduction.
This variation of X+ with y+ at the higher levels 
of drag reduction explains the difference between the 
previously reported results of E c k e l m a n  et al. (1972) 
and Donohue et al. (1972). Their data are compared 
to data f r o m  the present study in Figure 3. Here 
the only data shown f r o m  the present study are fr o m  
experiments where 5 < M  < 15 and consequently the 
flows were m a r k e d  by dye out to y+ values of at least 
2 or more. The present results which include data 
fr o m  experiments with two concentrations of
F I G U R E  3. S T R E A K  S P A C I N G  V A R I A T I O N  W I T H  
D R A G  R E D U C T I O N
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Separan A P  273 (polyacrylamide), one concentration 
of Magnifloc 837-A  (polyacrylamide) and one concen­
tration of Polyox W S R - 301 (polyethylene oxide) agree 
with the Polyox-FRA data of Donohue et al. (1972),
It is believed that in all of these experiments the 
streaks were marked and counted in a comparable 
range of y+. The Separan A P  30 data of Achia & 
T h o m p s o n  (1974^ is in good agreement except for the 
point at 44% drag-reduction. However, for this data 
point the flow rate of the slot-injected enhancer were 
slightly less than 3% of the sublayer flow rate and 
therefore the flow structure was marked closer to the 
wall. The data of Eckelman et al. (1972), which 
represent the flow structure for y+ < 0. 5, are also 
in good agreement for values of drag reduction less 
than about 3 5%.
Bursting Rates
As  might be expected the amount of dye flow rate 
through the injection slot also affects the bursting 
rate measurements. These effects are shown in 
Figures 4 and 5 which are streamwise histograms of 
the number of ejections per unit time and per unit 
area, N-J!. These histograms were generated byhj '
dividing the total field of view into increments of 2 5. 4 
m m  and then by counting the ejections of individual 
dye filaments from each of these small increments 
over a period of time. Throughout this study the 
distinction m a d e  by Offen and Kline (1974) between a 
burst and an ejection has been used.
Physically N-£ should be a constant in these 
flows. The problem of course is that it is not 
possible to first m a r k  and then to see all of the 
bursting events with a slot injection. Therefore as 
shown in Figure 4 the m a x i m u m  value of the histo­
grams m o v e s  upstream as M  decreases. This result 
is consistent with the previous hypothesis that the 
higher dye flow rates (smaller values of M) m a r k  a 
thicker portion of the viscous sublayer because the 
streaks do not eject fluid until after they thicken and 
lift away from the wall. However, notice that the 
m a x i m u m  magnitude in Figures 4a and 4b is essential­
ly constant at = 3. 5. This is an important result 
because it suggests that all of the bursting events 
were m a r k e d  by the dye in these m a x i m u m  magnitude
regions. In fact Smith (1975) also conducted experi­
ments at M  = 6 , 12 and 150 for the d rag-reducing 
flow shown in Figures 4a and 4b. At M  = 6 the dye 
was jetting away from the wall as it ca m e  out of the 
slot. At M  = 150 ejections were not seen for x+ < 
1800 and within the observation distance N R  rose 
only to about 2. However, the histogram for M  = 12
F I G U R E  4a. H I S T O G R A M  O F  E J E C T I O N  R A T E  P E R  
UNIT A R E A  F O R  D R  = 17. 25%, M  = 29, 
u t = 0.0158 m /  s
F I G U R E  4b. H I S T O G R A M  O F  E J E C T I O N  R A T E  P E R  
UNIT A R E A  F O R  D R  = 17. 25%, M  = 9, 
u =0.0158 m / s
T
F I G U R E  5. H I S T O G R A M  O F  E J E C T I O N  R A T E  P E R  
UNIT A R E A  F O R  A  W A T E R  F L O W ,  
u =0. 0173 m/s, M  = 9
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was consistent with the results shown here.
By comparing Figures 4 and 5 it is apparent that 
a relatively small streamwise observation distance is 
needed for counting all of the bursting events marked 
by a slot injection in a water flow. A much larger 
distance is required in a drag-reducing flow and the 
required observation distance in a drag-reducing flow 
is very sensitive to the dye flow rate. A similar sensi­
tivity to M was not seen in water flows (see Smith 1975) . 
Consequently, it is apparent that to properly execute 
measurement method I the observation distance must be 
relatively large and, practically, the dye flow rate 
should be adjusted so that M - 10. For measurement 
method II, the observations must be made in the maxi­
mum magnitude region and its location, which is depend­
ent upon the value of M, must be determined prior to the 
construction of the temporal record of bursting events.
The results from the bursting period measurements 
are summarized in Tables 1 and 2. In all cases M = 10 
and therefore a value of X was extrapolated from the
average line drawn through the streak-spacing results 
for yj >_ 2 shown in Figure 3. Several things are 
obvious from the tabulated results. By comparing the 
results from water experiments at the same flow condi­
tion but with different dye slot lengths, it is appar­
ent that bursting periods from method I and Equation 4 
are not equal. The reason for this discrepancy is that 
the bursting events apparently have a spanwise size of 
about X and therefore Equation 4 is not valid when dg 
< X. As shown in Table 1 the values of 1/N are reason­
ably equivalent. Similarly with method II, differ­
ent dye slot widths yield equivalent values of T .
D
Since the size of the bursting events is of order
X, the method I results with d s X are betters
estimates of T, than the results with a d  s X/9.b s
It is also apparent that the bursting periods 
given by method II are about a factor of 5 to 6 larger than 
the periods given by Equation 4 when dg = This 
point will be discussed further later in this section.
















none 0 0 0. 0173 1 . 2 0 0 . 26 0 . 2 2
none 0 0 0. 0173 0 . 1 0 0. 034 0. 35
none 0 0 0 . 0208 0. 98 0. 19 0 . 18
none 0 0 0. 0205 0 . 1 1 0. 031 0. 27
Calgon T R O  323 1 0 0 33 0.0234 0 . 96 0 . 2 2 0 . 2 0
Separan A P  273 50 40 0 . 0 1 6 6 1. 19 0. 53 0. 45
Separan A P  273 50 41 0 . 0 1 6 8 0. 14 0. 13 0 . 6 1










( m / s)




none 0 0 0. 0173 1 . 2 0 1. 01 ± 0. 25 0. 93 ± 0. 32
none 0 0 0. 0173 0 . 1 0 1 . 0 3i 0. 18 0. 410 ± 0.074
none 0 0 0. 0205 0 . 1 1 0. 694 ± 0. 075 0. 350 ± 0. 0 6 6
none 0 0 0 . 0208 0 . 98 0. 638 ± 0. 101 0. 397 ± 0. 109
Calgon T R O  323 1 0 0 33 0.0234 0. 96 1. 31 ± 0. 331 1. 14 ± 0. 483
Calgon T R O  323 1 0 0 17 0 . 0208 0 . 1 6 0. 973 ± 0. 153 0. 53 ± 0. 1 6
Separan A P  273 50 40 0 . 0 1 6 6 1. 19 1. 32 ± 0. 31 0. 78 ± 0. 31
Separan A P  273 50 41 0 . 0 1 6 8 0. 14 1. 26 ± 0. 14 0. 93 ± 0.22
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The bursting period results are compared in 
various non-dimensional formats with the results of 
other investigators in Figures 6, 7, and 8. Figures 
6 and 7 show the results in Newtonian flows while 
Figure 8 summarizes the drag-reducing results. In 
Figures 6 and 7 the time between bursts has been nor­
malized with "inner" variables while an "outer" vari­
able normalization has been used in Figures 7 and 8.
The momentum thickness, 9, and the displacement *
thickness, 6 , were calculated from their definitions 
using the channel flow velocity profiles predicted by 
the eddy diffusivity scheme developed by Tiederman and 
Reischman (1976). For the channel flows the center­
line velocity Uq was used in place of the free stream 
velocity in a boundary layer and the channel half­
width or tube radius, D/2, was assumed to be equiva­
lent to the boundary layer thickness, 6.
The water results shown in Figures 6 and 7 indi­
cate that the present results using method I with 
dg 3 X agree with previous reported values of T^. The 
scatter in the data is high but it is also clear that 
the method I measurements of Donohue et al. (1972) 
and Achia and Thompson (1974) show an increase in the 
normalized bursting periods when the Reynolds number 
is below 600. The reason for this increase is not 
clear but there are at least two possibilities. For 
example, fully developed, turbulent, internal flow 
may be simply inherently different from turbulent 
boundary layers due to the absence of an interaction
between an outer, wake, portion of the shear layer and 
and the near-wall region in the internal flow. The 
other possibility is that there is a Reynolds number 
dependence for the bursting process at low Reynolds 
number because the spectrum of turbulent motions may be too 
narrow to yield the high Reynolds number behavior. In any 
case it is clear that further research is needed to com­
pletely understand the correlation of bursting periods.
Method II yields a lower bursting rate and hence the 
values of T^ are high compared to the previous hot-wire and 
visual measurements. It is believed that method II is 
fundamentally a different measurement because its up­
stream "coherence" length is probably significantly
F I G U R E  6 . B U R S T IN G  P E R IO D S  IN  N E W T O N IA N  
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FIGURE 8. BURSTING PERIODS IN DRAG- 
REDUCING FLOWS
FIGURE 9. RATIO OF BURSTING PERIODS IN 
DRAG-REDUCING AND WATER FLOWS AT EQUAL 
SHEAR VELOCITY
shorter than that of either a hot wire at y+ = 15 or a 
perpendicular hydrogen bubble wire. That is, method il 
appears to yield a more local result than the other 
visual or hot-wire methods for measuring T^ . Conse­
quently, the method II results may be particularly
applicable to surface renewal models. For example, the
1/2non-dimensional bursting periods (T^ /v) ut measured 
in water flows with method II are between 14 and 15. 
These values are the same order of magnitude as the 
data summarized by Meek (1972).
The results for drag reducing flows shown in
Figure 8 also clearly indicate that the normalized 
bursting periods increase as the Reynolds number 
decreases in this low Reynolds number range. The 
agreement with the data of Donohue et al. was not 
totally unexpected. Even though their field of view 
was short, they used a relatively high dye flow rate. 
Again the method II results are high.
i -- 1 —r  i-t i -i 11 i
□  PRESENT MEASUREMENTS I 
O L U  AND WILLMARTH -
SHADED POINTS * POLYMER '
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FIGURE 10. BURSTING DURATION IN NEWTONIAN 
AND DRAG-REDUCING FLOWS
T h e  ratios of the bursting p e r i o d  of a streak in a 
d r a g  reducing flow c o m p a r e d  to the bursting period 
in a w a t e r  flow at the s a m e  wall s h e a r  stress a r e  
s h o w n  in F i g u r e  9. E x c e p t  for on e  of A c h i a ' s  points, 
all of the data indicate that the l o w - s p e e d  s treaks ar e  
slightly m o r e  stable in the d r a g - r e d u c i n g  flow. T h i s  
c o u p l e d  with the i n c r e a s e d  spacing of the streaks 
yields a significant d e c r e a s e  in the spatially a v e r a g e d  
bursting rate. A l t h o u g h  the data is not plotted here, 
a s imilar c o m p a r i s o n  using m e t h o d  II bursting periods 
yields a similar result.
The temporal duration of a burst may also be 
determined from the method II measurements. The 
average durations of bursts, Tj, are shown in Table 2 
and in Figure 10. Notice that the normalized dura­
tions agree with the trend indicated by Lu and Will- 
marth's (1973) data. There does not appear to be a 
significant difference between the average duration of 
a burst in a drag-reducing flow compared to a similar 
water flow.
CONCLUSIONS
This study shows that none of the structural fea­
tures of the Newtonian near-wall region are totally
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suppressed during drag reduction. However, some 
a re  altered. Not only does the average spanwise 
spacing of the low-speed streaks increase as drag 
reduction in creases, but the average spacing also 
in creases as y+ d ecreases. This result does not 
appear to depend upon either the concentration or the 
type of polymer used. Combinations which yield  
equal amounts of drag reduction have the sam e 
average non-dimensional spanwise spacing.
The spanwise extent of a bursting event is on the 
order of X; and in a drag-reducing flow, the down­
stream  location of bursting events marked by a slot 
injection is very sensitive to the dye flow rate. How­
ever, when these facts a re  considered it is possible 
to accu rately  m easure bursting periods with dye from  
a slot injection. The bursting m easurem ents indicate 
that the streaks in a drag-reducing flow are  somewhat 
m ore stable than those in a water flow at the same 
wall shear s tre ss . This combined with the increased  















average duration of a burst,
T d * i r t T j i D - T  i n ]
1= l
reference time for burst "i", Tr = (Tj + T2)/2
centerline velocity in the channel
1/2shear velocity, u^ = (Tw /p ) 
distance downstream of dye slot 
x+ = (xu^j/v
distance normal to the wall
y+ = (yuT)/v
estimate of distance normal to the wall 
initially marked by dye
pressure drop in a drag reducing flow 
pressure drop in a solvent flow 
displacement thickness 
momentum thickness
average spanwise spacing of streaks, see 
Equation 3
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NOMENCLATURE
D width of the channel
Dd percentage drag reduction, see Equation 1
dg spanwise length of the dye slot in use
M ratio of flow rate in the undisturbed viscous
sublayer over the dye slot to the flow rate of 
dye through the slot, see Equation 2
N number of bursts per unit time from all of the 
streaks marked at the dye slot
N^ number of ejections per unit area and per unit 
time
N average number of streaks for a given experi­
mental condition
flow rate of the dye
T1 time when the measurement region in method II 
was first disturbed by burst "i"
T2 time when the measurement region in method II 
ceased being disturbed by burst "i"
T, average period of a burst; for method I this is 
is given by Equation 4; for method II
N
T b * N  Z ,r T r(i+1) - T r(i)1 
i=l
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ON THE ROLE OF CONDITIONAL AVERAGES 
IN TURBULENCE THEORY
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ABSTRACT
It is shown that conditional averages in the form of 
expected values of functions of the velocity at an arbitrary 
point given the velocities at a finite number of distinct points, 
appear naturally in certain types of turbulence theories and 
that the closure problems in such theories ultimately reduce 
to the approximation of these averages. Two exemplary 
theories are considered. The first is characteristic of turbu­
lence models formulated in terms of probability density 
functions whereas the second is related to the derivation of 
optimal algorithms for the numerical integration of the tur­
bulent Navier-Stokes equations at large Reynolds numbers. 
Some mathematical properties of conditional expected values, 
including relations between conditional and unconditional 
second order tensor moments and results for the special case 
of isotropic turbulence are also presented.
INTRODUCTION
If g (u) is some function of the velocity field u (x, t) 
and E is an event in the flow, then the conditional average 
of g (u) is
< g (u) [ E > = expected value of g (u) given that
E occurs. (1)
To date virtually all applications of conditional averages in 
turbulence research have been in experimental studies of 
either intermittency or coherent turbulent structures, where­
in the techniques of conditional averaging have been used to 
expose features of flow that are obscured, to varying de­
grees, by conventional unconditional averaging. (The term 
"coherent structures" is used generically here to encompass 
not only turbulent bursts in wall boundary layers, but more 
generally the phenomenon of recurrent turbulent flow patterns 
that appear to be quasi-deterministic in the sense that they 
occur repeatedly with patterns which, albeit random, can 
still be distinguished from more chaotic background motions.) 
While a variety of functions g and events E have been
employed, it is primarily the definition of the event that dis­
tinguishes one type of conditional average from another. In 
the category of intermittency studies, which includes the in­
vestigations of Kovasznay, Kibens and Blackwelder (1970), 
Wygnanski and Fiedler (1970) and Thomas (1973), the event 
is the turbulent or non-turbulent state of the flow, and it is 
quantitatively defined in terms of approximations to the 
idealized criterion that the flow is turbulent if the vorticity 
fluctuations exceed a certain level. These approximations 
involve measurable quantities such as time derivatives of 
the velocity or high frequency components of the velocity and 
are different in each experiment. In coherent flow studies 
(Willmarth and Lu 1972, 1974, Grass 1971, Gupta, Laufer 
and Kaplan 1971, Brodkey, Wallace and Eckelmann 1974, 
Offen and Kline 1973, Zaric 1974, Adrian 1975) the event is 
the occurrence of a coherent flow pattern, but because of 
uncertainties about the best means of recognizing coherent 
flows a wide variety of mathematical definitions for E have 
been used in practice, and as noted by Brodkey, Wallace and 
Eckelmann (1974) this diversity of event definitions precludes 
a priori comparisons of the results of most investigations.
Even though differences are more the exception than 
the rule, one general property is common to almost all of 
the various definitions of E that have been employed: the 
events are defined in terms of inequalities between some 
combination of flow variables and some phenomenologically 
determined detection level. While theory suggests that 
events of this kind are appropriate for detecting turbulent 
versus non-turbulent flow, it offers little evidence for their 
propriety as a means of detecting coherent turbulence. This 
lack of theoretical guidance is not surprising since the class­
ical statistical theory of turbulence is not naturally formu­
lated in terms of conditional averages, and moreover it does 
not even suggest the existence of coherent flow patterns, 
which appear to be more amenable to deterministic analyses 
than statistical analyses. In fact, the philosophies underlying
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coherent flow analysis seem to be so different from those of 
the statistical approach that it is not unreasonable to question 
whether the two methodologies are compatible, and hence, 
by association, whether conditional averages can play a use­
ful role in statistical theories.
The purpose of this paper is  to demonstrate th a t condi­
tio n al averages of a type th at are d ifferen t from those des­
cribed above do appear naturally in certain statistical formu­
lations of turbulence theory and, indeed, are  of central im ­
portance in these formulations. The general form of these 
conditional averages is as follows. If denotes the vector 
position of a point 'a' , and Ufl = u (x^, t) is the total veloc­
ity at that point, then the (n -I- 1) - point conditional average 
is defined as
f (v , ,. . .  v , x , , . . . x , t) d3v . . .3 _ . d v =n - 1 ’ -n
r
—1 * —n’ 7 - 1 —n
Prob j,Xi < H]L < —1 + dyi , and . . , and v < u < v +dv —n — —n —n —nj|,(3)
where v are  dummy variables in the p .d .f . . As usual 
f satisfies the reduction and normalization properties,
ff ( v . , . . .  v ) d3 v = f . ( v . , . . .  v ,)  (4)J n - 1 ’ -n 7 —n n- 1  —1 ’ - n - 1 7 v 7
[f d3 v . , . . .  d3 v = 1, (5)J n —1 ’ —n v
and n-point unconditionally averaged moments are calculated 
from f according to the relation
< g(u) I u. = v , . . .  u = v > = expected value of g(u) given
~~ " ‘ that u = v for a = 1 , —  n, (2)—a —a
where v^, . . .  v^ are n arbitrarily  specified vectors. For 
brevity this conditional average will also be denoted by
< g(u) | y lf . . .  y n > o r < g(u)J t ^ , . . .  un > , depending on 
the context. It is not difficult to conceive of using the event 
defined in eqn. (2) as a coherent flow detector by selecting 
values of x^ and v^ to correspond to the coherent flow pat­
tern under investigation. The prim ary distinction between 
this type of event and the events used in existing experimental 
studies is that the form er involves equalities while the latter 
involve inequalities. The form er is a more fundamental quan­
tity in that conditional averages defined by inequality events 
could be derived from it by forming suitable combinations of 
u^, . . ufl and averaging over sets of v values that satisfy 
the inequality.
While (n + 1) - point conditional averages may be use­
ful in experimental studies of coherent turbulence, their role 
in statistical theories of turbulence is more general than 
pattern recognition, and the work to be presented will be 
directed mainly towards examining their theoretical function 
and significance. For this purpose two kinds of theoretical 
formulations will be considered in the first part of the paper. 
In the second part of the paper certain useful properties of 
conditional averages will be derived.
THEORY
Mathematical Definitions
Before proceeding it is necessary to present some 
definitions and relationships concerning conditional statistics 
and probability density functions, most of which are dis­
cussed in detail in the book by Papoulis (1965). Letting
u = u (x , t) be the total velocity*, the unconditional n-point -a — —a
probability density function is defined such that
< g(ur . . .  un) > =
f g(v., . . .  v ) f ( v . , . . .  v ) d3v . . . .  d3v . (6)J 6 - 1 ’ -n 7 n v—1 -n 7 -1  -n  ' 7
The (n + 1) - point conditional p .d .f . is defined by 
f (l|Hi = 1\> • • • \  = Xn> d3-  = (7)
Probj^< u (x ,t)<  v +dv given that u^=v^, an d.. ,and u ^ v ^  ,
and it is related to the unconditional p .d .f . by
f , i (v, vt i • • • v ) = f (v! v i > • • • v ) f ( v . , . . .  v ), (8)n+1 — — 1’ -n7 -1— 1’ -n7 n — 1 —n7’ v 7
where the abbreviated notation f (vjv^,. . .  v ) = 
f (yju = v ^ , . . .  un = yn) has been used. In term s of the 
conditional p .d .f . the (n + 1 ) - point conditional average is
< g(u)| ux = y r  . . .  un = yn > = j g(v) f(v| v ^  . . .  y n)d 3y  (9) 
which, in view of eqn. (8) may be rewritten in the form  
/ * © fn+1 &  =
< 8 (H)| Iv  • • • In > fn (- l ’ * ‘ ' -n*' (l0)
A quantity that appears frequently is the unconditional 
average of the product of g (u) with a series of Dirac delta 
functions, i . e . , < g (u) 6 (u1 - v^) . . .  6 (un - yn) >.  Since
*Greek subscripts are used to refer to points in space, and 
an underbar denotes a vector. The only exception to the sub­
script convention is subscript 'n' which denotes the last 
point in a set of n points. Where necessary, index notation 
with Latin indices for spatial components and the summation 
convention are also used.
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the product has zero measure unless the event E = u^^  = v ,^ 
. . .  un = v^  occurs, it is clear that this unconditional aver­
age must be related to the conditional average of g (u). In 
fact, direct computation using eqns. (6) and (10) plus the 
sifting property of the Dirac delta function shows that
< g (u) 6 (ux - vx) . . .  6 (un -  vn) > =
< g V  > f ( V . ,  . .  .  V  ). - n n —1* -n' (ID
This equation provides a link between conditional and uncon­
ditional averages. Another important relation which per­
forms a similar function is
<g(u)> = < < g ( 2) | v 1 . . .  vn »  (12a)
= / <  g (u)| Vj , . . .  vn > (Vp •.. v ^ c A j . • • d3-n ' (12b>
That is, the average value of g (u) is equal to the condition­
ally averaged value of g (u) given that u^  = v^,. . .  u^  = v  ^
averaged over all values of v^, . . .  vn<
One-Point Probability Density Function Equation
The equation governing the evolution of the probabil­
ity density function for the total velocity at one point in a 
turbulent flow provides a relatively simple first example of 
a statistical formulation in which conditional averages fig­
ure prominently. Starting with the equations for an 
unbounded incompressible flow**,
The terms on the right hand side of eqn. (15) arise respec­
tively from the pressure gradient and viscous stress terms 
in the momentum equation. Both depend on the two-point 
p. d. f. ,  and therefore they must either be directly approxi­
mated in terms of f^  as in Lundgren (1969, 1971) or calcu­
lated from auxilliary equations. In the latter case the 
approaches taken by Lundgren (1972) and Fox (1971) were to 
derive auxilliary equations for f2 which were closed by 
approximating f^  in terms of f .^
It is, of course, through the pressure gradient and 
viscous stress terms of eqn. (15) that two-point conditional 
averages enter the theory, and it is not difficult to show that 
they are the only unknown two-point quantities in the equation. 
This is most apparent for the viscous term since it follows 
immediately from eqn. (10) that
lim 9 9
X-^Xj v c)x 9x \ l  f2 Ii> d3I  
v
lim 9 9 r i
s r n  [ < h L i > » i  tei» (16a)
f , , lim r 9 9 , ,
= V f i (^ l ) x - X 1 [ 5 x , 5 x < H | 2 i > 1-  <16b>
Similarly, for the pressure term
ff,  9 1 , . . . 9 9 w  . . ,3 ,3
J J  <5x^  ■ 9x 5x>f2 &  I l> d I  d i
9u. 9u
~ 5r+V s x [ =
i
4tt
f, 9 1 . 9  , 9 .
J 9x^ | Xi -x|^  5x * 9x —^
,3d x ■ !&[ 4 4 >  : [Z1 -  f2 - l )d^ ]  d3i (17a)
9 9
+ v 3--  • 3--  U.9Xi 9x  ^ -1
and
9^  • Hi = °>
(13)
(14)
Lundgren (1967) has shown that the equation governing the 
one point p .d .f. is
' /  ^  jx^Tj> 4  4* : [< ZX-> *1 <X1»d3x,<17b>
where eqn. (17b) follows from eqn. (17a) by application of 
eqn. (10). Combining eqns. (15), (16b) and (17b) gives the 
following equation for f^  in terms of conditional averages;
**In equation (13) the first term on the right hand side is the 
pressure gradient (- p"*9pi/9jM which has been expressed 
in terms of the velocity field in the usual way by taking the
divergence of the Navier- Stokes equations, applying eqn. (14), 
and solving the resulting Poisson's equation for the pressure.
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Thus the closure problem at the one-point level reduces from  
one of approximating the entire two-point p. d. f. to one of 
approximating the two-point conditional averages < u | >
and < u u | v ^  > which are only integral moments of the 
two-point p.d.f .  Although this is a considerable simplifica­
tion, the difficulties of approximating the conditional aver­
ages are  still formidable. For example, it will be shown 
later (c .f . eqns. (39) and (44))that the two-point spatial c o r­
relation may be derived from < ujv^ > and f^  (v^), and 
this implies that < u j v  ^ > contains all of the two-point 
statistical information that is available in the correlation  
tensor, including such fundamental quantities as the Kolmo­
gorov m icroscale and the integral length scale. Since the 
prediction of even these quantities is extremely demanding, 
it must be expected that satisfactory closure approximations 
for the conditional averages would be at least as difficult to 
develop.
The two-point conditional averages appear in the 
p ressure and viscous term s for distinctly different reasons. 
In the form er, the instantaneous pressure a t a point x  ^ is 
determined non-locally by the non-linear instantaneous a c ­
celerations experienced by the fluid at every point in the 
flow, and the quantity < u u | v  ^ > in the integrand rep re­
sents the average of these contributions when u^  = Vj. An 
examination of the pressure integral indicates that its value 
is determined prim arily by the value of < u u j v  ^ > for 
separations whose magnitudes j x - x j  are  roughly on the 
order of the integral length scale, i . e . ,  by the large scale  
structure of the flow. In contrast, the value of the viscous 
term  is , as is obvious from the limit in eqn. (16b), deter­
mined entirely by the small scale structure of < u| v  ^ > 
near the point Xj. In both terms v ^  and x must be allowed to 
assume arbitrary values.
Numerical Solution of the Navier-Stokes Equations for 
Large Reynolds Numbers'
The development of a numerical algorithm for the 
solution of the three-dimensional Navier-Stokes equations 
provides a second example of a theoretical model of turbu­
lence in which conditional averages occu r. The two princi­
pal approaches to this problem are to perform the computa­
tions either in physical space (Deardorff 1970a, 1970b) or 
in spectral space (Orszag 1971a, 1971b). In either method 
computer storage and computation time limitations restrict  
the number of grid points, making it impossible to resolve 
turbulent motions on scales as small as the Kolmogorov 
m icroscale when the Reynolds number is large. Consequently 
closure approximations are required. In physical space 
calculations the method used by Deardorff (1970a) is to se­
lect the grid scale spacing such that maximum wave number 
of the resolvable motions falls within the inertial subrange. 
The governing equations are averaged over a grid volume,
resulting in the case of the momentum equation in an equa­
tion for the grid volume averaged velocity that contains a 
Reynolds stress tensor representing the effects of subgrid 
scale motions. Closure is accomplished by postulating a 
relation between the subgrid scale Reynolds stresses and 
the local deformation of the grid volume averaged velocity 
field.
In order to investigate the role of conditional aver­
ages in numerical models of turbulence, it is convenient to 
formulate the problem in a manner which, though somewhat 
different from Deardorff s formulation of the subgrid scale  
model, is sufficiently sim ilar to permit comparison. In 
particular, it is supposed that at time 't' n random, un­
averaged, total velocities are given at grid points x fl by 
equations u^ (t) = vfl (t), a = 1 , . . .  n, and that it is desired 
to predict the velocities at a later time by direct forward 
integration. Two sources of e rro r  in the numerical predic­
tion would be the finite grid spacing and the finite size of the 
integration time step A t, but by assuming that A t is suffi­
ciently small the time step e rro r can be eliminated from con­
sideration. Then, if the grid spacing were also vanishingly 
small ( i . e . , n -»  oo), a simple, accurate prediction formula 
would be u^ (t + At) = v^ (t) + (8 UQ/ 8t)t A t, where 
(8 u^/St)^ could be evaluated from eqn. (13) and the initial 
data u (t) = vfl (t). However, when the grid scale  is finite 
and large with respect to the Kolmogorov m icroscale the 
velocity field between the grid points is unknown and cannot 
be accurately estimated by conventional numerical interpo­
lation formulae because the existence of subgrid scale  
motions renders smooth variations of the inter-grid field 
unlikely. Therefore 8u^/9t cannot be calculated exactly. 
Suppose that (t) is an estimate of 8u^/8t that is based 
on the grid data u (t) = v (t). Thenthepredicted velocityy d d -
ufl (t + A t), given by
u ( t + A t )  = v ( t ) + v  (t) At,  (19)—a v —a —a
is not in general equal to the true velocity (t + A t), and 
since At has been assumed to be very sm all, the e rro r  
[ + A t) _ ^  (* + A t)] *s due entirely to the e rro r  in the
estimation of (811^/8 t)t * Thus, a reasonable formulation of 
the problem is to attempt to find an estimator v^ that min­
imizes the e rro r [ 8u / 8t - v ] in some average sense.—a —a _ 0
An obvious candidate for v is
u = v —n —n > , (20)
because the conditionally averaged time derivative is the
best non-linear estimate of du^ /dt in the mean square
sense. That is , the mean square estimation e rro r
<r (8u / 8t - v ) . (8u / 8t - v ) > is a minimum if v is v -a -a' v -a -a —a
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given by eqn. (20) (Papoulis p. 217), and therefore the mean
i v ,2square error < | (t + At) - u (t + At) | > is also mini­
mized. (It should be observed that although this formulation 
minimizes the error incurred at each time step, it has not 
been shown that it minimizes the accumulated error over 
many time steps, although this seems likely intuitively.)
An equation for < 8 V 8t l - 1 ’ " '  —n > can be de­
rived from the momentum equation (with the pressure term 
in its more common form, p 1 9pa/9xfl) by application of
the operator < ( )|v1; -n >' This yields
iiA>f>7V i A cop [u u ] )j V. L-a -aJ 1-1
, -1 % ,  
- < <P 5J-) 
-a
>
+ < <v sf- •
— CL
9 \i
35T  ^ 1-1—a ’ * “  —n >  *
( 21)
An equivalent, but more informative version of eqn. (21) can 
be derived by observing that
9u-a< "ST 6 <u1 - v 1) . . . 6 ( u n - v n) >  =
lim ( t + A t ) - u  (t)
< < A t - 0  At .....> • • 6 > = <22a>
i • u ( t + A t ) - u  (t)
< ^ At  ’
(22b)
9u -a i




Substituting 9u^/9t from eqn. (13) into the right hand side of 
eqn. (23) and performing a series of manipulations similar 
to those used in deriving the fj equation (c .f . Lundgren 
1967) gives
9u lim
< - r l i r -  - n >  = x-*x  — —a '  9x * < ' * *-n >
+ V 9x * 9x < >,
’ i  ^E):<- - I - V  * * * V >  d -  (24).. -a  I - a  - 1 -  -
It is immediately apparent from this equation that the deter­
mination of the estimator v  ^ for an n-point grid reduces to 
a problem of finding two (n + 1 ) - point conditional averages,
< u j V j , . . .  vn > and < u u| Vj , . . .  vr > , in which u is 
the velocity at a point x that can lie anywhere in the flow 
volume. The conditional averages in eqn. (24) may be inter­
preted as stochastic interpolation formulae whose functions 
are to predict the average behavior of the unknown contin­
uous velocity field in the regions between the grid points in 
terms of the known velocities at the grid points. In general, 
if the set of velocities at the grid points is the only informa­
tion that is available, these conditional averages are the best 
non-linear estimates of the inter-grid velocity field in the 
mean square sense, and they are sufficient to minimize the
m.s .  erro r associated with the estimator v . This situa--—o,
tionwill be termed 'optimal'. However, since closure ap­
proximations are required for the (n + 1 ) point conditional 
averages, the integration errors will not be absolutely min­
imized, and therefore any closed theory derived from eqn. 
(24) will be 'sub-optimal'. The extent to which the errors  
in a sub-optimal theory approach the absolute minimum will 
depend entirely on the accuracy of the approximations for
< I n > 311(1 < I n > •
It is worthwhile to note that the closure problem for 
eqn. (24) is identical to the problem that would be encoun­
tered if one attempted to solve the n-point p. d. f. equation 
on the set of points x^. and so, in this sense, the solution 
of f equation and the numerical solution of the Navier- 
Stokes equation on an n-point grid are equivalent. This 
conclusion is more obvious when one observes that the in­
formation available from the n-point numerical solution 
would be just sufficient to determine the n-point p .d .f. for 
the velocities at the grid points. The closure of eqn. (24) is 
also related to the subgrid scale closure problem. For ex­
ample < u | Xp • • ♦ Zn > in the viscous term contains in­
formation which specifies the average curvature (or more 
precisely the average Laplacian) of the velocity field at x^. 
Since the local curvature is intimately related to the turbu­
lent viscous dissipation and this, as is well known, is deter­
mined predominantly by small scale motions, it is evident 
that closure approximations for < u J v ^ , . . .  yn > must 
attempt to model the small scale structure. There are, in 
addition, large scale effects because the velocity at any 
point has a long range (on the order of the integral 
scale) influence on the conditionally averaged stress tensor
< u u | Vj , . . .  > that can appreciably affect the value of
the pressure integral. The long range influence is also 
present in < u|ylf • * • Zn >t but itS  e^ ect 111 ^  v*800118 
term is less important than in the pressure integral. Both 
large and small scale structure appear to be important in 
the first term on the right hand side of eqn. (24).
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In order to illustrate the type of numerical algorithm  
that eqn. (24) produces, and to illuminate the interpolative 
nature of the conditional averages more clearly, stochastic 
estimation theory will be used to develop a partial closure 
approximation in which the conditional averages are  approx­
imated by relatively simple form s. In what follows, < uj Up 
. . .  un > is used to denote the expected value of u given
the velocities u . , , . .  u at x . , __ x . Since u , , . . .  u
are  the actual, random velocities, < u| U p . . .  u > is also 
a random variable that must be conceptually distinguished 
from < u|Vj, . . .  vn > , which is simply a number that de­
pends on the non-random param eters Vp . . .  vfl. Of course,
when the random velocities a re  such that u = v , , . . .  u = v ,—1 - 1 * —n -n ’
the two types of conditional averages are equal.
A linear estimate for the ith component of < u | Up 
. . .  u > is obtained by assuming that it can be represented  
by a linear combination of all component velocities at the 
grid points :
< ^  V p = 1’ —  <25)
i, k = 1, 2 , 3
and choosing the coefficients a ^  to minimize the mean 
square e rro r given by
i. s . e rro r = < j< u. | Up . . .  u  ^ > - V k  V I >.(26)
(Index notation with the summation convention is used to 




<|< uilH p - - n > " aj3ik Uj3k (27)
W. < ui | Hi» —  Hn > = 0» (29)
and therefore it is essential for any estim ate of the condi­
tional average to satisfy eqn. (29) also. Substituting the 
linear estim ate postulated in eqn. (25) into eqn. (29) shows 
that u ^  8a^jjc/ 9xi = 0, and since the u ^  are arb itrary , 
it follows that the coefficients must satisfy
9a . . ,
-7T“ —• = 09x.l
(30)
for /3 = 1 , . . .  n and k = 1, 2 , 3 .  Taking the divergence of 
eqn. (28) yields a set of 3n linear equations for the vari­
ables in eqn. (30)
< V  v
9a.., 9u./3ik _  x _  „
------- < * 7 — uyj£) > ~ 0,9x.l WT.i
(31)
in which the last equality follows from the continuity equa­
tion. But if eqn. (28) has unique solutions a ^  for i = 1 ,2 ,3  
then the rank of the coefficient m atrix < u ^  u  ^ > (after 
some re-labeling to put the equations in standard form) must 
be exactly 3n, and hence the determinant of the coefficient 
m atrix in eqn. (31) is not equal to zero. Therefore, the 
only solutions of eqn. (31) are the trivial ones Oa^^/Ox. =0, 
and it is concluded that the continuity equation is automati­
cally satisfied when a^^ is (uniquely) determined from  
eqn. (28). (The point here is that less general linear esti­
mates such as < u.| Up . . .  u ^  > = a^k u^ may not, in gen­
eral,satisfy continuity.)
An estimate is also needed for the conditionally 
averaged Reynolds stress tensor, and an appropriate quad­
ratic form is
for 6 = 1 , . . .  n, ft = 1 ,2 ,3 ,  m = 1, 2 ,3 .  Hence, for fixed i 
eqn. (27) yields the following set of 3n linear algebraic 
equations for the 3n coefficients a^^:
< W  > a<Mk = <ui V  =•• (28>
The coefficients a  ^ can be expressed solely in term s of 
the two-point spatial correlations of the total velocity,
< V  v  > = \  < v >  u« (V l)  > < U1 V  > =
< u . (x,t) u  ^ (x , t) >,  and therefore they are two-point func­
tions of the continuously variable position x and the param ­
eters x^ which are  determined by the configuration of the 
grid points. Thus, the linear estimate in eqn. (25) has re ­
duced an (n + 1 ) point closure problem to a two-point closure 
problem.
Regardless of the value of 'n' any conditionally aver­
aged velocity must satisfy the continuity equation
< u. u.l u,,... u > l j ' - l  - n  ^ b/3yijkf U/3k Uy£ ’ (32)
where the coefficients could be found as before by minimiz­
ing the mean square e rro r . For present purposes such com­
plexity is not necessary and the sub-optimal estimate
< ui uj I Hi» * * * Hn > =< uiI Hi» —n > < ujl Hi* - • -
—n > wi^  be satisfactory. This implies that
°/3y ijk£ a/3ik ayjl * (33)
The final equation for the predictor v^, obtained 
by combining eqns. (20), (24), (25), (32), and (33), and 
setting = Vp . . .  un = vn, is





x—*-x — -a a^/?ik ayp£
(35)
a/3-yikf
= JL f (_ i___ 1__
4" ! 8xa l l V i l
^ _ lim I 9 9
afiik x -*x  ) 9x 9x -  - a  p p
w  9 a v ,3
9xp 9xq a/3pk % q £ d -
(36)
W  • <37>
Because of the approximations for < u| v ^ , . . .  vn > and 
C U U | v1, . . .  V  > in eqns. (25) and (32) eqn. (34) is a sub­
optimal estimate for v . However, if the velocity field 
were Gaussian, i . e . , if the velocities u, u^,. . .  were 
joint normally distributed, then eqns. (25) and (32) would be 
exact (Papoulis, p. 256), and eqn. (34) would be an optimal 
numerical algorithm. The right hand side of eqn. (34) has 
the same form as any finite difference formulation of the 
Navier-Stokes equations in that it consists of linear and 
quadratic velocity terms that are multiplied by weight coeffi­
cients derived from the governing equations. The essential 
difference is that, unlike a conventional finite difference 
equation, the coefficients are not derived explicitly from 
finite difference approximations to spatial derivatives, but 
are derived instead from spatial derivatives of continuous 
approximations to the intergrid velocity field that are based 
on the finite data available on the grid. In this sense the 
present method resembles the Galerkin method used by 
Orszag (1971b), except that in the latter the effects of mo­
tions on length scales less than the grid scale are not ac­
counted for.
The coefficients in eqn. (34) are ultimately functions 
of two-point spatial correlations of the total velocity, and 
since the spatial correlations are not known a priori, they 
must be approximated in terms of the known quantities. 
Superficially, it does not appear that this should be difficult 
because the wealth of information about the large scale tur­
bulence structure that is contained in the velocity data at the 
grid points should be sufficient to determine the values of 
the spatial correlation functions for large values of the sep­
arations (Xg - Xy) or (x - Xg), and universal similarity 
laws for the inertial subrange immediately suggest them­
selves as a means of modeling the small scale structure of 
the correlations, i. e . , their behavior for separations 
(x - x^) less than the grid scale. However, any approach 
of this type immediately encounters the fundamental problem 
of attempting to estimate quantities (the spatial correlations) 
that are averages over a large ensemble of individual reali­
zations of the velocity field in terms of quantities that refer 
to a single realization (the instantaneous grid velocity data). 
The same type of problem arises in the subgrid scale clo­
sure used by Deardorff (1970a) where Smagorinsky's (1963)
closure approximation is used to estimate the subgrid scale 
eddy coefficient in terms of the deformation of the local, in­
stantaneous grid volume averaged velocity field. A related 
formula (eqn. (3 .5 )in Deardorff 1970a) gives the local tur­
bulent dissipation in terms of the instantaneous grid volume 
averaged velocity field, and it is possible that this could be 
extended to the present formulation wherein a knowledge of 
the dissipation would probably be enough to model the small 
scales adequately. Further, the integral length scale could 
be estimated from the dissipation and the turbulence intensity 
so that the long range behavior of the spatial correlations 
could also be modeled. Several potential difficulties can 
be anticipated in such a procedure, and therefore it is not 
being proposed as a viable closure scheme, but merely as 
an example of an 'instantaneous/unconditional average' type 
of closure. An alternative to closures of this type is the 
'unconditional average/unconditional average' type of closure. 
For example, in the present numerical algorithm one ap­
proach would be to assume an initial form for the spatial 
correlation and integrate forward in time until enough grid 
data were available to calculate new estimates of the large 
scale spatial correlations between the grid points. Then, as 
before, estimates of the correlations for large scale separ­
ations (x - Xp) intermediate to the grid points could be ob­
tained by interpolation while estimation for small scale 
separations (x - x^) less than the grid spacing could be 
achieved by recourse to universal laws for the inertial sub­
range. This type of implicit approach is clearly cumber­
some, and moreover, there is no guarantee that it would 
converge.
Regardless of the type of closure scheme, it must be 
bom in mind that spatial correlations appear in the theory 
only as the result of certain approximations which were, in 
fact, designed to reduce the conditional averages in eqn. (24) 
to functions of the more familiar and much more extensively 
researched spatial correlations. These approximations 
would be correct only if the velocity field were Gaussian.
The important conclusions are that the fundamental closure 
problem in the present numerical model of turbulence is 
one of modeling the intergrid velocity field, and that condi­
tional averages are intrinsically appropriate to the descrip­
tion of this field.
PROPERTIES OF CONDITIONAL AVERAGES
In the first part of this section the conditionally 
averaged counterparts of a few common unconditional sta­
tistical quantities are defined, and in the second part some 
special relations for isotropic turbulence are derived. 
Throughout, rather than dealing with the statistics of total 
velocities, it is convenient to use Reynolds decomposition 
to divide the total velocity _u and the dummy variable v
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into mean and fluctuating parts in the usual fashion:
u = U + u 't v  = U + c , U = < u > . (38)
Then the conditional average of u is related to that of u’ by
Hi Hi = vr . . . , U = V > =—n —n
u + < - 1  - i = c , , . . .  u* = c >  . - 1 * -n  -n (39)
Second Order Conditional Moments
(n + 2) - Point Conditional Covariance Tensor. This 
quantity is defined as the covariance of the velocities at two 
points x^, Xp given the velocities at n other points, none 
of which coincide with x  or x , .  That is,
V W - l - " -  £n) 5< u a i u« I S r £ l - " -  —n =-n  > * <4 0 >
As with the unconditional two-point covariance tensor, the 
continuity equation implies that
9R
8x
ij^ -a’^ l-r ' * * -n}= 9Rij -P ’ * * -n} = Q _
ai
(41)
(n + 1) - Point Conditional Covariance Tensor. A 
special case of the (n + 2) - point conditional covariance o c ­
curs when one of the conditional points, say x^, coincides 
with x^. Then, after setting ul = u' = c . , and dropping the 
subscript a for convenience, eqn. (40) reads
Ri j f e  * i l £!■••• £„>=< ui uijl u' = c > (42a) —n —n  ^ '
= c n <  ui l£ i- C > ,—n ’ (42b)
from which it is clear that the (n + 1 ) - point conditional co ­
variance depends simply on the (n 4- 1 ) - point conditionally 
averaged velocity. As in eqn. (41) the (n +  1) - point condi­
tional covariance has zero divergence at the point x. 
According to eqns. (12b) and (42) the unconditional covari­
ance tensor R „ (x, x ^  = < ul u’^  > can be calculated from  
the conditionally averaged velocity according to the formula
Rij (*> x x> = < R.j (x, x t| c p  . . .  cn) > (43a)




The last equation indicates that much of the structural 
information in the (n + 1 ) - point conditionally averaged vel­
ocity is not available in the unconditional covariance. Indeed, 
even the two-point conditionally averaged velocity should 
provide greater detail than the unconditional covariance be­
cause the relation
R j ] ( x ,  X i ) - / C < u j l u ^ - c ^  f, (£ l> d^c ^ (44)
suggests that the fine structure in < u!| u^  = c^ > is 
smoothed out by the integration over c^.
Three-Dimensional (n + 1) - Point Conditional 
Spectral Density. The three-dimensional Fourier transform  
of the (n + 1) - point conditional covariance with x = x + r  
yields an (n + 1 ) - point conditional spectral density
S. .(k,x. c. ,...c )i j  — —1|—1’
_ _1_
8tt'




that is related to the unconditional three-dimensional spec­
tral density tensor
S i j 4 . i P 1 f c j k - I811' e ----Ri j (^ -i + L
(46a)
by
S lj<i.2£1> = / S ij(k . Xjl cr ... cn> fn <£l,... cn)d3c 1. . .d3^
(46b)
Equations (42b) and (45) suggest that it is natural to define
S.(k,x. c, ,...c ) l  — 1 —1 —n
• *• > d L
8rr'
_ 1 (—jk-r ,= — — I ft J--- <ii!<u (x +r) cn , l  —1 — —1
such that
sij (h i l l £ r  • • • £n> = clj Si &  i l l  £!»••• £n)-
(47)
(48)
The conditional vector spectrum, being a Fourier transform  
of the velocity field, is more amenable to physical interpre­
tation than the spectral density tensor, and as a corollary to 
the comments concerning the information content of the 
(n + 1 ) - point conditional covariance tensor, it also contains 
more information. The loss of information is illustrated by 
considering the relation between the unconditional spectral 
density and the two-point conditional vector spectrum in 
homogeneous flows where S.  ^ (k, x^) = (k) and
s i (£» *il £x> = s i (k|£i> :
s ij ®  = / c ij s i ( - l - P  fi (£i> d3£i*  <49>
Isotropic Turbulence
Because of its simplicity isotropic turbulence is an 
obvious starting place for investigations, both theoretical 
and experimental, of conditional averages. Moreover, the 
importance of the small scale, and therefore presumably 
locally isotropic, behavior of conditionally averaged velocity 
field has already been demonstrated. In this section the 
relations governing conditional averages in isotropic turbu­
lence are presented in an order that essentially parallels 
Batchelor’s (1960) development for isotropic correlation  
tensors.
Isotropic Representation. In general, < u’| C j , . . .  
£ n •> is a vector function of (n + 1 ) position vectors
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x, x l f . . .  x and n velocity vectors c . , . . .  c . Since — —l —n —1 —n
isotropic turbulence is also homogeneous the conditional 
average must be invariant with respect to translations, and 
therefore
< «' I £!»••• £ n > = function of ( r ^  . . .  £ n, £ j , . . .  £n), (50)
where r  = x - x . If such a vector function is also iso- —a -  —a
tropic, then representation theory (Smith 1971) shows that 
it must have the form
< u!| c , , . . .  c > = G c . + H r . ,  r — 1 - n ^ a ai a ai (51)
where repeated indices are summed, and G and H are
isotropic scalar functions of the isotropic invariants r^ • r^,
c_ • c and r 0 • c , j8 = 1 , . . .  n, y = 1 , . . .  n.-p -y —p -y  ’
Continuity Equation for < u'| £ 1 > . For the special
case n = 1 eqn. (51) reduces to
2 2 2 2
< uil £ i>  = G i ( r i» c i» £ i*^ i> c i i + H i^r i» c i » I i ‘ £ i ) r ii- <52)
Since < u.| ^  > must satisfy the continuity equation (c .f . 
eqn. (29) ) , Gj and Hj are not independent, and a straight­
forward calculation shows that they are related by
9G. 9H
FrjT. cli + rli + 3 H 1 = 0 * (53)
This equation has a familiar analog in the theory of isotropic 
covariance tensors (c .f . Batchelor, eqn. (3 .4 . 2)  ).
Determination of Gj^  and 1^. In isotropic turbu­
lence the nine elements of the covariance tensor can be ex­
pressed in terms of two scalar functions, and this greatly 
simplifies their experimental determination. A similar 
result holds for the isotropic two-point conditionally aver­
aged velocity vector, but in this case the simplification is 
not so dramatic. Let r^ be a unit vector in the direction 
of £ i  = x - X j, n1 be any unit vector that is normal to r ^  
and denote the conditional averages of the velocity compo­
nents u' • Tj and u' • n  ^ by
g (£x» £ x> = < u' * nx\ > (54a)
and
h (£i> = < - * ^ ll -1 > * <55>
Then from eqn. (52)
g (£i» £i> = < H'l£i > = Gi-1 ' V  (56)
and
h (£ l»  £ x ) =  ^  • <  u ' | >  = G j  £ x • /r l + H j xy  (57)
These equations may be used to eliminate Gj and from
eqn. (52), thereby resulting in the equation
. ( £ r ( £ r r i>r i)  ^
< £ ’ l£ i  = £ i > = ----------- ^---- L g+ hrr
* r nl  ‘
(58)
Thus, it is necessary to measure only two components of u', 
but unfortunately all three components of £^ must be mea­
sured, and g and h are functions of r .  • £ . as well as
2 , 2r j  and Cj .
SUMMARY AND CONCLUSIONS
It has been shown that the closure problems in at 
least two theoretical formulations of turbulence ultimately 
reduce to the approximation of conditional averages in 
terms of lower order statistics. In the equation for f  ^ the 
two-point conditional averages specify the average velocity 
field surrounding the point of interest, and are needed to 
determine the conditional pressure and viscous stresses at 
that point. In the numerical model conditional averages 
may be interpreted as interpolators or, more precisely, as 
estimators of the average inter-grid velocity field that con­
tain enough information to determine the stresses at the 
grid points (including the sub-grid scale Reynolds stresses) 
in such a way as to minimize the errors due to the coarse­
ness of the grid. It has also been shown that even the lowest 
order conditional averages, i . e . , < £ | £ 1 = £ 1 > or
< u’ | u’x = £ x > contain more of the turbulence structure 
than conventional spatial correlations. Therefore, although 
this question was not directly addressed, it is probable that 
simple conditional averages of the type discussed could be 
usefully employed in studies of coherent flow structures.
One advantage in using this type of conditional average 
would be that the event E = = v ^  is relatively simple
and would have significance in any type of flow.
Because so little is known about conditional averages 
(em pirical data is especially lacking), it is difficult to spec­
ulate about the ultimate importance of their role in turbulence 
research or their utility in turbulence modeling. Nonethe­
less, it is apparent that they do have theoretical significance 
and that they can provide useful insight into the structure of 
turbulence. Consequently, it appears that further studies 
of conditional averages are warranted, and it is suggested 
that experimental measurements of < u| ^  > or
< u'| u  ^ = Cj > would be especially valuable contributions.
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THE ROLE OF LARGE SCALE STRUCTURES
IN THE INITIAL DEVELOPMENT OF CIRCULAR JETS
F. K. Browand and J. Laufer 
Department of Aerospace Engineering 
University of Southern California 
Los Angeles, California 90007
ABSTRACT
Experimental results are presented describing the 
flow field surrounding the potential core of a circular 
water jet in the Reynolds number region between 5,000 
and 15,000. This field is divided into three regions:
1) the shear layer instability zone; 2) the vortex 
interaction region; and 3) the zone of higher order 
instability mode and turbulence generation. It is 
shown that the origin of the large scale structures 
just downstream of the potential cone can be traced to 
the upstream vortices, but their statistical behaviour 
(passage frequency, spatial coherence) seems to be in­
dependent of the initial shear layer instability.
INTRODUCTION
In the past, studies of turbulent jets have been 
restricted primarily to flow regions where certain 
mean quantities behave independently of initial condi­
tions. Depending on the particular criterion chosen, 
these so-called self-preserving regions start anywhere 
from 15 to 50 diameters downstream of the nozzle. There 
is some evidence that in self-preserving turbulent shear 
flows in free shear layers as well as in boundary layers, 
large scale structures exhibit similar behaviour to 
that in the developing stages of the flow. For this 
reason, as well as for the fact that in the aerodynamic 
noise problem the initial development of a jet in the 
first ten to twenty diameters plays a most important 
role, considerable effort is being spent on the detailed 
study of the flow field in and around the potential 
cone of a jet; see Petersen, Kaplan, and Laufer (197*+), 
Yule, et al (197*+), and Fuchs (1972). In this region 
it is to be expected that two length scales must enter 
the problem: the initial shear layer thickness, 0 , 
at the nozzle exit, and the nozzle radius, R . As a
u. 0consequence, the thickness Reynolds number, j^ et , will
play an important role in the initial shear layer devel-
Ropment over a distance depending on the ratio -g . Fur­
ther downstream the flow field scales with the diameter.
Theoretically, the problem was considered by a 
number of authors, in particular, by Crow and Champagne 
(1971) and by Michalke (1971). Both formulated the 
problem in terms of spatial or temporal instability 
waves over a cylindrical shear layer seeking modes of 
highest amplification. Michalke took the shear layer 
finite thickness and spatial wave growth into account 
but cast the problem within the framework of a linear 
theory. Crow and Champagne (1971), on the other hand, 
considered the stability of a uniformly thin jet column 
and attempted to explain their experimental findings in 
terms of a combined effect of linear amplification and 
non-linear saturation of the instabi1ity waves.
Although these approaches show some qualitative 
agreement with observations, they must be critically 
examined in view of subsequent experimental evidences.
In particular, measurements show that the laminar in­
stability waves, after reaching a certain amp 1 i tude, break­
down and form rings or helical vortex structures. In­
cidentally, during this process the centerline r.m.s. 
velocity fluctuations increase uniformly. The vortex 
rings interact with each other by coalescing, and dur­
ing this process the vortices become turbulent. It is 
most unlikely that such a complicated flow could be 
cast within a wave instability framework.
A quantitative, experimental study of this problem 
is equally difficult. Conventional, statistical mea­
surements do not reveal the details of the flow. This 
is so, partly because the secondary motions, especially 
in the turbulent regions, are relatively weak and dif­
ficult to measure, and partly because they appear ran­
domly over a stationary probe; therefore difficult to 
detect and to study their behaviour. As a matter of 
fact, no satisfactory technique has been devised yet 
that completely overcomes these problems. However,
Crow and Champagne (1971) did develop a useful method 
that was also used in our laboratory. This consisted 
of subjecting the jet column to periodic disturbances, 
introducing them upstream of the nozzle, and observing 
the response of the flow field.
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The experimental findings presented in this paper 
indicate that during the early development of the jet 
there are three flow regions that can be clearly dis­
tinguished provided the ratio ^  is sufficiently 
large at the nozzle exit: 1) the instability region of 
the initial shear layer in which the distributed vor- 
ticity in the layer develops into "lumps" of vorticity; 
2) the vortex interaction region along the potential 
core; and 3) generation of higher modes of instability 
and turbulence. Each of these regions will be dis­
cussed in some detail in the following sections.
EXPERIMENTAL SET-UP AND PROCEDURE
The water jet consisted of a stilling chamber and 
detachable nozzle (Fig. 1). The axisymmetric nozzle 
has a contraction ratio of 16:1 and an exit diameter 
of 1.5 inches. Jet exit velocities ranged from above 
5 inch/second to 15 inch/second —  the corresponding 
jet Reynolds numbers were 5,000 - 15,000. The turbu­
lence level was measured on the jet centerline just 
upstream of the nozzle exit with a hot-film anemometer.
The rms longitudinal fluctuation was about .005 U. ^ a tjet
a jet speed of 5 inch/second, and was somewhat lower 
at higher jet speeds. A schematic of the entire jet 
apparatus is shown in Figure 2. In operation, the jet 
is immersed vertically in a large tank. Flow rate 
through the jet is monitored by a Fischer-Porter flow 
meter. The jet is supplied by gravity feed from a 
second tank overhead. The supply tank is fitted with 
an overflow tube and a pump return from a lower sump 
to maintain constant supply head. When desired, arti­
ficial disturbances could be introduced by periodically 
constricting the jet supply tube.
The flow was visualized in either of two ways.
Dye could be introduced at the top of the stilling 
chamber to color the entire jet column, or could be 
introduced into the nozzle wall boundary layer through 
a series of fine slots to color only the region of 
high vorticity. The dye used was common red food 
coloring. It is a convenient coloring agent because 
it can be removed with ordinary laundry bleach —  
Clorox, for example. After each injection of dye, the 
tank could be cleared of color in a few moments —  
thus, eliminating the time consuming task of draining 
and replacing the water. Lighting was no particular 
problem in this case —  still photographs and movie 
films were made by back-lighting through a translucent 
screen.
Hydrogen bubbles were also used. A thin platinum 
wire was placed across the exit plane and pulsed
periodically to produce a sequence of lines. By trial 
and error, it was determined that .002" diameter 
platinum wire at voltages of about lOOv produced the 
best results. This wire is small enough to give the 
desired quantity of microscopic bubbles, and yet 
strong enough to withstand normal use. An axial 
slice of the jet was illuminated using a commercial 
spot lamp and a vertical slit. The room must be com­
pletely darkened to provide good contrast between 
bubbles and background. Even so, obtaining enough 
light is a problem. Shutter speeds were normally 
1/250, using a Nikon F camera with fl.4 lens. The 
Tri-X film was pushed to approximately ASA 3000 by a 
special developing technique. Photographs of the 
bubble traces give a good qualitative picture of the 
jet flow field in the region 0-4 diameters. An 
example is shown in Figure 3 for a Reynolds number of 
5,000. The time increment between bubble wire pulses 
was 35 msec.
INITIAL SHEAR LAYER INSTABILITY
The initial flow is laminar, but it becomes un­
stable shortly after leaving the nozzle. The para­
meters of this instability can be obtained from 
dimensional arguments. The geometry is sketched below:
Let the scale of the initial laminar shear layer be 
characterized by 9 (momentum thickness), the initial 
wave length of the disturbance by %  , and the passage 
frequency of the disturbance by j" . If the Reynolds 
number is large, viscosity is of no direct importance 
and one may expect that
V e  =  ,
The third parameter characterizing the instability, 
wave phase speed c, can be obtained from the above 
results, since c = ^f. Now, if R / 0 »  1 , it may be 
assumed that F and G are independent of R/0. Thus,
V e  = c , ,
=  c ,C l  ' (2)
The initial momentum thickness is a function of 
the jet Reynolds number. For the present jet, the 
relationship is 0/D = .98/^lie^ , so that with 
Eq. 2 :
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V d  =  C 'S / d  =  - 9 8 C i / / % r  , 
l ^ ' r = C 1D / g =  7 / . , a  . (3)
Thus, the frequency is proportional to ^ power of jet 
Reynolds number, and the wave length inversely. The 
wave phase speed is independent of Reynolds number.
Michalke (1971) was the first to solve the stabil­
ity problem correctly by accounting for the finite 
thickness of the laminar shear layer. His detailed 
calculations show the above conclusions to be substanti­
ally correct for R/0> 25 , with the most amplified 
wave having approximately,
c1 ~  32.3
c2 ^  .0167 .
In actuality, there is a residual dependence upon R/0 
not accounted for by setting ^/0 , f^ equal to 
constants as in Eq. (2). Michalke's (1971) exact re­
sults (taken from the figures in his paper) for the 
most amplified wave, are compared with the present ex­
perimental results for three Reynolds numbers in Fig. k 
(afr\ The experimental observations i nc 1 udeh/drogen bubb le 
visualization and visualizations utilizing dye injected 
into the nozzle boundary layer. Wave lengths were de­
termined by direct visual observations of still or movie 
frames. The period of passage, T = 1/f , was deter­
mined by following wave disturbances, visible in the 
shear layer, frame by frame from movie film. A large 
number of measurements are available, and both the mean 
and median results have been plotted. The measured 
results and the theory are in reasonable agreement. No 
experimental results are given for the Strouhal number 
corresponding to the highest Reynolds number tested.
It was not possible in the movie films of the dyed jet 
to observe the growing disturbances sufficiently near 
the nozzle exit where their linear behaviour could be 
ascertained. (The point where non-linear interactions 
begin, of course, scales with the wave length or spac­
ing between cores and, hence, occurs much sooner at 
higher Reynolds numbers.) Even at Reynolds number of 
10,000, there is a large difference between the mean 
and median frequencies of passage. This is a reflection 
of the beginnings of a pairing. As pairing is approached, 
the time interval between vortex passages becomes small 
and the frequency of passage becomes correspondingly 
large. The average frequency is heavily weighted by 
these high frequencies, whereas the median is more 
nearly characteristic of the largest time intervals be­
tween vortices.
Michalke's (1971) theoretical results show very 
little difference in the maximum amplification rates
between the axisymmetric mode (m=0) and the lowest 
mode with azimuthal dependence, m=1 . (There may, 
indeed, be slight differences, but at R/0 >  25 , it is 
impossible to distinguish between the theoretica 1 curves 
presented.) Observations indicate that at Re = 5,000 
(R/0 =” 36) the disturbances are almost always axisym­
metric, leading to the formation of donut shaped vor­
tices. At larger Reynolds numbers, (10,000 and 15,000) 
the vortices rapidly develop azimuthal dependence. Rings 
with between k-—  8 or 9 lobes are commonly observed This 
structure is probably a result of non-linear processes. 
At a Reynolds number of 15,000 however, the vortex core 
does appear to be helical in form - corresponding to 
the m = 1 mode - for, perhaps, 50% of the time.
VORTEX INTERACTIONS ALONG THE POTENTIAL CORE
The pairing interactions which occur between axi­
symmetric vortex rings can be described as follows: 
the downstream ring slows perceptably, and grows 
slightly in diameter under the influence of the ap­
proaching upstream ring. The upstream ring, in turn, 
increases its speed and decreases its diameter until 
the two merge to form a single, large ring. The 
paths of two typical vortex cores undergoing pairing 
are shown in Figure 5 • The pairing of adjacent vortex 
rings can be viewed as the consequence of a secondary 
instability: a row of equally spaced vortex rings of 
equal strength are in dynamically unstable equilibrium. 
For, if any one vortex is displaced slightly, it is 
clear that it must proceed toward its nearest neighbor 
until a pairing occurs: the upstream ring, which 
squeezes through the downstream ring, is always trapped, 
and the vorticity of the two rings merge.
Position-time information taken from successive 
movie film frames allows the calculation of velocity 
also. In Figure 6 , the axial velocity is shown as a 
function of X/D for a typical vortex interaction.
The size of the data increments is shown on the figure, 
and the accuracy of the velocity trajectories is judged 
to be about + 10% of the jet velocity. At X/D <  1, 
both vortices have a speed near half of the jet velo­
city. At about X = H D  , there is a rapid change in 
velocity. The reason for this increase and decrease in 
velocity is thought to be associated with the formation 
of the finite amplitude vortex from the initial in­
stability. The pairing interaction extends from about 
X/D = 2  to X/D = 3 • The downstream vortex, with 
velocity'3' .5 Ujet at the beginning of the interaction,
slows to about .38 U. . ; while the upstream vortex jet
attains a maximum speed of approximately .9 Ujet .
After merging, the combined ring has a speed .63 
which exceeds the speeds of the original members.
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At higher Reynolds numbers, when the helical mode 
(m = 1) dominates the instability, the interaction 
between adjacent portions of the vortex core are more 
complicated, but there is still a strong tendency to 
form large vortex structures which are roughly axi- 
symmetric. In this process, portions of the helical 
core draw closer together to form rings, while other 
portions of the core are simply stretched. This is 
schematically illustrated in Figure 7 . A side view 
of the jet is shown; crosses connected by a light dot­
ted line indicate the path of the helical vortex core 
before interaction. During interaction, the vortex 
core is deformed as shown by the solid lines. Hatched 
circles represent the intersection of the core with 
the right and left extremities of the jet. Figure 8 
shows idealized x-t traces illustrating the fundamental 
interactions in the m = 0 , m = 1 cases. The first 
case (m = 0 mode) represents axisymmetric pairing, to 
produce a spacing roughly twice the original spacing. 
For the m = 1 mode interaction, paths of both the 
right and left sides of the vortex core are traced in 
time. This interaction produces a spacing roughly 3/2 
larger than the original spacing. Examples of actual 
vortex paths obtained from movie films are shown in Fig­
ure 9(a,b). It is clear that many variations of the 
interaction just described can occur.
The most important consequence attributable to 
these vortex interactions is the production of large 
scale features —  at the termination of the potential 
core -- which are relatively insensitive to variations 
in Reynolds number. In order to demonstrate this 
point, the paths (x-t traces) of 20 to 60 individual 
vortices were followed along the potential core (X/D<4) 
for the three Reynolds numbers: 5, 10 and 15 thou­
sand. At each selected downstream position, the 
passage periods between successive vortices were used 
to define a vortex passage frequency, or Strouhal 
number. The results for each individual passage are 
shown plotted in Figure 10 for a jet Reynolds number 
of 5,000. At X/D = 1, the mean or average Strouhal 
number is 1.25 (the median is slightly less) and this 
value describes the initial laminar instability. There 
is a band-width, or frequency spread, associated with 
the instability of about t 50% (of the mean frequency). 
Only slightly farther downstream however, the band­
width is considerably increased. The reason is that 
during pairing, the frequency of passage of adjacent 
vortices can become extremely large (corresponding to 
small spacing). The average frequency, at locations 
where pairing can occur, is heavily weighted towards
high frequencies. But for every pair of vortices which 
draw close, there exists a second pair which increase 
in relative spacing. Their passage frequency or 
Strouhal number is decreased —  but at most by a factor 
of two. The median frequency, or Strouhal number, is 
a good measure of this progression to lower frequencies 
(larger length scales). At X/D = 4 , the median 
Strouhal number is ^ . 5  , and indicates that slightly 
more than one pairing -- 1.4 pairings on the average -­
has taken place upstream.
Figure 11 shows the median Strouhal numbers plot­
ted versus X/D for three Reynolds numbers which dif­
fer by a factor of three. (At the highest Reynolds 
number, the vortices become too diffuse to follow 
accurately beyond X/D = 2.) The results lie roughly 
on a single curve, and give important evidence that the 
large scale, vortex structure of the jet reaches a ter­
minal state, St ^  .5 at X/D = 4., which is independ­
ent of the Reynolds number or the initial frequency of 
instabi1i ty.
GENERATION OF TURBULENCE
The large scale vortical interactions —  the re­
sult of inhomogenities in the initial vdrtex strength 
and spacing -- occur randomly distributed in time and 
position along the potential core. If one simply ex­
plores time history at a point, the flow appears less 
organized than it really is, for the spatial coherence 
of the structure at any instant is ignored. But any 
truly turbulent flow must contain a random distribution 
of vorticity at much smaller scales, as well. There 
appears to be a definite sequence of events which lead 
to the production of a small scale, random vorticity 
field. The observations leading to the present conclu­
sions were made at a Reynolds number of 5000, where the 
initial instability is primarily axisymmetric. The 
conclusions are probably equally valid at higher Rey­
nolds numbers, although the appearance of the m = 1 
mode may introduce additional complexities.
The vortex cores which form from the initial lam­
inar instability develop hi,gh mode azimuthal structure. 
A typical example is shown in Figure12, where the vor­
tex ringcore, viewed from slightly above, is seen to 
contain waves with a mode number of about 9 (see, for 
example,Widnal1, et a 1(1974)). Maxworthy(1974) has con­
cluded that an i solated ring will eventually develop a 
turbulent core as the result of the growth of azimuthal 
waves. This breakdown may occur in a violent manner 
with much debris (vorticity) left behind. Thereafter,
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turbulent material is continually torn from 
the core and deposited in a downstream wake.
The vortices along the potential core do 
not possess a wake - indeed the presence of a wake is 
inconsistent with the existence of a potential core 
region. In this case, vorticity is shed primarily 
as a result of the pairing interactions. Figure 13 
shows a sequence of 3 photographs taken at various 
stages of the pairing process looking up the axis of 
the jet. (A hydrogen bubble wire was placed around 
the circumference of the jet, 1/16" downstream of the 
nozzle exit. Bubbles produced at the wire are swept 
into the cores of the vortices which appear in these 
photographs as bright, segmented rings. Bubbles were 
not generated around the complete circumference of the 
jet, but only in segments. The presistence of these 
segments indicate the absence of azimuthal velocity in 
the cores.) The first photograph shows the ring up­
stream of the point of interaction. Azimuthal struc­
ture is barely seen. In the second photograph, the 
ring has been squeezed to its smallest diameter to 
pass through the downstream ring. Note the enormous 
intensification of the azimuthal structure. The final 
photograph shows that pieces of the (inner) vortex 
core actually pinch off to form small, individual 
vortex loops. Some of the loops are left behind as 
the remainder of the inner vortex core is swept 
through, and merges with, the outer ring. Host of the 
detrital vorticity is swept through and discarded 
after making an almost complete transit of the outer 
ring. A side view schematic of the process is 
sketched in Figure 14. Many earlier workers. Crow 
and Champagne (1971), Yule (197*0 have 
commented on this sheath of (small scale) turbulent 
fluid which tends to obscure the visualization of un­
derlying large scale structure.
As the vortex rings propagate downstream, vorti­
city is cfiffused inward. The potential core 
is terminated when the vorticity within the rings 
reaches the axis of the jet. This occurs at approxi­
mately 4 diameters downstream. A fundamental change in 
the character of the vorticity distribution within the 
rings seems to take place at about the same point. 
Whereas upstream, the vortices possess recognizable, 
organized core structure, albeit turbulent; the 
vorticity now appears much more uniformly distributed. 
Crow and Champagne (1971 ) used the term "puff" to 
describe the structures they observed in the region 
>  4 diameters downstream. Indeed "puff" is a good 
descriptor if one keeps in mind that the gross flow 
field still resembles that of a vortex ring. Figured,
taken from 16 mm movie film, shows the transition in 
structure from vortex ring with organized core to puff.
The reason for the loss of a recognizable core 
is not presently known. Maxworthy (private communi­
cation) has speculated that the organized core may not 
be able to survive in such a high level of ambient 
turbulence - turbulence produced by the passage of 
previous rings. This idea is supported by the observa­
tion that the initial vortex, in a jet started from 
rest, does not lose its organized core, although 
following ones do.
CONCLUDING REMARKS
The visual observations presented here indicate 
that interactions of finite amplitude vortices are the 
major feature of the flow in the developing region of 
an axisymmetric jet. The interactions are complicated 
and varied —  especially at the highest Reynolds number 
-- and our description, almost of necessity, is an 
oversimplification. The most important finding is that 
the Strouhal number, associated with the passage of 
large scale features at the termination of the poten­
tial core, reaches a value of approximately .5 independ­
ent of Reynolds number. (The corresponding length 
scale is approximately 1.3D if the median vortex speed
is taken to be .65 U. „.) Coalescence of vortices to jet
form ever larger structures is the mechanism by which 
independence from the initial length scale is achieved. 
Although the present experiments cover a limited range 
of Reynolds number, it is plausible that the mechanism 
is operative at higher Reynolds numbers also.
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FIGURE 2. SCHEMATIC OF JET APPARATUS.
FIGURE 3. VISUALIZATION OF JET USING HYDROGEN
BUBBLES. ReD = 5,000; TIME INCREMENT 
BETWEEN BUBBLE PULSES = 35 MSEC.
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FIGURE 4. (a) WAVE LENGTH OF INITIAL INSTABILITY, (b) FREQUENCY OF INITIAL INSTABILITY.
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FIGURE 6. AXIAL VELOCITY OF TWO VORTEX CORES 
UNDERGOING PAIRING. Re  ^ = 5 ,000 .
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FIGURE 7- SCHEMATIC OF m = | MODE INTERACTION. DOTTED 
LINE BETWEEN CROSSES INDICATES INITIAL HELICAL 
VORTEX CORE. SOLID LINE INDICATES DISTORTION 
OF VORTEX CORE DURING INTERACTION. HATCHED 
CIRCLES REPRESENT INTERSECTIONS OF VORTEX CORE 
WITH EXTREMITIES OF JET .
FIGURE 9. VORTEX CORE PATHS OBTAINED FROM MOVIE FILMS; (a) THE















FIGURE 10. THE FREQUENCY OF INDIVIDUAL VORTEX PASSAGES AS A FUNCTION 
OF DOWNSTREAM POSITION. St = D/TU- , WHERE T IS THE 
TIME PERIOD BETWEEN ARRIVAL OF ADJACENT VORTICES.
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FIGURE 11. THE MEDIAN FREQUENCY (STROUHAL NUMBER) 
OF VORTEX PASSAGES AS A FUNCTION OF 
DOWNSTREAM POSITION FOR THREE REYNOLDS 
NUMBERS.
FIGURE 12. AZIMUTHAL WAVES ON VORTEX CORES AT
Re = 5,000. IN THE PRESENT PHOTOGRAPH, 
THE EFFECT IS ENHANCED BY FORCING THE 
JET SLIGHTLY AT AN EQUIVALENT STROUHAL 
NUMBER OF 1.6.
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TR ANS IT ION OF R INGS  TO PUFFS ATFIGURE
TERMINATION of  p o t e n t i a l  c o r e .
St =JET IS FORCED SLIGHTLY AT
FIGURE 13- AZIMUTHAL STRUCTURE SEEN LOOKING ALONG 
AXIS OF J ET .  THE EFFECT IS ENHANCED 
BY FORCING THE JET SLIGHTLY AT St = *1 .0 :  
(a)  X/D = 1 .75 ;  (b) X/D = 2 . 75 ;  (c)






FIGURE 14. SIDE VIEW SCHEMATIC OF VORTICITY SHED DURING PAIRING INTERACTION.
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DISCUSSION
A. K. M. Fazle Hussain, University of Houston: I have 
a number of questions, mostly seeking some c la r i f ic a ­
t io n s . You have referenced the work of Crow and 
Champagne; but the Strouhal number that they found or 
id en tified  as the preferred mode which is  capable of 
producing the strongest near f ie ld  organized struc­
ture over a range of Reynolds numbers was 0 .3 . How 
do you explain your Figures 10 and 11 where the data 
seem to be a l l  above a Strouhal Number of 0.5 v is a 
v is  the data o f Crow and Champagne?
Laufer: I t  is  not c lea r but when you look at the 
f i r s t  figure you w ill see that there is  quite a b it 
of scatte r in the data, and i t  depends on what kind 
of averaging you do to come up with th is  number. I 
think at th is  stage the interesting  thing is  not the 
absolute values of th is  number but the fact that 
Crow and Champagne,as well as we, find that such a 
fixed  number indeed e x is t s . We are not at the stage 
where we re a lly  worry about the absolute value.
Hussain: I t  is  my understanding that you conjecture 
that the phenomenon you observe at the low Reynolds 
number also occurs at high Reynolds number. There­
fore the question a r ise s : what happens i f  you try 
to s p l i t  the near e x it  boundary layer into two groups 
v iz  laminar and turbulent and see i f  some semblance 
of vortex ring could be observed with the same Reynolds 
numbers but with tripp ing . In other words, is  the 
streamwise dependence of Strouhal number shown in your 
figures pecu liar to the low Reynolds numbers o f the 
flows studied?
Laufer: Actually i t  is  more than ju s t  a conjecture.
I don't know whether you have had a chance to see 
the report of the Southampton group. They look at 
much higher Reynolds numbers in a d iffe ren t geometry, 
in a two-dimensional mixing layer. Brown and Roshko 
went up to Reynolds numbers of 10^  where they can see 
the same type of vortex in te raction , large scale 
coalescence occurring at very large Reynolds number, 
as was seen in th e ir e a r l ie r  work.
Hussain: Since the formation of vortex rings from 
in i t ia l  laminar shear layer is  due to in s ta b il it y , 
how can one explain the formation of near shear layer 
vortex ring formation in an in i t ia l ly  turbulent shear 
1ayer?
Laufer: I believe that the shear la y e r , whether in a 
laminar or turbulent s ta te , undergoes a Kelvin- 
Helmholz in s ta b ilit y  which eventually resu lts  in 
formation of vo rtice s .
Hussain: I submit that probably the vortex ring 
dynamics (even though the data of Brown and Roshko is  
f a ir ly  conclusive as to the nature of the pairing 
in a shear layer) are quite d iffe ren t and I do not 
have the explanation. But I would lik e  to inform you 
that we have done some prelim inary c irc u la r  a ir  je t  
experiments over a Reynolds number range of 8000 to 
130,000 which covers the range of your experiment and 
also Crow and Champagne, and we have found two 
interesting things. We found that when the shear 
layer is  tripped (or tu rbu lent), then the preferred 
mode is  0 .3 . However, i f  i t  is  not, at least for 
the three d iffe ren t nozzle diameters we have t r ie d , 
the preferred mode seems to be 0 .4 . These values 
as well as the Strouhal numbers fo r stable subharmonic 
formation are dependent on the in i t ia l  condition.
Laufer: Those are very exciting  resu lts  indeed. We 
find that by forcing we can also lo ca lize  in a certa in  
sense, the p a irin g , but we have not fo r instance, 
looked at the situation  where the in i t ia l  boundary 
layer is  turbulent.
H. M. Nagib, I I T : Since we see th is  a l l  as very con­
vincing evidence of the presence of the pairing 
process, how important is  the pairing process to the 
mechanism of the growth of the shear layer? And 
would that be related to the spreading rate of the 
je t?
Laufer: I think i t  is  intim ately re la ted ; in fa c t , 
the finding that the coalescence doubles lo ca lly  
demonstrates th is . I t  is  not the only mechanism of 
the spreading; at the same time one would expect 
some turbulent d iffusion to take place.
Nagib: Is pairing only lim ited to laboratory je ts  and 
shear layers ("clean conditions") or does i t  also 
e x is t  in some form in industria l je ts  and shear 
layers ("unclean conditions")? I f  the former is  true 
what are the substitute spreading mechanisms of the 
layers in "unclean conditions"?
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Laufer: Maybe I would not use the word p a ir in g , but 
rather in te rac tio n , since some kind of lower harmonic 
formation must take place. There is  one in te re stin g  
evidence, not in the je t  but in the wake where under 
ce rta in  circumstances the complete absence of the 
large scales is  noted, so that the turbulent laminar 
in terference of the wake is  p ra c t ic a lly  a s tra ig h t 
l in e ,  and the wake has p ra c t ic a lly  a constant th ick ­
ness. Thus the absence of large scales corresponds 
to zero growth ra te .
V icto r Goldschmidt, Purdue U n ive rs ity : The fo lding 
of the in te rface  may provide another d iagnostic tool 
fo r what occurs fu rther downstream. The question i s ,  
do you believe that we need fo lding in order to have 
entra i nment?
Laufer: I th ink part of the entrainment seems to be 
due to th is  fo ld ing . Again, I don't want to make a 
strong point on that because our experience at high 
Reynolds number is  very lim ite d , and the s itu a tio n  
might be d iffe re n t. But a t least at low Reynolds 
numbers, I th ink that seems to be the case.
R. King, BHRA Fluid Eng.: We at BHRA have studied 
the performance of je t s  and find that the s t a b i l i t y  
( i . e .  the distance downstream from the nozzle e ff lu x  
to the point at which the je t  breaks up) is  c r i t i c a l l y  
dependent upon the upstream sw irl and the mechanical 
d i f f ic u l t ie s  encountered in the machining processes 
e .g . surface fin ish  and o v a lity  o f the nozzle hole. 
Could these e ffec ts  explain the lack o f co rre la tion  
between certa in  corrections of re su lts?
Laufer: Upstream disturbances are expected to have 
a strong e ffe c t  on the in i t i a l  in s ta b i l i t y .
J .  P. S u lliv a n , Purdue U n ive rs ity : You mentioned 
that the in i t ia l  shear la ye r seems to be co n tro lling  
the frequencies but in the case of the s t a b i l i t y  of 
an iso lated  vortex ring the in s ta b il i t ie s  are re a lly  
governed not only by the vortex core diameter but 
re a l ly  the d istrib u tio n  o f v o rt ic ity  in the ring .
Could you comment on th is?
Lau fe r: I hope I made myself c le a r . The way I look 
at the problem, the in i t ia l  shear in s ta b il i t y  only 
determines the frequency at which these vo rtices 
form and that is  a l l .  I don't understand the dynamics 
of what happens fu rther downstream.
S u lliv a n : A lso , in the case of the h e lic a l in s ta ­
b i l i t y ,  have you tr ie d  to make any comparison of the 
mode structu re  of the h e lic a l vo rtices that you get 
there with Widnal's s t a b i l i t y  an a ly s is?
Lau fer: No, I have not.
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ABSTRACT
The last several years have seen numerous advances 
in the understanding of the coherent motions that exist 
in turbulent shear flows. These studies have provided 
the underlying basis of most of the experimental inves­
tigations of coherent motions using conditional samp­
ling, quadrant splitting, pattern recognition, etc. 
Lacking, however, in the visual work is a true three­
dimensional view of the processes, which are known to 
be three-dimensional in nature. Possible means of 
providing information about the third dimension are 
reviewed. Details of an evaluation of a stereo­
scopic-photographic, high-speed motion picture system 
are given. The system utilizes the boundary layer flow 
channel previously developed in our work by Nychas, 
Hershey and Brodkey (j. Fluid Mech. (1973) 6l, 513)-
INTRODUCTION
The visual studies of the last ten years have 
revealed the existence of coherent structures in turbu­
lent shear flows and formed a basis for anemometry 
studies using new techniques like conditional sampling, 
quadrant splitting, pattern recognition, etc. The many 
investigations of turbulence structure clearly under­
score the necessity of visual studies in formulating 
realistic physical models.
All the visual studies so far have been essential­
ly two-dimensional. The different interpretations 
given to the observations in the wall and outer regions 
can be attributed to the fact that turbulent structures 
are three-dimensional in nature but have been described 
from different two-dimensional views.
Three-dimensional visual examination of flows seem 
to be a logical course for further studies. The pre­
sent effort was undertaken to develop a three-dimen­
sional photographic technique that was compatible with 
our existing flow facility and to obtain qualitative 
information about the nature of the coherent structures 
in turbulent shear flow. The three-dimensional
technique provides a convected view (moving with the 
flow) so that the evolution of structured regions can 
be studied in detail as they develop. It is impracti­
cal to try to piece together a number of stationary 
films to give what can be seen from one film convected 
with the flow.
This paper describes the successful experimental 
technique we used (stereoscopic photography) and in 
addition reviews most three-dimensional photographic 
methods, namely holography, a multicolor-filter tech­
nique, and stereography. Their significant applica­
tions in fluid mechanics and their suitability for use 
with a typical boundary layer flow system such as ours 
are discussed.
THREE-DIMENSIONAL PHOTOGRAPHIC TECHNIQUES 
Holography
Holography involves recording the fringe patterns 
produced by the interaction between a wave front re­
flected by an object illuminated with coherent light 
and a coherent reference beam. Three-dimensional 
photographic applications of holography have been 
limited to particle size analysis, velocimetry and 
non-destructive testing. To date, only stationary 
laser-optical systems have been used for flow visuali­
zation studies. However, to use the techniques with 
the existing boundary layer flow unit, a key part of 
the laser-optical system would have to be transported 
on the hydraulically moved lathe carriage in the 
direction of flow. The dynamical forces involved would 
pose serious stability problems; for if the system is 
not stable to distances of the order of the wave length 
of the light, the fringe patterns recorded will be 
affected by the disturbances. This is the main reason 
laser-optical systems are normally designed for station­
ary operation. The use of holography for a three­
dimensional convected view would necessitate the design 
of a moving flow system, which for our flow system 
would be impossible. Moreover, holography is limited 
to relatively small volume objects due to the energy 
output and coherence length limitations of currently 
available lasers. At this time, it would seem that 
further developments are necessary to make holography 
a more useful three-dimensional visualization technique 
for this specific application.
Multicolor-Filter Technique
Van Meel and Vermij (19 6 1) developed a multicolor- 
filter technique which allowed the three velocity 
components to be measured simultaneously on a single
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color picture. The color of the tracer particle was 
the indicator for the third dimension. The technique 
involved using tracer particles suspended in the flow, 
a parallel light beam, a multicolor-filter and a highLy 
sensitive color film. The light beam was made to pass 
through the multicolor-filter thus giving parallel 
light beams of different colors. When this light pass­
ed through the volume of the fluid under investigation 
tracer particles at different levels acquired different 
colors. Thus, the colors of the particles seen in the 
photographs indicated their location in the third 
dimension.
Praturi (1972) made an evaluation of this techni­
que for use with our visual study of turbulent shear 
flows. To obtain accurate results, a perfectly 
parallel light beam, clear field illumination and tra­
cer particles at least as big as the width of the 
individual color filters are essential. The last cri­
terion restricts this technique for our flow visuali­
zation because individual color filters of about 50 - 
100 microns width are not available and particles of 
bigger size will not follow the fluid motions. For 
the 1/8-inch color filters available and for Che small 
particles that would follow the flow, the particles 
often remained the same color or just changed color 
once during the entire time they were visible in the 
flow. Clearly, the resolution of this technique was 
not adequate for the problem at hand.
At best this is an indirect three-dimensional 
visualization method. A composite three-dimensional 
picture of the fluid motions has to be reconstructed 
from the observation of the motions of individual tra­
cer particles. These motions themselves have to be 
reconstructed from the color changes. These reasons 
seriously limit the use of this technique for three­
dimensional visualization of flow phenomena. 
Stereography
Stereoscopic photography had been successfully 
used in a variety of flow situations. The principal 
difference between stereography and other techniques 
is that two pictures --one for each eye-- are present­
ed to the viewer, who then receives the same view 
the photographer saw with his own two eyes, by means 
of binocular vision. The basic principle in stereo­
scopy involves taking two slightly dissimilar 
photographs, called a stereo pair, stereograph or 
stereogram of the same object. A iereo camera, 
ordinary cameras with stereo adapters or stereo lenses, 
or a pair of cameras can be used to obtain stereo 
pairs.
Nedderman (1961) used stereoscopic photography fbr 
the measurement of velocity components in liquids. Two 
Contax-II cameras, fitted with f:3>5, 50 mm Tessar 
lenses and 12 cm extension tubes were mounted in a 
vertical plane with their axes converging at 40°. Flash 
illumination was used to make multiple exposures on 
the two single frames of film. This enabled the path 
of the tracer bubbles to be recorded as a continuous 
row of dots. In all of his experiments, the photo­
graphic system was stationary.
Boge (1963) determined upper atmosphere wind move­
ments from stereo photography of rocket vapor trails.
He took time sequenced stereo photographs with Photo- 
Theodilites of vapor trails exhausted by high altitude 
rockets. By knowing the position and orientation of 
each terrestial camera, the displacemnt vectors of 
various points on a vapor trail appearing on consecu­
tive sets of stereo photographs were determined.
Charles and Lilleleht (1965) used two small, field 
cameras to obtain stereo pairs of interfacial waves in 
stratified flow. They used a metric Zeiss stereoscope 
to measure the amplitude and wavelength of the inter­
facial waves to a high degree of accuracy.
Sorensen (1968) made a stereo-photogrammetric 
analysis of form and variation of surface waves gener­
ated by a ship model. Two wide angle Rolliflex cameras 
with 55 ran Carl Zeiss Distagon objective lenses were 
used to obtain the stereo pairs. The cameras were 
mounted on an aluminum channel beam so that dual 
coverage of an area of approximately l6 sq. ft. was 
obtained. A stereo plotter was used to analyze the 
stereograms.
Tatterson (197*0 made 16 mm high-speed, stereo 
motion pictures of the fluid and particle motions in a 
stirred vessel. He used a stereo adapter, with built 
in capabilities for close-up focusing.
The works cited above are only a few examples of 
the applications of stereoscopy in fluid mechanics 
research. Stereography is useful in many other fields 
(especially in photogrammetry) under widely different 
situations.
Stereography was chosen for the present study due 
to its ease of adaptability to our flow system and to 
the simplicity of operation.
DESCRIPTION OF THE FACILITY
The flow loop previously developed by Nychas et al. 
(1973) was used; a detailed description of this can be 
found in reference (9) Nychas (197*+) • However, a brief 
summary is provided here to orient the reader. The
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photo-optical system is a new development and is pre­
sented in detail.
Flow Loop
A schematic diagram of the flow loop is given in 
Figure 1. It consisted of a 200 gallon, rubber coated 
storage tank (A) from which the fluid was pumped by cne 
of the two centrifugal pumps (B) and (C) to the en­
trance section (D) of the channel (E). The flat plate 
(F) was positioned securely in the channel. A glass 
window (G) was provided on one side of the channel for 
illumination and photographic purposes. The fluid 
flowed past the flat plate, through the perforated plate 
(H) and finally to the dump tank (i). A 50 gpm capa­
city filter (j) was installed in a bypass line, after 
the pumps, to clear the fluid of any particles larger 
than 5 microns, before the tracer particles were 
dispersed in the fluid. A porcelain bactereological 
filter (p), installed in parallel with the main filter 
unit, removed ultra fine dust particles, when necessary. 
Two expansion joints (K) and (l ) were installed in the 
flow loop to minimize the transmission of pump vibra­
tions to the channel. The flow rate in the channel was 
controlled by a globe valve in the variable flow 
resistance (q ) and the fluid level in the channel by 
the perforated plate (H). The photo-optical system was 
mounted on the lathe carriage (N), which was transport­
ed on the lathe bed (M) by means of a hydraulic drive.
The major modifications of this study to the flow 
loop of Nychas (9) were the installation of heat 
exchangers and a variable flow resistance. The heat 
exchangers consisted of a steam coil in the storage 
tank to degas the water and a cooler in the dump tank 
to maintain a steady temperature in the fluid circula­
ting in the channel flow loop. The exchangers perform­
ed well and the circulating water in the channel 
reached a steady-state temperature in 30 minutes and 
remained at that temperature throughout the run.
The toughest problem encountered in making the 
flow loop operational was the appearance of bubbles 
in the flow. Degasing and cooling the water removed 
some of the bubbles. The system was thoroughly checked 
for any air leakage and none was found. After instru­
menting the system with pressure gauges and a thorough 
investigation of each section of the loop, the origin 
of the remaining bubbles was traced to cavitation in 
the pumps. This problem was solved by providing a 
variable flow resistance before the entrance section 
of the channel. This enableed the collapse of the 
water vapor bubbles before entering the channel. The 
details are shown in Figure (2). The variable
resistance consisted of 20 x 20 mesh, stainless steel 
screen and a globe valve. The screen was installed 
between a flange coupling with rubber packing for easy 
replacement.
The entrance section consisted of a deflection 
baffle which eliminated the jetting effect created by 
the incoming water from a 2-inch pipe. The tube bank 
following the baffle consisted of 420 polyethylene 
tubes of l/2-inch O.D., l/l6-inch wall thickness and 
4 inches length. These served as straightening vanes. 
The tube bank was preceded by a 20 x 20 mesh copper 
screen and followed by a cascade of 7 stainless steel 
screens. The first six were 30 x 30 mesh size and the 
last one was 32 x 32 mesh size.
The variable flow resistance not only eliminated 
the bubbles problem but also reduced the time consuming 
periodic cleaning (a two day shutdown period) of the 
entrance section to a simple task of replacing the 20 x 
20 mesh screen in the flange coupling.
Water as working fluid and Pliolite* particles as 
tracers, selected by Nychas (197*0 were used in this 
study. The size range of the particles used was 62-74 
microns. Nychas (197*+) demonstrated the ability of 
these particles to follow fluid motions. The optimum 
concentration of the tracer particles was reached by 
trial and error. Too many particles might give rise 
to particle-particle interactions and did deteriorate 
the image quality. With too few particles one would 
not be able to define the flow structures. A concentrar 
tion of 0.75 ©as of the 62-74 microns size particles 
dispersed in the total volume of 150 gallons of water 
satisfied all the requirements.
Photo-Optical System
Stereo adapters can be classified as before-the- 
lens systems and independent lens systems. In either 
case the ability to take close-up stereo pairs involves 
additional complexity. The two stereo systems utilized 
in this study are sketched in Figure 3. For before-the 
lens systems, the outer set of mirrors must be towed in 
to allow viewing close-up objects. For the independent 
lens system, a set of prisms must be used to view close- 
up objects. The preliminary work on obtaining stereo 
pairs was done with a radically modified Honeywell 
Pentax stereo adapter (2). Although the modified adap­
ter confirmed the feasibility of close up stereoscopy, 
the quality of the image left much to be desired. A 
stereo adapter, similar to the Pentax but with built in
* Pliolite is the commercial name of polyvinyl toluene 
butadiene, manufactured by Goodyear Chemicals.
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features for close up photography (Stitz stereo system) 
was then used to make a series of stereo movies of the 
boundary layer flow. It was used for both photographic 
and projection purposes. A special 16 mm Kodak cine 
camera fitted with a 1/15 H.P. model NSH 34 Bodine 
shunt wound motor and a model SH-33 Minarik speed con­
troller allowed a filming speed range of 10-300 frames 
per second. The lens used with the camera was an 
elgeet, model MF-143, wide angle lens with a focal 
length of 13 mm and largest aperture of f:1.5.
An examination of the stereo movies revealed the 
following deficiencies of the system: 1) The amount of 
light loss through the stereo adapter was excessive; 
the maximum filming speed attainable was 100 frames 
per second despite the high intensity quartz halogen 
lamp (1100 watts); 2) the registration of the stereo 
pair was not precise; 3) the resolution of the images 
was poor; and 4) the projection of the stereo movies 
using the adapter and cross polarized filters was un­
satisfactory.
The inadequacies of the before-the lens stereo 
adapter necessitated a search for better and more pre­
cise stereo photographic equipment. A used Bolex 
stereo system with a close up turret (not in production 
since the early 1950's) was acquired which fulfilled 
all the needs.
The Bolex stereo lens consisted of a pair of rhom­
bic prisms in front of the prime optics. The prime 
optics were actually two identical lenses located side 
by side in the same mount. The focal length of the 
stereo lens is 12.5 mm with a maximum aperture of 
f:2.8. The advantage of a pair of lenses over a befoie- 
the lens adapter is that the optical center of each 
lens is close to the optical center of each frame of 
the stereo pair which resulted in greater spatial 
resolution across the stereo field. With a before-the 
lens adapter the central portion of the taking lens, 
where spatial resolution is greatest, is wasted by the 
area between the stereo pair. The close up turret 
which formed an integral part of the stereo lens per­
mitted accurate focusing at 2 feet and 3-1/2 feet by 
means of two pairs of wedge prisms. The third position 
of the turret was simply a pair of openings for the un­
altered standard lenses to be used for distances of 5 
feet to infinity.
The short focal length of the stereo lens preclud­
ed the use of movie cameras with rotating prisms before 
the film plane. A high diopter correction lens would 
be necessary in this case and would result in image 
distortions and lens aberations. A rotating disc
shutter (model HS-16C) Benson-Lehner l6mm camera was 
obtained so that the distance between the lens seat 
and the film plane was exactly O.67 inch. The camera 
has film speed settings of 100, 200, 300 and U00 frames 
per second. The 100 frames per second setting was used 
for the present study. Timing lights, which imprinted 
timing marks on the edges of the film at a rate 120 per 
second, allowed accurate determination of the actual 
filming speed. The 100 frames per second setting 
gave an actual filming speed of 66 frames per second.
The lens mount was slightly modified to align the lens 
axis with the center of film plane.
A special multiple bulb, high-intensity lamp was 
designed to meet the light requirements. The large 
volume of field and high intensity necessary made the 
use of air cooled quartz-halogen lamps imperative.
The construction details of the lamp are depicted in 
Figure 4.
A LW Photo-Optical Data Analyzer (model 224-A) 
with a Bolex stereo projection lens was used to project 
the stereo movies. The lens has built-in polarizers 
which allows, when viewed with cross polarized glasses, 
the left half of the stereo pair to be presented to 
the left eye and the right half to the right eye. 
Procedure
The water was degassed by heating it in the storage 
tank to a temperature of about 70° for approximately 
two hours by means of the steam coil. It was then 
pumped into the circulation loop and run through the 
filter unit for about two hours to eliminate particle 
contamination. At the same time it was cooled by the 
heat exchanger. The clean and cool water was returned 
to the storage tank and the required quantity of 
Pliolite particles was added. The particles were 
thoroughly dispersed by circulating the water through a 
bypass valve within the storage line for a half hour.
The water with the tracer particles was pumped back in­
to the channel, and the globe valve in the variable flow 
resistance was adjusted until the water vapor bubbles 
disappeared. The water was allowed to circulate 
further for about an hour until steady state conditions 
were reached. The level in ’the channel was finally 
adjusted by means of the perforated plate at the end of 
the channel. Clear and dry plexiglass sheets were 
placed on top of the flat plate to eliminate surface 
waves and the miniscus effect at the interface of the 
water and the flat plate. The lathe carriage velocity 
was matched with the mean velocity of the flow by 
following selected particles. Kodak Tri-X reversal 
film was used.
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DISCUSSION OF THE FACILITY
The use and validity of small suspended particles 
of tracers for flow visualization had been extensively 
treated by Brodkey et al. (1971) and by Nychas et al. 
(1973). The reasons for the preference of small parti­
cles suspended in the entire flow to injection tech­
niques (dye or bubble) was discussed in the first 
article in some detail and will not be repeated here.
The points involved are mainly 1) flow disturbances 
and 2) injected flow markers form a streak line or 
streak sheet in an unsteady flow field and then spread 
to assume various configurations (i.e., all structures 
are equally marked at the injection line and can be 
followed for about a boundary layer distance down­
stream) . Questions that arise involve interpretation 
of a developing marker field in an unsteady velocity 
field, an uneven marked field in time where high con­
centrations remain in low velocity areas and high veloc­
ity areas and high velocity regions are no longer marked, 
adjacent regions that were never marked, and the diffi­
culty of interpretation of a streak line as compared to 
a pathline. However, as pointed out in that article, 
this is not to say that useful information cannot be 
obtained by these alternate methods.
Flow Loop
The modifed flow loop performed extremely well. The 
degassing procedure prevented the release of dissolved 
gases from the water. The variable flow resistance 
was a major improvement which eliminated the trouble­
some water vapor bubbles generated by cavitation in 
the pumps.
Photo-Optical System
The arrangement of the camera, lamp and variac on 
the lathe carriage and their location with respect to 
the channel are shown in Figure 5. The camera and the 
lamp were aligned (X-Y plane) so that the illuminated 
region was within the photographed region. The glass 
window of the channel was masked with friction tape to 
provide a 2.5 cm wide horizontal opening along the 
length of the window. The vertical position of the lamp 
was adjusted to position the 2.5 cm slit on the lamp 
exactly opposite the opening on the glass window. The 
camera was mounted on the lathe carriage, with the film 
plane horizontal. A line connecting the optical centers 
of the two lenses was parallel to the flat plate so that 
the Y coordinates of any particles appearing in both 
frames of the stereo pair were the same.
The Benson-Lehner camera was precision engineered 
and the film transport was smooth and accurate. The 
only drawback of the camera was the absence of a view­
finder. This problem was overcome by keeping the film 
plane of the camera at exactly 2 feet from the center 
of the region photographed. The precision optics of 
the stereo lens provided excellent registration of the 
two frames of the stereo pair. The choice of focusing 
distance was limited to 2 or 3-1/2 feet due to the 
design of the close up turret. The setting of 2 feet 
was used in all the movies. The special multiple bulb 
lamp provided more than the minimum light requirements 
for this distance. This helped by allowing the use of 
a smaller aperture opening with a corresponding 
increase in the depth of focus. In spite of the para­
bolic mirror and slits, the light beam emerging from 
the lamp was not collimated. The divergence of the 
light beam, however, did not affect the quality of 
the stereo movies as the depth of field attainable with 
the stereo lens was greater than the depth of the flow 
region illuminated.
Field of View and Image Quality
Three test targets were photographed to determine 
the image quality and field of view attainable at the 
focusing distance of 2 feet. An ordinary centimeter 
graph paper, attached to a firm stand was photograph*^ 
to determine the two-dimensional field of view. The 
plane of the graph paper was exactly parallel to the 
film plane. The field obtainable* was about lU cm (X) 
by 20 cm (Y).
The second target was a three-dimensional scale.
It consisted of a plastic sheet (13*^ x 26.6 cm) fixed 
to a steel plate. A diagrammatic sketch of the scale 
and its positioning for the test are shown in Figure 6. 
The geometrical center of the scale was 2 feet away 
from the film plane and the scale was inclined at an 
angle of 25° with the lens axis. With this arrange­
ment the scale defined a volume element of 20 cm (x) 
by 13*7 cm (Y) by 2k cm (Z). The width of the black 
and white strips denotes the dimensions in Y or Z 
directions. X-directions dimensions were marked with 
black ink in the middle area of the scale. The width 
of the strips for the Y-direction had values o f 2 ,  k 
and 8 mm, while for the Z direction the values were 
1, 2, 3, 4 and 5 mm. The width of the strips on the 
scale correspond to the real dimensions by the sine of 
the angle.
* The X direction corresponds to direction of flow; the 
Y axis is perpendicular to the flat plate.
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Two aperture openings (f:h or f:5.6) were used in 
the test. The stereoscopic field of view measured lh 
cm (X) by 13*7 cm(Y) by 2 k cm (Z). The focus was 
excellent for all parts of the scale. The 2 mm strips 
in the Y-direction and 1mm strips in the Z-direction 
were clearly recorded.
The third target was a precision optical resolu­
tion chart, mounted on a stand. It was used the same 
way as the three-dimensional scale except that the 
inclination angle was 30°. This gave a linear 
resolution of 35 line pairs per mm in all parts of the 
stereo field defined by the resolution chart' (lU by lU 
by 2 k cm).
The three tests described demonstrated the capa 
bility of the Bolex stereo lens to photograph a field 
of lh by lh by 2 k cm volume with a linear resolution 
of 35 line pairs per mm. The volume of the flow region 
i] luminated by the light beam is shown in Figure 7 
which was les° thar ^he stereo field obtainable. For 
the flow conditions used, 1-inch is approximately 100 
wall units (e.g., the Y distance corresponds to a y"*" 
of about 800). The image quality was consistent over 
the entire stereo field except near the region adjacent 
to the flat plate. In spite of the black paint on the 
flat plate, specular reflections of the light beam 
caused the image to be slightly more bright and less 
sharp in a narrow region next to the flat plate. These 
reflections from the flat plate, however, were kept to 
an absolute minimum by positioning the camera in such 
a way so that the plane of the flat plate surface bi­
sected the film plant. The region of concern extended 
out to a Y of about 25. Although motions could be 
seen in this region, they were not as clear as further 
out into the flow.
Stereo Effect
The focus and illumination of the movies were of 
good quality; but the stereo effect observed in the 
movies (i.e. the three-dimensional perception of the 
image) was found to depend on several factors, i.e. 
sharpness, brightness, equal quality in both frames of 
the stereo pair, presence of clear three-dimensional 
motions, stereo perception ability of the individual 
and projection technique. The sharpness of the image 
in the entire region photographed is of critical impor­
tance for a good stereo effect. The depth of field of 
the stereo lens system used here was greater than the 
depth of the fluid region photographed which gave ex­
cellent sharpness over the entire volume field. The 
brightness of the images should be and was distinguished 
clearly from the dark background. To obtain equality
of both the frames of the stereo pair, the stereo lens 
and the projection lens had to be maintained in a very 
clean condition.
The presence of clear three-dimensional motions 
in the movies facilitates stereo viewing. Vortices 
and other large scale motions in the flow were easily 
observed in three-dimensions. It was more difficult 
to perceive the stereo effect when there were no large 
scale motions present.
The projection technique is of vital importance 
to the stereo effect. Ordinary screens destroy polar­
ization of the images and hence the stereo effect.
Silver screens or rear projection screens are necessary. 
In the present study a frosted glass was used as a rear 
projection screen. Perfect superposition of the two 
images of the stereo pair (Y coordinate of conjugate 
points in the stereo pair should be same) greatly ac­
centuated the stereo effect. The excellent quality of 
the Bolex stereo projection lens to polarize the images 
and its ability to superimpose the two images was of 
great help. The viewer has to be positioned as close 
as possible to the screen so that he can see the entire 
stereo field; otherwise the stereo effect is lost and 
it is like looking at the stars in the sky on a clear 
night.
Last, but not least, is the ability of the indi­
vidual to perceive the stereo effect. There are many 
factors which can aid stereo viewing like the presence 
of large three-dimensional objects in the background, 
different sizes of the objects, tranquil state of mind 
of the observer, etc. Masking of the observer, etc. 
Masking of the non-stereo portion of the images (the 
portions of the images in the stereo pair which are not 
common to both) helped. The reader is refered to the 
article by Julesz (1974) which discusses these points. 
Analysis of the Stereo Movies
For the most part the stereo movies were analyzed 
visually by projecting the movies on the frosted glass 
stand and using cross-polarized spectacles. While the 
large scale structures of the flow could be seen clear­
ly in three dimensions, the small scale features were 
more difficult to observe.
For quantitative data acquisition a semi-automatic 
X-Y scanner, interfaced with a PDP-15 computer was used. 
Two-dimensional data could be easily obtained by loca­
ting and following certain particles in one frame of 
the stereo pair. Three-dimensional data, however, are 
very difficult and laborious to obtain due to the dif­
ficulty in discriminating between various particles so 
as to locate exact conjugate points in the stereo pair.
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A lower concentration of particles would have facili­
tated pair matching somewhat. In these experiments the 
concentration of particles was chosen for easy visual­
ization of the flow.
PRESENTATION OF RESULTS
Figure 8 presents two enlargments of stereo pairs 
as taken from our stereo movie camera. The first is a 
view of the facility whereas the second is a frame from 
our films on turbulent flow. The stereo effect is not 
present under normal viewing conditions. Hence it is 
not possible to show meaningful still pictures. A 
summary of our results so far follows.
Visual examination of the turbulent region of the 
boundary layer flow has revealed the existence of a 
distinct wall region (0 < Y+ < 100). The events 
observed in the wall region included decelerated flow, 
high speed fluid, ejections and vortices. In most of 
the stereoscopic movies the chain of events in the 
wall region started with the observation of decelerated 
flow followed by high speed fluid. Immediately 
following the appearance of high speed fluid, ejections 
of particles were observed which initiated the formation 
of vortex motions. These vortex motions are not the 
transverse vortices described by Nychas et al. (1973), 
which were for most part in the outer region 
(100 < Y+ < h50) of the flow. Ejections were rapid 
outward motions of particles which lasted up to a 
Y+ of 100. The path of the ejected particles, in the 
convected view of the camera, appeared to be a straight 
line motion in the Y direction. The ejections were 
seen to start and become a part of the vortex motions 
in the inner region. The majority of the vortex 
motions were tilted streamwise vortices, which changed 
their axis of rotation while being convected in the 
flow. The rest of the vortex motions in this region 
are transverse helical vortices which did not change 
their axis of rotation. In seme extreme cases the 
streamwise vortices changed their axis of rotation by 
l80° in the plane. The streamwise vortices were seen 
in both helical and cylindrical configuration. The 
vortex motions traveled with a slightly higher con­
vection velocity than the mean flow. The diameter of 
the vortices ranged from 20 to 50 Y+ units. The vortex 
motions were intense and appeared for a short time.
They rarely made more than three complete rotations 
about their axes. During the time that none of these 
events were present the flow was laminar like.
These are only preliminary results of the analysis 
of the stereoscopic movies. A complete analysis and 
comparison to the work of others of the entire boundary 
layer and nonturbulent regions is currently being car­
ried out and will be published at a later date. 
Concluding Remarks
Stereoscopic photography is a viable technique 
for the study of the three-dimensional nature of the 
structure of turbulent shear flows. The structural 
features of the flow can be clearly visualized in three- 
dimensions. Three-dimensional data may be obtained 
from the stereo movies if one can provide reference 
planes and automate the process of locating conjugate 
points. A three-dimensional view of the flow field 
can shed new light on the interactions and structure 
of the individual flow events that have been previously 
described by ourselves and by others.
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FIGURE 1. DIAGRAMATIC SKETCH OF FLOW LOOP
Baffle Tube Bank Screens
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Before-the-lens systems (top view) Independent lens system (top view)
Pentex has fixed mirrors 
and must be modified for 
close-up use.
Stitz has variable mirrors 
and can be used for close-up.
normal stereo 
close-up stereo Bolex design can be 
used for close-up 
with attachment.
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FIGURE 5. PHOTO OPTICAL SYSTEM
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FIGURE 6. THREE-DIMENSIONAL SCALE AND TEST SET UP
FIGURE 7. FIELD OF VIEW AND CAMERA VIEW0ENT
A. EXPERIMENTAL FACILITY FLUID PARTICLES IN THE FLOW
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